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PREFACE. 



The powers of (he mind, like those of the body, are in- 
creased by frequent exertion ; application and industry 
supply the place of genius and invention ; and even the 
creative faculty itself may be strengthened and improved 
by use and perseverance. Uncultivated nature is uniform- 
ly rude and imbecile, it being by imitation alone, that we 
at first acquire knowledge, and the means of extending its 
bounds. A just and perfect acquaintance with the simple 
elements of science, is a necessary step towards our future 
progress and advancement ; and this, assisted by laborious 
investigation and habitual inquiry, will constantly lead to 
eminence and perfection. 

Books of rudiments, therefore, concisely written, well 
digested, and methodically arranged, are treasures of ines- 
timable value ; and too many attempts cannot be made to 
^ render them perfect and complete. When the first prin- 
c: ciples of any art or science are firmly fixed and rooted in 
.«£- the mind, their application soon becomes easy, pleasant, 
r? and obvious ; the understanding is delighted and enlarged ; 
J. we conceive clearly, reason distinctly, and form just and 
^' satisfactory conclusions. But, on the contrary, when the 
c mind, instead of reposing on the stability of truth and re- 
i ceived principles, is wandering in doubt and uncertainty, 
our ideas will necessarily be confused and obscure ; and 
every step we take must be attended with fresh difficulties 
and endless perplexity. 
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That the grounds, or fundamental parts, of every sci- 
ence, are dull and unentertaining, is a complaint univer- 
sally made, and a truth not to be denied ; but then, what 
is obtained with difficulty is usually remembered with ease , 
and what is purchased with pain is often possessed with 
pleasure. The seeds of knowledge are sown in every soil, 
but it is by proper culture alone that they are cherished 
and brought to maturity. A few years of early and assi- 
duous application never fails to procure us the reward of 
our industry : and who is there, who knows the pleasures 
and advantages which the sciences afford, that would think 
his time, in this case, misspent, or his labours useless : 
riches and honours are the gifts of fortune, casually be- 
stowed, or hereditarily received, and are frequently abus- 
ed by their possessors ; but the superiority of wisdom and 
knowledge is a pre-eminence of merit, which originates 
with the man, and is the noblest of all distinctions. 

Nature, bountiful and wise in ail things, has provided us 
with an infinite variety of scenes, both for our instruction 
and entertainment ; and, like a kind and indulgent parent, 
admits all her children to an equal participation of her bless- 
ings. But, as the modes, situations, and circumstances 
of life are various, so accident, habit, and education, have 
each their predominating influence, and give to every mind 
its particular bias. Where examples of excellence are 
wanting, the attempts to attain it are but few ; but emi- 
nence excites attention and produces imitation. To raise 
the curiosity, and to awaken the listless and dormant pow- 
ers of younger minds, we have only to point out to them a 
valuable acquisition, and the means of obtaining it ; the 
active principles are immediately put into motion, and the 
certainty of the conquest is ensured from a determination 
to conquer. 

But, of all the sciences which serve to call forth this 
spirit of enterprize and inquiry, there are none more emi- 
nently useful than Mathematics. By an early attachment 
to these elegant and sublime studies, we acquire a habit of 
reasoning, and an elevation of thought, which fixes the 
mind, and prepares it for every other pursuit. From a 
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few simple axioms, and evident principles, we proceed 
gradually to the most general propositions, and remote an- 
alogies ; deducing one truth from, another, in a chain of 
argument well connected and logically pursued ; which 
brings us at last, in the most satisfactory manner, to the 
conclusion, and serves as a general direction in all our in- 
quiries after truth. 

And it is not only in this respect that mathematical learn- 
ing is so highly valuable ; it is likewise equally estimable 
for its practical utility. Almost all the works of art and 
devices of man have a dependence up<m its principles, and 
are indebted to it for their origin and perfection. The 
cultivation of these admirable sciences is, therefore, a 
thing of the utmost importance , and ought to be considered 
as a principal part of every liberal and well-regulated plan 
of education. They are the guide of our youth, the per- 
fection of our reason, and the foundation of every great 
sad noble undertaking. 

From these considerations, I have been induced to com- 
pose an introductory course of mathematical science ; and 
from the kind encouragement whic'i I have hitherto re- 
ceived, am not without hopes of a rontiiiuatirn of the same 
candour and approbation. Cciipidcrablc practice as a 
teacher, and a long attention :o the <-i:ili<-uhias and obstruc- 
tions which retard the projjrw-* jt" !*».:ni«rs in general, 
have enabled me to accoRm.cdai" n:y<' ■!' th« more easily to 
their capacities and understanding ■•-», ■ ! -is an earnest de- 
sire of promoting and diffusing j.<<: L.ri-r«vledge is the 
chief motive for this undertaking, ---c . jump or attention 
shall be wanting to make it as comj/i-r. ri perfect as pos* 
sible. 

The subject of the present ;.-e, \ ■« is Algebra: 

which is one of the mo?timp*u! .:-( ..e ! 'al branches of 

those sciences, and may oe ju ;('•/ «-■ - •<' a.s the key to 

all the rest. Geometry doh^ii »■■■ j Simplicity of its 

principles and the olegam-f of •■■« J :r:it*ons ; Arith- 

metic is confined to its object, :\u ■'• ru application ; 

but Algebra or the Analyst 1 An, U ;_/• -:«H comprehen- 

sive, and may be applied vit'i <$iicc£~ ;«.: alt cases where 

a2 
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truth is to be obtained and proper data can be esta- 
blished. . 

To trace this science to its birth, and to point out the 
various alterations and improvements it has undergone in 
its progress, would far exceed the limits of a preface.* It 
will be sufficient to observe, that the invention . is of the 
highest antiquity, and has challenged the praise and admi- 
ration of all ages. Diophantus, a Greek mathematician, of 
Alexandria in Egypt, who flourished in or about the third 
century after Christ, appears to have been the first, among 
the ancients, who applied it to the solution of indetermi- 
nate or unlimited problems ; but it is to the moderns that 
we are principally indebted for the most curious refine- 
ments of the art, and its great and extensive usefulness in 
every abstruse and difficult inquiry. Newton, Maclaurin, 
Saunderson, Simpson, and Emerson, among pur own country- 
men, and Clair aut, Euler, Lagrange, and Lacroix, on the 
continent, are those who have particularly excelled in thi& 
respect ; and it is to their works that I would refer the 
young student, as the patterns of elegance and perfection. 

The following compendium is formed entirely upon the 
model of those writers, and is intended as a useful and ne- 
cessary introduction to them. Almost every subject, which 
belongs to pure Algebra, is concisely and distinctly treated 
of; and no pains have been spared to make the whole as 
easy and intelligible as possible. A great number of ele- 
mentary books have already been written upon this sub- 
ject ; but there are none, which I have yet seen, but what 
appear to me to be extremely defective. Besides being 
totally unfit for the purpose of teaching, they are generally 
calculated to vitiate the taste, and mislead the judgment. 
A tedious and inelegant method prevails through the whole, 
so that the beauty of the science is generally destroyed by 
the clumsy and awkward manner in which it is treated ; 
and the learner, when he is afterwards introduced to some 

* Those who are desirous of a knowledge of this kind, may consult the In- 
troduction to my Treatise on Algebra ; where they will find a regular his- 
torical detail of the rise and progress of the science, from its first rude begin- 
nings to the present times. 
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of our best writers, is obliged, in a great measure, to un- 
learn and forget every thing which he has been at so much 
pains in acquiring. 

There is a certain taste and elegance in the sciences, as 
well as in every branch of polite literature, which is only 
to be obtained from the best authors, and a judicious use 
of their instructions. To direct the student in his choice 
of books, and to prepare him properly for the advantages 
he may receive from them, is therefore the business of 
every writer who engages in the humble, but useful task 
of a preliminary tutor. This information I have been 
careful to give, in every part of the present performance, 
where it appeared to be in the least necessary ; and, 
though the nature and confined limits of my plan admitted 
not of diffuse observations, or a formal enumeration of par- 
ticulars, it is presumed nothing of real use and importance 
has been omitted. My principal object was to consult the 
ease, satisfaction, and accommodation of the learner; and 
the favourable reception the work has met with from the 
public, has afforded me the gratification of believing that 
my labours have not been unsuccessfully employed. 
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The present performance having passed 
through a number of editions since the time 
of its first publication, without any material 
alterations having been made, either with re- 
spect to its original plan* or the manner in 
which it was executed, 1 have been induced* 
from the flattering approbation it has constant- 
ly received, to undertake an entire revision 
of the work ; and, by availing myself of the 
improvements that have been subsequently 
made in the science, to render it still more de- 
serving the public favour. 

In its present state, it may be considered as 
a copious abridgment of the most practical 
and useful parts of my larger work, entitled. 
A Treatise on Algebra, in 2 vols. 8vo, publish- 
ed in 1813 ; from which, except in certain 
cases, where a different mode of proceeding 
appeared to be necessary, it has been chiefly 
compiled : great care having been taken, at 
the same time, to adapt it, as much as possible, 
to the wants t)f the learners, and the general 
purposes of instruction, agreeably to the de- 
sign with which it was first written. 
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With this view, as well as in compliance 
with the wishes of several intelligent teachers, 
I have also been led to subjoin to it, by way of 
an Appendix, a small tract on the application 
of Algebra to the solution of Geometrical 
Problems ; which, it is hoped, will prove ac- 
ceptable to such classes of students as may 
not have an opportunity of consulting more 
voluminous and expensive works on this inte- 
resting branch of the science. 

JOHN BONNYCASTLE. 



Royal Military Academy, 
Woolwich. 
October 22, 1815. 



ADVERTISEMENTS 

TO 

THE SECOND NEW-YORK EDITION. 



It would be superfluous to advance any thing 
in commendation of" Bonnycastle's Introduc- 
tion to Algebra," as the number of European 
editions, and the increase of demand for it 
since its publication in this country, are suffi- 
cient proofs of its great utility. 

But to make it universally useful both to 
the tutor and scholar, I have given in this edi- 
tion, the answers that were omitted by the Au- 
thor in the original 

In the course of the work, particularly in 
Addition, Subtraction, Multiplication, Divi- 
sion, Fractions, Simple Equations, and Quad- 
ratics, I have added a great variety of prac- 
tical examples, as being essentially necessary 
to exercise young students in the elementary 
principles. 

Several new rules are introduced, those of 
principal note are the following: Case 12. 
Surds, containing two rules for fiinding any 
root of a Binomial Surd, the Solution of Cu- 
bics by Converging Series, the Solution of Bi- 
quadratics by Simpson's and Euler's methods ; 



all these rules are investigated in the plainest 
manner possible, with notes and remarks, in- 
terspersed throughout the work, containing 
some very useful matter. 

There is also given all the Diophantine Ana- 
lysis, contained in Bonnycastle's Algebra, VoL 
1. 8vo. 1820, being a methodical abstract of 
this part of the science, which comprehends 
most of the methods hitherto known for re- 
solving problems of this kind, and" will be 
found a ready compendium for such readers 
as may acquire some knowledge of the Ana- 
lytic Art. 



JAMES RYAN. 



New -York, Jan. 1. 1822, 
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ALGEBRA. 



ALGEBRA is the science which treats of a general me- 
thod of performing calculations, and resolving mathemati- 
cal problems, by means of the letters of the alphabet. 

Its leading rules are the same as those of arithmetic ; 
and the operations to be performed are denoted by the fol- 
lowing characters : 

+ plus or more, the sign of addition ; signifying that the 
quantities between which it is placed are to be added toge- 
ther. ' 

Thus, a +6 shows that the number, or quantity, repre- 
sented by 6, is to be added to that represented by a ; and 
is read a plus h. 

- minus, or less, the sign of subtraction ; signifying that 
the latter of the two quantities between which it is placed 
is to be taken from the former. 

Thus a— b shows that the quantity represented by b is 
to be taken from that represented by a : and is read a ml* 
nus L 

Also, a+b represents the difference of the two quantif 
ties a and 6, when it is not known which of them is the 
greater. 

X into, the sign of multiplication ; signifying that the 
quantities between which it is placed are to be multiplied 
together. 

Thus, *X6 shows that the quantity represented by a is 
to be multiplied by that represented by b ; and is read a 
into 6. 

The multiplication of simple quantities is also frequently 
denoted by a point, or by joining the letters together in the 
form of a word. 

B 
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Thus, aXb,a . b, and ab 9 all signify the product of a 
and b ; also, 3X<x, or 8a, is the product of 3 and a ; and is 
read 3 times a. 

-*- by, the sign of division ; signifying that the former of 
the two quantities between which it is placed is to be divid- 
ed by the latter. 

Thus, a-r&, shows that the quantity represented by a is 
to be divided by that represented by b ; and is read a by b $ 
or a divided by 6. 

Division is also frequently denoted by placing one of 
the two quantities over the other, in the form of a frac- 
tion. 

h 

• Thus, b+a and - both signify the quotient of 4 di*. 

o 

vided by a ; and-^— signifies that a - 6 is to bo divided - 
* a-f-c 

by a+c. 

= etptal to, the sign of equality ; signifying that the 
quantities between which it is placed are equal to each 
other. 

Thus, s=a+6 shows that the quantity denoted by x is 
equal to the sum of tho quantities a and b ; and is read « 
equal to a plus b. , 

Any two algebraic expressions are said to be identical, 
when they are of the same value, for all the values of the 
letters of which they are composed. 

* Thus, (x+a) X (*-a) =x JI -a a , whatever numeral 
values may be given to the quantities represented by x 
and o. 



• Woodboase, in hit principle* of Analytical calculation, says that «•— #* 
is not general «=»C»— •).(«+*)•• for iMtsace. the particular case of m -a 
is to be escwded; Um proof essentially demeading mis circumstance to wit. 
ibataMbeaqaantityfOrdiatabe greater than a. Euler calls*— 1 «*— t 
an identical aptahon ; and shows that « is indeterminate, or that any number 
whiter ex may be substituted for it ; See EoJer'f Algebra, page 289, Vol. I. 

Ed. 
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> greater than, the sign of majority ; signifying that the 
former of the two quantities between which it is placed Is 
greater than the latter. 

Thus a>b shows that the quantity represented by a is 
greater than that represented by b ; and is read a greater 
than 6. 

< less than, the sign of minority ; signifying that the for- 
mer cf the two quantities between which it is placed is less 
than the latter. 

Thus, a<b shows that the quantity represented by a 
klmm than that represented by b ; and is read a less than 
b. 

i as, or to, and : : so is, the signs of an equality of ra- 
tios ; signifying that the quantities between which they are 
placed are proportional. 

Tons, a : b : : c : d denotes that a has the same ratio 
to b that c has to d, or that a, b, c, d, are proportionals ; 
and is read, as a is to 6 so is c to d, or a is to b as c i$ 
tod. 

^/ the radical sign, signifying that the quantity b*> 
fore which it is placed is to have some root of it extract- 
ed. 

Thus, y/a is the square root of a ; \/a is the cube root 
of a ; and %/a is the fourth root of a ; &c. 

The roots of quantities are also represented by figures 
placed at the right hand corner of them, in the form of a 
fraction. 

Thus, a* is the square root of a ; a* is the cube coot 
x 
of a ; and a * is the nth root of a, or a root denoted by any 

number n. 

In like manner, a 1 is the square of a ; a 3 is the cube of 
a ; and a m is the mth power of a* or any power denoted by 
the number tn. 

go is the sign of infinity, signifying that the quantity 
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standing before it is of an unlimited value, or greater than 
any quantity that can be assigned. 

The coefficient of a quantity is the number or letter 
which is prefixed to it. 

Thus, in the quantities 3b, — $6, 3 and — f are the co- 
efficients of b ; and a is the coefficient of x in the quantity 
ax. 

A quantity without any coefficient prefixed to it is sup- 
posed to have 1 or unity ; and when a quantity has no sign 
before it, + is always understood. 

Thus, a is the same as + a, or + la ; and —a is the 
same as — la. 

A term is any part or member of a compound quan- 
tity, which is separated from the rest by the signs + 
or — . 

Thus, a and b are the terms of a + b ; and 3a, — 26, 
and + 6c<i> are the terms of 3a— 2&+6ca\ 

In like manner, the terms of a product, fraction, or pro- 
portion, are the several ports or quantities of which they 
tie composed. 

Thus, a and b are the terms of ab, or of £ ; and a, b } c 7 

a\ are the terms of the proportion a : b : : e : d. 

A factor is one of the terms, or multipliers which form 
the product of two or more quantities. 

Thus, a and b are the factors of ab ; also, 2, a, and b 2 , 
are the factors of 2ab 2 ; and a— a; and 6— x are the factors 
of the product (a— x) X (6— &). 

- A composite number, or quantity, is that which is pro- 
duced by the multiplication of two or more terms or fac- 

tORU 

Thus, 6 is a composite number, formed of the factors t 
and 3, or 2x3 ; and Sabc is a composite quantity, the fac- 
tors of which are 3, a, 6, c. 

Like quantities, are those which consist of the same let- 
ters or combinations of letters ; as a and 3a, or bab and 
7ab } or 2a 2 b and 9a*6. 
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Unlike quantities, ere those which consist of different let. 
tens, or combinations of letters ; as a and 6, or 3a and a a , 
ot bob 2 and la 2 b. 

Given quantities, are such ashave known values, and are 
generally represented by some of the first letters of the al- 
phabet ; as a, 6, c, d, &c. 

Unknown quantities, are such as have no fixed values, 
and are usually represented by some of the final letters of 
the alphabet ; as x, y, z. 

Simple quantities, are those which consist of one term 
only; as 3a, bab 9 —8a?b t &c. 

Compound quantities, are those which consist of several 
terms ; as 2a+b, or 3a -2c, or a+26— 3c, &c. 
, Positive, or affirmative quantities, are those which are to 
be added ; as a, or +a } or +3a6, &c. 

Negative quantities are those which are to be subtract- 
ed ; as — a, or — 3a6, or — 7a6 9 , &c. 

Like signs, are such as are all positive, or all negative ; 
as + and +, or — and — . 

Unlike signs, are when some are positive and others ne- 
gative ; as + and — , or — and +. 

A monomial, is a quantity consisting of one term only : as 
a, 2b, — 3a 2 b y &c. 

A binomial, is a quantity consisting of two terms, as a+b } 
or a — 6 ; the latter of which is, also, sometimes called a 
residual quantity. 

A trinomial, is a quantity consisting of three terms, as 
a+2&— 3c; a quadrinomial of /our, as a-.2&+3c--4*; 
and a polynomial, or multinomial, is that which has many 
terms* 

The power of a quantity, is its square, cube, biquadrate, 
fte. ; called also its second, third, fourth power, etc. ; as 
a a , a 3 , a\ &c. 

The index, or exponent of a quantity, is the number 
which denotes its power or root. 
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Thus, —1 is the index of a"~', 2 is the index of a 2 , 

and | of a 2 or ^/a. 

When a quantity appears without any index, or exponent, 
it is always understood to have unity, or 1. 

Thus, a is the same as a 1 , and 2x is the same as 2x l : 
the 1 , in such cases, being usually omitted. 

A rational quantity, is that which can be expressed in 
finite terms, or without any radical sign, or fractional in- 
dex ; as a, or §a, or 5a, &c. 

* An irrational Quantity, or Surd, is that of which the 
value cannot be accurately expressed in numbers, as the 
square roots of 2, 3, 5. Surds are commonly expressed 
by means of the radical sign y/ ; aB V 2 > <*/"' V a3 > or a 

fractional index ; as £* , a», &c. 

» A square or cube number, &c, is that which has an exact 

square or cube root, &c. 

Thus, 4 and T ^a 9 are square numbers ; and 64 and 
•ffa 3 are cube numbers, &c. 

A measure of any quantity, is that by which it can be di- 
vided without leaving a remainder. 

Thus, 3 is a measure of 6, 7a is a measure of 35a, and 
9ab of 27 dH>\ 

Commensurable quantities, are such as can be each 
divided by the same quantity, without leaving a remain- 
der. 

Thus, 6 and 8, 2 y/2 and 3^/2, 5a 9 6 and lab 2 , are com- 
mensurable quantities ; the common divisors being 2, </2, 
and afr. 

Incommensurable quantities, are such as have no com- 
mon measure, or divisor, except unity. 

Thus, 15 and 16, ^2 and </3, and a+b and a a +6 2 are 
incommensurable quantities. 



* This definition of a Sard, or irrational Quantity, is due Co Robert AdraiO, 
LL.D., Professor of Mathematics and Natural Philosophy in Columbia Col- 
lege Now- York ; who had first published it in hit edition of Hutton's course 
of Mathematics E», 
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A multiple of any quantity, is that which is some exact 
number of times that quantity. 

Thus, 12 is a multiple of 4, 15a is a multiple of 3a, and 
I0a 2 b*of5ab. 

The reciprocal of any quantity, is that quantity inverted, 
or unity divided by it. 

Thus, the reciprocal of a, or f , is i ; and the reciprocal 
of^isf. 

A function of one or morfe quantities, is an expression 
into which those, quantities enter, in any manner whatever, 
either combined, or not, with known quantities. 

Thus, a-.2ar, ax+3* 2 , 2s— a (a 2 — x*ft , ax m , a*, &c, 

are functions of x ; and uxy+bx* f ay-\-x («* a — bffi } 
&c. are functions of x and y. 

A vinculum, is a bar , or parenthesis ( ), made 

use of to collect several quantities into one. 

Thus a+6Xc, or (a+b) c, denotes that the compound 
quant ity a+b is to be multiplied by the simple quantity c ; 

and </ab+c*, or (ab+c*)i, is the square root of the com* 
pound quantity ab+c*. 

Practical Examples for computing the numeral Values of va- 
rious Algebraic Expressions, or Combinations of Letter* » 

Supposing o=6, 6=5, c=4, d=l, and e=0. 

Then 
J. a a +2a6-c+a=36+60.- 4+1=93. 

2. go 3 — 3tt a 6 +c 3 =432- 540+64= - 44. 

3. o a x o+6 - 2a&c =36 X 1 1 - 240= 1 66. 

4. 2a ^ 6 a -oc+ v /gcc+ ^=12X1 +8«20. 

5. 3o^/2cc+c » , or 3 a (2qc+c*)*=18^/64sc 144. 

6. ^/2a a - v^^^*^ 78 ^^ 643 ^^^^^^^ 

8. 

2a+3 c , . Abe ^12+12 , 80 24, 80 

7# 55+47 V2ac^c»~ 6+0 ^S+U** 6 8 
=14. 



4 ADDITION. 

ItaquirfuJ the numeral values of the following quantities ; 
•opposing a, 6, c, d, e, to be 6, 6, 4, 1, and 0, respectively* 

is above. 

1. 2o a +3&c-5<*»:127 

2. Sa^-lOa^+Sess— 600 

3. 7a a +6-cXd+e=253 

4. 5^/a6+&*-2a6 -«*= -7.613875 
*. «.* * <*— ^ ^ • 

6. 3 <v /c+t a v /gq+6-.rf==l4 

7. a v /a 2 +^+86c v /anfe 9 =245. 8589862 

8. 8o a 6+^/c 8 + <v /2ac+c r =54t.8844991 
26+« ^56+ 3^+^, 

3a— c 2o+c • * 

ADDITION. 

Addition is the connecting of quantities together by 
means of their proper signs, and incorporating such as are 
like, or that can be united, into one sum ; the rule for per- 
forming which is commonly divided into the three following 
cases.* 

CASE I. 

When the Quantities are like, and have like signs. l 

BULB. 

Add all the coefficients of the several quantities together, 
and to their aum annex the letter or letters belonging to 
each term, prefixing, when necessary, the common sign. 



■•i" 



* The term Addition, which is generally used to denote this rule, is tan 
scanty to express the nature of the operations that are to be performed m h ♦ 
which are sometimes those of addition, and sometimes subtraction, according 
as the quantities an negative or positive. It Should, marefore, be called by 
same name jigmfying iA#orporattoa, or striking a balance ; kk which case, 
the incongruity here mentioned w ould be removed. k 





ADDITION. 






EXAMPLES. 


• 


3a 


— 3ax 


2*+3y 


5a 


— 6a* 


*H-7j 


a 


— ax 


*+2y 


7a 


— 2ax 


8M-y 


12a 


— lax 


46+4y 


28a 


— I9ax 


20&+17y 


2»y 


-<6b? 


a— 2x* 


fiay 


a— 6s 2 


4ay 


-btf 


4a — x 1 


7ay 


— 86^ 


30-5X 8 


16ay 


- 6y» 
_18^ 


7a-x» 


May 


16a- 15x* 


Sax 8 


7x— 4y 


*«+•» 


fa* 2 


x — By • 


8*+*" 


12a* 3 


3j— v 

*— 3y 


a+2* 8 


9ax* 


9a+3x a 


lOax* 


4x — y 


4*+** 


36a* 3 


16* -17y 
CASE IL 


J9a+8x a 
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JJ%«£ tAe QjmntfrtM are like, but have unlike »gn*> 



RULE. 



Add all the affirmative coefficients into one sum, and 
those that are negative into another, when there are se« 



V 



ADDITION. 



veral of fhe lame kind : then subtract the least of th 
eums from the greatest, and to the difference prefix 
■ign of the greater, annexing the common letter or lett 
as before. 



—3a 

+7a 

+8a 

+ 1U 


EXAMPLES, 

2a— 3x 

— la+bx* 
—3a+x* 
-|-a— Sac 9 

—7a * 


Bx+Bay 
— 3x+2ay 

x— 6ay 
2x+at/ 

6x+2ay 


—2a 9 

-8a 1 

410a 9 
+13a 9 


3at/-7 
— ay +8 
. +2ay— 9 
— 3ay — 11 
+2?ay-13 

+ l2ay-6 

— 6a*+26. 
+2a 9 — 36 

—5a 9 — 86 

4.4a 9 — 26 

— 3a 3 +96 


— 3a6+7a? 
+3o6— IQx 
+3a6— 6x 
- a6 — %x 
+2a6+7* 


+ 10a 2 


+4a6+4x 


—&a^/x 

+ a^/x 

— Sa</x 

+7a v /« 

— 40^/x 


Gax*+5xi 
— 2ax*-6xi 
+30S 9 — 10xj 

— 7a* 9 +3x$ 
+a* 9 +ll*£ 


— a*/x 


-8a 9 — 26 


+a* 9 +3*£ 



ADDITION. 



1* 



case m. 

When ike Quantitm are unlike; or some like and others tm- 

like. 

BULB. 

Collect all the like quantities together, by taking their 
soma or difference*, as ia the foregoing ease*, and set down 
those that are unlike, one after another, with their proper 

signs. * 

EXAMPLES. 



Bxy 

4 OX 

— xy 

-— 4ax 

4xy 



2xy—2x* 
3x*+xy 
x*+xy 
Ax 9 — 3xy 

6x a + xy 



tax— 30 
3x*— 2ax 
S* 2 — 3r£ 
3^3+10 

8X 2 — 20 



+ax* 
— ax 2 
+2ax* 

— ax* 



8a 2 x 2 — 8ax 
7a x — 5xy 
9xy — 5ax 

2a 2 x 2 + xy 



106 3 — 3a»x 

-6 2 +2aV 

60 +2a 2 x 

aV+l^O 



— 2ax 2 lOaV+Sxy-ax 96M-3aV+a 2 x+17G 



—Ztfx 



+W 



2y/x-\7y 

3-v/xy+ I0x 
2x 2 y +25y 
I2xy — y/xy 

— By +18** 



2a a — 3a-v/a: 

* a -2aM" 
3a a — 13xy 
xy +32aP 

20— 65x 3 



3a*y— By 1 *— Sx 2 !* (19^/x + 12xy) 37a 8 — Sa^x—lfee 

— . — J S33H *«*-■«* 



-fafr~ 



Jg SUBTRACTION. 

EXAMPLES FOR PRACTICE. 

1. Required the sum of | (a+b) and £ (a — 6). An*, tf- 

2. Add 5x — 3a + 6+7 and — 4a— 3x + 26 — 9 toge- 
ther. Ans. 2x — 7a + 36 — 2. 

3. Add 2a + 36 — 4c - 9 and 5a — 36 + 2c - 10 to- 
gether. Ans« 7a — 2c — 19. 

4. Add 8a + 26 — 5, a + 56 — c, and 6a — 2c + 3 to- 
gether. Ans. 10a + 76 — 3c — 2. 

5. Add « 3 + ax 2 + bx + 2 and * 3 + cx a + o*x — 1 to- 
gether. Ans. 2a? 3 + (a+c) s 3 + (6+a*) x + 1. 

6. Add 6xy-12ar 9 , -4x"+3ay, 4* a — 2xy, artd —3x2/+ 
4X 3 together. Ans. 4xy— 8x 2 . 

7. Add4ax-130+3x*, 5x 3 +3ax+9x a ,7xy-^4x*+90, 
and -v/x+40 — 6x* together. ' Ans. 7ax+8x 2 +7xy. 

8. Add 2a 3 — 3a6+26 3 — 3a a , 36 3 — 2a 3 +a 3 — 5c 3 , 4c 3 — 
26 3 +5a6+100, and 20a6+16a 3 — 6c— 20 together. 

Ans. 13a f +2 a6+36 3 +a 3 — c 3 — 20— 6c.__ 

9 . Add ^_?iVVl C -9(«i±?)and¥+^-12^- e 

6 a x v d ' 6 a x 

+ 6 (^+f ) together. 

13a 4c 2 .V*^ o/*+*% 

Ans. -7-H 5-^- 3( — ~-). 

6 a x v d ' 

10. Add 3a 2 +46c— c 2 +10, — 5a 2 +66c+2c 2 — 15, and 
— 4a a — 96c— 10^+21 together. 

Ans. 6c -6a 3 — 9e 2 + 16. 

SUBTRACTION. 

Subtraction is the taking of one quantity from an- 
other; or the method of finding the difference between any 
two quantities of the same kind ; which is performed as 
follows* : 



* This role being the reverse of addition, the method of operation most be 
io likewise. It depends upon this principle, that to subtract an affirmative 
quantity from an aj&mlftre, is the same as to add a negative quantity to an 
affirmative, 



SUBtRACTION. 



l» 



RULE. 

Change all the signs ( -f- and — ) of the lower line, 
or quantities that are to be subtracted, into the contrary 
signs, or rather conceive them to be so changed, and then 
collect the terms together, aB in the several cases of addi- 
tion. 

EXAMPLES'. 



5a a -2& 
2a 9 +5b 

2c?-7b 



*»— 3y-f-3 
4x»+9y - 5 



5xy+8x-2 
3xy—8x—1 

2xy+l6x+5 



Bxy — 1 8 
6xy— 30 



8^-2y - 5 



10— 8x— Sxy 
— k+3— rry 

7— 7*— 2xy 



-b^y-Sct 
+3x^-76 



4 v /«x— 2x*y 
3y/aar — 5a:y* 



6x 3 — 8x—xJ 



— 8afy-8d+7& v'**- 2x^+5*^ -x 2 +8x+2 v /x-4y 



EXAMPLES FOR PRACTICE. 

1. Find the difference of J (d+fr) and i (a -6). Ans. b. 

2. From 8x— 2a-fc+7, take 8-36+tt-H*i!. 

Ans. 2&-x-3a-l. 

3. From3a+5+c-2i,take6— 8c+2d— 8. 

Ans. 3a+9fc—4d+8, 

Thus, according to Laplace, we can write 

OC3 04.6-— 6 0)* 

ft^-cctcn i c-fr6'. o ..*.... (2) ; 
iome^irtfwnaweaiwlo eubtiact+k 01, —*5 or,. j*at amounts to the 
Mjai filing; if in a we •bpprais +©» or — ft ; th* ratmunowfttmi trantforma- 
ii»t^w>8t b4+-b nithe'arttcatts'attdid^feAaiaeowL Alf»,if 
from t*—c we take away -f"6, or —6, the remiMiwyfrom C2), will be «— c 
—6, or •— > C-f-6. ^»» 





&* MULTIPLICATION, 

4. From 1 3x* ~2ax- 96 s , take Stf—lax—b 2 . 

• Ans. 8x a +5ax+10&S 

6. From 20ax— B^/x + 3a take 4ax+5x a — a. 

Ans. 16a*— lO^x-Ma. 

6. From 6a6+26 8 — c+fcc—6, take 6*- 2a6+*c 

Ami. 7a6+6* — c— b. 

7. From ax 3 — 6x a +cx— d, take fca^+ex— 2a\ 

Ans. ax 3 — 26x+(c— je)x-f-tf. 

8. From-6a-46- 12c+13x, take 4x-9a+46— Be. 

Ans. 3a+9x — 86— 7c. 

9. From 6x*2/-3^/xy-6ay, take 8x^+3X^)^-40^. 

Ads. 3x*y— 6v/xy— 2ay. 

10. From the sum of 4ax — 150 + 4x% 5x* + 3ax + 
10x3, an c| go — 2ax — 12 </ x ; take the sum of 2ax — 
80 + 7X 8 , 7x* — 8a* - 70, and 30 — 4 y/x — 2* + 
4aV. Ans. llax+60-x*-4a a s 2 . 

MULTIPLICATION. 

Multiplication, or the finding of the product of two 
or more quantities, is performed in the same manner as in 
arithmetic ; except that it is usual, in this case, to begin 
the operation at the left hand, and to proceed towards the 
right, or contrary to the way of multiplying numbers. 

The rule is commonly divided into three cases ; in each 
of which, it is necessary to observe, that like signs, in mul- 
tiplying, produce +, and unlike signs, — . 

It is likewise to be remarked, that powers, or roots of 
the same quantity, are multiplied together by adding their 
indices : thus, 

a X a a , or a 1 Xa 2 = a 2 ; a a X a? = a*; a$Xa$=a$; and 

a m xa w =a ,wfw . 

The multiplication of compound quantities, is also, 
sometimes, barely denoted by writing them down, with 
their proper signs, under a vinculum, without performing 
the whole operation, as 



TttULTIPLrCATION. « 



3ab (a- b), *r 2a</a*+b*. 
Which method is often preferable to that of executing the 
entire process, particularly when the product of two or 
more factors is to be divided by some other quantity, be* 
cause, in this case, any quantity that is common to both the 
divisor und dividend, may be more readily suppressed ; as 
will be evident from various instances in the following.part 
of the work*. 

CASE I. 
When the factors are both simple quantities. 

RULE. 

Multiply the coefficients of the two terms together, and 
to the product annex all the letters, or their powers, be- 
longing to each, after the manner of *%, word ; and the re- 
sult, with the proper sign prefixed, will be the product re* 
quired!* 

* The above rule for the signs may be proved thus : If b, 6, be any two 
quantities, of which b is the greater, and b — b is to be multiplied by a, it is 
plain that the product, m this case, must be less than <*b, because b — 6 is less 
than b ; and, consequently, when each of the terms of the former are multi- 
plied by a, as above, the result wilKbe 

(b— 16) Xa=an — ab. 

For if it were aB-J-oo, the product would be greater than as, which is ab- 
surd. 

Also, if b be greater than £, and a greater than a, and it is required to 
multiply b — 6 by A-^-a, the result will be 

(b — 6) x (a— a)= ab— «b— 6a+ ab. 
. For the product of b— 6 by a is a (b — &}* or ab — a6, and that of B — 6 by 
—a, which is to be taken from the former, is -—a (b— 6) as has been already 
shown ; whence b — 6 being less than b, it is evident that the part which is to 
be taken away must be less than as ; and consequently since the first part 
of this product is —as, the .second part must be -f- ab ; tor if it were — ab, a 
greater part than ob would be to be taken from a (b— 6), which is absurd. 

f When any number of .quantities are to be multiplied together, it is the 
same thing in whatever order they are placed : thus, if aB is to be multiplied 
by c, the product is either abc, mcb, or bca, &c. ; though it is usual, in wis 
. case* as well as in addition, and subtraction, to put them according to their 
tank in the alphabet. It may here also be observed in conformity to the rule 
given above for the signs, that <+a)X(-r-&)i or (— a) V (--*)=» + «*&: 
ami (+a)X<-&), or <%** <+*>=-' -~ 
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MULTIPLICATION. 



12a 

■ 


EXAMPLES. 

-8a +6a 
+46 -6* 


— 9x a 
—66* 


90kio 


-8a6 


—30a* 


+466S 3 


lab 
— 5ac 


— 6a»x 
+6* 


— xy 


— 7axy 
+609 

• 


SSa^c 


— 30aV 


+a*Y 

— 6xyz 
+ajj*z 

IE n. 


— 42a a xy> 


3a a 6 
26a a 


12a*£ 
-34«fafy 

CAS 


+2xjf 


6aV 


-2a 9 xY 



WTten one of the factor s is a compound quantity* 



RULE. 



Multiply every term of the compound factor, consider- 
ed as a multiplicand, separately, by the multiplier, as in the 
former case ; then these products, placed one after another, 
with their proper signs, will be the whole product requir- 
ed. 



3a-2b 
4a 

12a' -3a6 



EXAMPLES. 

6xt/— 8 
Sx 

18x*y-24* 



a*-2x+l 

4a 2 *— 8i*+4x 

<* m. 



MULTIPLICATION. 1 1 

Wx—ab 35x— 7a 3y a +y— 2 

5a — 2x xy 



eOax - 5a* 6 — 70fc f + 1 4ax Sxy 3 + ay* - 2*y 



13x 2 — a'b 25xy+3a* 3*«— xy+2y 3 

—2a 13s* 5x* 



— 2Sax* — 2a*6 325x 3 y+39a*x* 15**— 5afy— ]0y 

CASE III. 

ff /ten 6ofA the factor* are compound quantities* 

RULE. 

Multiply every terra of the multiplicand separately, by 
ach term of the multiplier, setting down the products one 
after another, with their proper signs ; then add the several 
lines of products together, and their sum will be the whole 
product required. 

EXAMPLES. 

x+y 5x+4y - x 2 +xy—y* 

x+y 3x — 2y x — y 



e 



x 2 +xy 15x*+12xy x*+z 2 y—xy 2 

+ xy+y* — 10*y — 8y» — x*y-xy*+y* 



**» 



x*+2xy+y 2 J5x* + 2xy-8y* x* * -2xy*+y* 



—»*■ 



x+y z 2 +y x*+xy+y* 

x-y x 2 +y x -y 



x*+xy x*+x 2 y x 9 +ti*y+xy* 

— *y-y 2 +x'y+y* —x 2 y~xy*—y* 

*t * — y* a;4-J-2xay+ya x 3 * * _ y 3 



18 ^tfLTtPLICATIO*?. 

EXAMPIXB FOR PRACTICE 

1. Required the product of x* —xy+y* wad x+y. 

Ans. x*-\-y*. 

*. Required the product of x 3 + x* y + xy* + *? and 

»-y. Ans. x 4 — j 4 . 

3. Required the product of x»+xy+^ i and x 2 — xy+ 
y« . - Ans. x 4 -f xY+y 1 . 

4. Required the product of 3x*-2xy+5, and xM-2xjf r d 
-3- Ans. 8z 4 +4x 3 y-4x 2 ^-4«"+16xy-l5. 

5. Required the product of 2a*— 3ax+4x* and 5a a — 
60X-2X 2 . Ans.. I0a 4 -27a 3 x+34a 2 * 2 - ISax 3 - 8X 4 . 

6. Required the product of 5x 3 +4ax 2 +Za 2 x+a* 9 and 
2X 2 — 3ax+a 2 . Ans. 10x»— 7ax 4 — aV— 3aV+rf. 

7. Required the product of 3x 3 +2x 2 ^ 2 +3y 3 and 2x 3 

— 3x^+5^. 

Ans. ts'—'SxY— 6*Y+21*Y+*Y+ 15x 6 . 

8. Required the product of i**—ax 2 + 6*~ c and x 2 - 
cix+e. Ans. x 5 — ax 4 — rfx 4 +(6+acJ+c)x 3 — (c+bd+ae). 

x 2 -f-(ca , +«&)& — cc. 

9. * Required the product of the four following factors, 

viz. 

I. II. III. IV. 

(a+6) (a a +a6+6 a ) («-&) and (a fl -a6+6 2 ). 

Ans. a*— 6 6 . 
10. Required the product of a^Sa^+Sax^x 3 and 
a 3 — 3cPx +3ax a — x 3 . 

Ans. a*— 3a 4 xM-3aV— x e . 

II. Required the product of a 4 -f ir V +c 4 and cP—e*. 

Ans. a 6 - c 6 . 
i 2. Required the product of cP-\»b 2 *\-c? — afr— «c— be 
and a -t-6+c. Ans. a 3 — 3a6c+ 6H-C 3 . 



* I would advise the learner to perform the calculation of this example 
several ways. viz. First, by multiplying the product of the factors I. and 
II. by the product of the factors HI. ahd IV. Secondly, bv multtDlvinc- the 
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DIVISION. 

Division is the converse of multiplication, and ia per- 
formed like that of numbers ; the rule being usually di- 
vided into three cases ; in each of which like signs give 
+ in the quotient, and unlike signs — , as in finding their 
products*. 

It is here also to be observed, that powers and roots of 
the same quantity, are divided by subtracting the index of 
the divisor from that of the dividend. 

Thus, o 3 -r-a a , or ~=a ; a *-f-a^ or, ^=a*; 

a*-=-a», or — =a T * ; and a m +a n , or -^sra 1 **^ 
a* a n 

CASE I. 

When the divisor and dividend are both simple compounds, 

RULE. 

Set the dividend over the divisor, in the manner of a 
fraction, and reduce it to its simplest form, by cancelling 
the letters and figures that are common to each term. 

EXAMPLES. 

, A 6«& ni j «a o <% t2ax* A 
6ab~2a, or — =?:3& ; and 12aar-f-3ar, or-— 5 — ~\ax ; 
Za ox 

a-f-a, or-=l; and a -5 oor — = — 1. 

a — a 



* According to the tu1« bene gifW* for eigne, it follows that 

as will readily appear by tmiTPpliplyinff *** atotient by the divkor ; the signs 
of the product being then the same as would take place in tf» fonnat toJa •. 



■v 



20 -DIVISION. 

—2a 

3a 

1. Divide 16s 3 by Sx, and 12a V by — 8a*r. 



— 2a Ail 

j^o — 2a -r 3a, or— — =»— f ; and 9x*-j. Sx* =3x*. 

*>a 



Ans. 2**, and — -^ 



2. Divide — 1 buy* by Say and — 1 8aafy by — Sax, 



9#i 
Ans, — 5y, and -— 

3. Divide -§«* ^ g«*. and «x* by _ JM 

Ans. —3 J, and — ^a 7 s Ta 

4. Divide 12a 2 £ 3 by -3a 2 6, and •— 15ay* by — 3ay*. , 

Ans. — 46, and by* 

5. Divide — ISa 3 * 3 by 5ax 3 , and 21 aW* by — 7 
t 2 x*. Ans. —3a, and — 3ax*. 

6. Divide — 17x a a 3 c by — 5ac 3 a 2 c ¥ , and 24xy by 8 v^arj 

Ans. — — , and S^/xi 

CASE. II. 

Men */ic divisor is a simple quantity, and the dividend a 

compound one. 

Divide each term of the dividend by the divisor, as ii 
the former case ; netting down such as will not divide ii 
the simplest from they will admit of. 

EXAMPLES. 

(ab+b*)+2b, or ^+l\= ia +*6=^ 
(10a6-15a*)-r5a, or 10ab ~ l ^ x =Zb-% x . 
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• * 

1. Let 3a?4-fcc»+3a*-* 1«* be divided by 3*. 

An** xM^tf+a— 5. 

2. Let 3a6c+12a6*-^a^ be divided by 3a*. 

Ana. c+Ax—Za. 

3. Let40a 3 6 3 +60a a 6 2 -l7a* be divided by -ab. 

Ans. 40o 3 ^ a -60u6+i7. 

4. Let 15a*6c— 12ac*M-&wP be divided by — 5ac. 

I2x a a* 3 

Ads. — 3aH — - — — . 

5 c 

5. Let 20ox 3 +l5ax 3 +VOax+5a be divided by 5a. 

Ans. 4jrM-3xM-2x+ 1. 

6. Let 66c<fe X 4&?#-26V be divided by 2bz. 

Ans. 3cd+2d*— 6*. 

7. Let 14a a -7aH-2**« _&8a be divided by 7a. 

Ans. 2a— 6+32—4. 

8. Let ^0a6+6Oa^~ 12**6* be divided by -4a*. 

AiM.5-.15( 8 +3a& 

CASE in. 

Trhcil ih* ##••*••«■• ~ iJ. . .Jti-** J^tmtji *tv %%i*4l% «»*>—.»»*••• ««j# 

quantities. 

* BULE. 

Set them down in the *ame maimer as in division of 
numbers, ranging the terms of each of them so, that the 
higher power of one of theietters may stand before the 
lower. 

Then divide the first term of the dividend by the first 
term of the divisor, and set the result in the quotient, 
with its proper sign, or simply by itself, if it be affirma- 
tive. 



*'4 
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This being done, multiply the whole divisor by the 
term thus found ; and, having subtracted the result from 
the dividend, bring down as many terms to the remainder 
as are requisite for the next operation, which perform as 
before ; and so on, -till the work is finished, as in common 
arithmetic. 



Examples. 

s+y)* 3 +2*y+y a (x+y 
• x 2 +xy 

xy+y 1 



* 

a+*)aH-fo , H-5«* a +* 3 ( a * +4ax+x ! 
a*+a*x 



4a'x+5ax* 
4a a x+4aa; a 



ax*+x 3 
ax*+x 3 



*_3)x* — 9x 9 +27x"-27(x* — 6x+.9 
x s^-3x 2 



-6x*+27.r 
.6x* + 18x 



mm* 



9r-27 
9x— 27 



I 



DryifflON- aa 

2x*-Z<tt+a*)ix*-9aW+6a*x-aH2x*+Zax -a 2 

4* 4 -6ax 3 +«a a * a 



6a* 3 — I ldV+6a 3 a: 
6a* 3 - 9aV+3a 3 « 

-2aV+3a 3 *-a 4 
~2aV+3a 3 *-.a 4 



Note 1. If the divisor be not exactly contained in the 
dividend, the quantity that remains after the division is 
finished, must be placed over the divisor, at the end of the 
quotient, in the form of a fraction ; thus,* 



2x± 

a+x)a 3 — v?{a 2 — ax+s 9 — 



a+x 
a*+a*x 



— a 9 re— x* 
—a 2 x—ax* 

a** — x 3 
ax*+x 3 

■ « 

-2*3 



* In the case here given, (he operation of division may be considered as 
terminated, when the highest power of the letter, in the first or leading term 
of the remainder, by which the process is regulated, is less than the power 
of the first term of the divisor ; or when the first term of the divisor is not 
contained in the first term of the remainder ; as the succeeding part of the 
quotient, after this, instead of being integral, as it ought to be, would neces- 
*% become fractional. 
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— « 3 y+y A 

• 

x*y*+y* 
x a y a -\-xy* 

— gy'-fy 4 
— *3t* — y* 



2y« 
2. The division of quantities may alio be sometimes car- 
ried on, ad infinitum, like a decimal fraction ; in which caso 
a few of the leading terras of the quotient will generally be 
sufficient to indicate the rest, without Us being necessary 
to continue the operation 5 Urns, 

a+x)a .... (l_?+4-^+^ &c* 

a+a 
~x 

a 



a:* 



a 






a 

mm 



s 3 
a* 



* Now, it is eaff to perceive (hat the next or 6th term oftbe qiJWietft will 
he — - , and the seventh term ^ and so on, alternately plus and mtnut , 



emsioN. ts 

And by a process similar to the above, it may be shewn 
that 

a — x a a* a* a 4 a 5 

Wbete the law, by which either of these series maybe 
continued at pleasure, is obvious*. 



<hb is called the law of continuation of the series. And the sum of all the 
terms when infinitely continued is said to be equal to the fraction , 

Una we say the vuigmrfrmetion - whe* reduced ton decimal is « 98229, <fec. 

infinitely continued. The tends in the quotient are found by dividing the re- 
mainders by a, the first term of the divisor; thus, the first remainder— x di- 
ce 
tided by a, give* the second term in the quotient; and the second re- 

*a jrx 

tnainder -J- — divided by a gives -f- — the third term, &c. 

* In this example, if a be less than a, the series is convergent, of the value 
ef the terms continually diminish ; but when * is greater than a, it is said to 
-diverge. 

To explain this by numbers : suppose a ssS, and x=s2. 

Then, 1 +?4.1-.+_fcc. 

The corresponding values are, 

2f 4 8 

where the fractions or terms of the series grow less and less, and the farther 
'hey are extended, the more they converge or approximate to 0, which is 
5opposed to be the last term or limit 
But if ocr 9, and *=sr3, 

Then 1 + -+-7~h— . &c - 
The corresponding values are, 

Tn which the terms become larger and larger. This Is called a diverging 
series. 
If * =» 1, and a =»1 m the preceding example : 

Then, -^—+1- + ~-^, &c. will be -J- « 1-1 + 1-1, &c. 
a-4-a? r aT"a3 a3 1-1.1 ' 

1 

Now, because ^-p- =3i f it has been said that 1—1+1—1, &c. infinitely 

continued, is e= J : a singular conclusion, when it is perceived from the terms 
".hemselves, that their sum most necessarily be either or-f-1, to whatever 

D 
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EXAMPLES FOR PRACTICE* 

I, Let a 9 — 2ax+x* be.divided by a— r. Ans. a-H<V 
t. Let x '— 3<ia 1 +3a , »— a s be dfrded by x—a. 

' . ' Ans- x* — 2ax+a*. 
- 3. Let a 3 +5a*x+5ai*+x* be dMfed by a+x. 

v .Ana. fl a -H«+• , ; , 

4. Xet 2^— 1 9^+26^— 16 be divided by y— 8. 

/ Ans. 2ttf— 3y+2. 

5. Let x 5 + 1: be divided bp *+ 1, and *?W-l by * — !• 

An*. * —$>+x*-rrX± I, s*d xMrfc 4 +^i^+*+1. 

6. 1^48arWtBo a Vh« Ai V+ IQPa 3 be divided by 9* 

-^ 8 «*5I-' * "'i'^ ■ Am* *4x a — «ax^-a5a a . 

7. -IJW 4x 4 -- 9x i +6*-l fee divided by Sfc»+3x— I. 

■ ?V* "-- Ansax 2 — 3r+K 
g, M ^— « 8 « a +2a 3 x-^ bf*vided by x'—ax+n 8 . 

- * . '■ Ans. x*-f ax — a 8 , 

9. Let ibr 4 — 96 be divided by 3x— ■ r 6, and a 5 +x* by a 

Ans. 2x 3 +4xM-8* + 16, and a*— ^x+aV— ax 3 — *< 

10. Let 32x 5 +243 be divided by 2*+3, end x 6 — a« by 
»— a. 

Ans. 16x 4 — 24x 3 +36x»— 54x+8l, and x 5 +ax 4 +aV 

II. Let 6 4 -3^ be divided by 6— y, and a 4 +4a a *+86 4 
bya+26. 

Ans. 6 :i +i 2 y+ V+y 1 — £-, and a 3 — 2a 2 $+4a6+ 



a+2b 



extent the division is supposed to be continued. The real question, however, 
remit* from the fractional parts, which (by the division) is al way 9 -)-£ when 
the sura of the terms is 0, and — £ when the sum is -f» 1 : ccnsequemlyi is 
jhe true quotif nt in the former case, and 1 — ^ in the other. . En. 



Algebraic fractions. » 

12. Let x*+px+q be divided by x-\-a, and x 3 — />jc*+ 

?x— -r by x— ~ a. 

• ? — pa+a? _ . , 

Ans. ar+p — aH , — , and x*+ (a — v) x — ap 



+a . +?+ ^zi o Vh'i2=r. 



x — a 



13. Let 1— Sx+iO* 1 — IOr 3 +5x 4 - x 5 bo divided by 1— 
\ %r+x* Ans. I - St-t^jc*-* 3 . 

14. Let a 4 +46 4 be divided by a 2 — 2a& +2A 3 . 

Ans. a a +2ii&+26 a . 

15. x 5 — 5a 4 s+IOaV— O.V+5ar J — -x 5 be divided b/ 
o*— 2/t . +**. Ans. a'— 3rt a x+&ix 2 — x 3 , 

16. Let a 4 +6 4 be divided by a^ab^+b 2 . 

Ans. a 3 — abi/2+fc. 



OF ALGEBRAIC FRACTIONS. 

Algebraic fractions have the same names and rules of 
operation as numeral fractions in conmon arithmetic ; and 
the methods of reducing them, in oither of these branches, ^ 
to their most convenient forms, are as follows : 

CASE I. 

To find the greatest common measure of the terms of afrac* 

tion, 

rulk. 

1. Arrange the two quantities according to (he order oi 
their powers, and divide that which is of the highest di- 
mensions by the other, having first expunged any factor, 
that may be contained in all tl»e terms of the divisor, with- 
out being common to those of the divid-nd. 

2. Divide this divisor hv the remainder, simplified, if 
necessary, as before ; and so on, fur each successive re- 
mainder and its preceding divisor, till nothing remain*, 
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when the divisor last used will be the greatest common 
measure required ; and if such a divisor cannot he found, 
the terms of the fraction have no common measure.* 

Note. If any of the divisors, in the course of the ope- 
ration, become negative, they may have their signs chang- 
ed, or be taken affirmatively, without altering the truth ot 
the result ; and if the first term of a divisor should not be 
exactly contained in the first term of the dividend, the seve- 
ral terms of the latter may be multiplied by any number r . 
or quantity, that will render the division complete!* 

EXAMPLES. 

1. Required the greatest common measure of the frac- 



tion 






rr 5 — -x 






— x*— I 



* If, bv proceeding in this manner, no compound divisor can be found, tha^ 

is, if the last remainder be only a simple quantity, we may conclude the case 

proposed does not admit of any, but is already in its lowest terms. Thus, for 

./. . r , L a3-i-2oa* + 3axa 4-4x3 
instance, if the fraction proposed were to be ! r- — ■ ;itis 

plain by inspection, that it is not reducible by any simple div ; sor; but tc- 
Know whether it may not, by a compound one, f proceed as above, and find 
the last remainder to be the simple quantity 7*2 : whence 1 conclude that 
tbie fraction is already in its lowest terms. 

, i Jn finding the greatest common measure of two quantities, either of them 
may be multiplied, or divided, by any quantity, which is not a divisor of the 
Pther, or t h a t contains no factor which' is common to them both, without fa 
fAir respect changing the result. 

4t may here also We farther added, that #e common measure, or divisor, 
of any number of quantities, may be determined in a similar manner to mat 
smti above, by first finding; the common measure of two of them, and then 
of that common measure and a third ; and so on to the last. 
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I 



ope- 



is 
th o: 
)tbt 
eve 

iber 



rac- 



Whiaee xM-1 is the greatest common measure required. 
9l Ifcequtred the greatest common measure of the firac* 

lion — — . 

w x+«6x +6« # 

ar a +26x+6 a )x 3 — b 3 x(x 

x*+2bx*+b*x 



*— 26a? 2 — 26 a x 
orar+6 



r»+ 2** +&'(*+& 
* 2 +6x 

kr+6 8 



ha 

t:: 
tc 

u: 

IT 

ie 

ft 



> 



tYhere *+& is the greatest common measure required. 

3. Required the greatest common measure of the five- 

3a a — 2a— 1 
'ion 

4a 3 — 2a". 3a +1 ' 

5 a a ~ 2a— j )4 a 3_ 2a a_3 a -f 2 

3 



12a*- 6a 2 — 9a+3(4a 
12a 8 — 8a 2 — 4a 



2a 8 — 5a+3)3a 2 +2a— I 
2 



6a 2 +4a— 2(3 
Ga 2 -15a+9 

11a — 11 or a — 1 
Where, since a— *)2a 2 — 5a+3(2a— 3, it follows that the 
last divisor a — 1 is the common measure required. 



* Here, I divide the remainder —26*3 — 2x2 x by — &efr. (its greatest sim- 
ple divisor) and the quotient is x-f-6; and then 1 divide the last divisor bj 
vf6,dcc. Es- 

I>2 
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in vjiicb CM0 Ibe common process ta» been interrupt** 
ia the last step, merely to preyent the work ovewWwg 
the page. 

4. It is required to find the greatest common measure 

& a 3 

of -3 — i* Ans. op— a* 



5. Required the greatest common measure of the ftac- 

6. Required the greatest common measure of the frac- 

tion -j-r — = — -J- r. ^ Ans. *M-ax+a*. 

ar + ax 8 — <nr, — a 4 

7. Required the greatest common measure of the frac 

7d»— 23a6+66 a A .. 

tl0D ^-leatt+ll^eF' Ans. «--36, 

.8. * Required the greatest common measure of the frac- 

t . aP+aJ'+bj?— 2a 2 x+bax— 2ba* . , n 

lion ^— r — — -—. . Ans. s+ 2a. 

x*~bx+2ax — 2ab 



* This fraction can be reduced by Simpson's role (page 50) thus : 
Fractions that have in them more than two different letters, and one of the 
betters rises only to a single dimension, either in the numerator, or denomina- 
tor, it will be best to divide the said numerator or denominator (whichever 
it is) into two parts so that the said letter may be foucd in every term of thr- 
one part, and be totally excluded out of the" other; this being done, let the 
greatest common divisor of these two parts be found, which will evidently 
bo a divisor to the whote, and by which the division of the quantity is to b<i 
tried; as in the following example, where the fraction riven is 

»3jkaar* — far* — 2aS * + oa#— 2&a2 

x2 — bx+2Ax— 2ab 
Here the denominator being; the least compounded, and b rising therein to a 
single dimension only, I divide the same into the parts a* -\-2ax, and — bx — 
Set; which, by inspection, appear to be equal to (a?*f*2a)X* T tod (a-f- 2a) 
+ — *. Therefore &-f»2a is a divisor to both the parts, and likewise to the 
whole, expressed by (ar-f-2a)X (*—&); so that one -of these factors, it' 
the fraction given can be reduced to lower terms, must also measure the nu- 
merator : but the former will be found to succeed, the quotient coming out 
x 2 — ax~±-bx— a6, exactly ; whence the fraction itself is reduced to 

X 2 — —SHC •r*6«P— ©6 

■ i * t f f— % which is not reducible farther by x — 6, since the divi 

aioa does not. terminate without a remainder, as. upon trial will- be found. 

This rule is sometimes of ereat utility, because- it spares great labour, and 
!3T©ry Cipeditious in reducing several fractions. Ed. 



9. Required the greatest common measure of the frac- 

10. Required the greatest commpo measure of the Aac- 

hm a>b+2aW+ 2aV+T' Ant. «+*. 

11. Required the greatest common measure of the frac- 

9« 3 6— 27a"&c— 6o6c 8 +186c 3 

CASE II. 

Tb reduce fractiont to their lowest or most simple terms. 

RULE. 

Divide the terms of the fraction by any number, or quan- 
tity, that will divide each of them without leaving a remain- 
der ; or find their greatest common measure, as in the last 
rule, by which divide both the numerator and denominator, 
and it will give the fraction required. 

EXAMPLES. 

a?bc is 9 

1. Reduce -=r^ri and — f -~5 to their lowest terms. 
5o a 6 a ax+x* 

cPbe c x* x 

Here r~5r a ==-rrAns. And — rza~—r-* Ans. 
5a 9 6 8 56 ax+ar a+x 

*3. It is required to reduce 2 \ — *° * ts lowest termr 

Here cx+x 2 1 a 2 c+a*x 
or c+x J a a c4-a a j(a 3 
a 2 c+a*x 



Whence c+x is the greatest common measure ; 
and c+x) « T . =--s the fractioa required.' 
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3, It is required to reduce o , oi ?i a ta *** lowest 
terms. 

x*+2br+b 2 x 



~2bx" -2Px | 

or x+b f **+2&*+6 a (*+& 
x a 4"&x 



br+b 2 



Whence x+b is the greatest common measure ; and x+b) 

x "• • b 2 x x "■ ~~bx 

Wtte+p'T+r the fraction reqnired ' 

And the same answer would have been found, if x? — b*x 
had been made the divisor instead of x a +2bx-{-b 2 . 

4. It is required to reduce - r-^ to its lowest termsv 

ar— crx* 



Ans. 



*" 



6a 2 4-7a:r— ^jc 2 

5. It is required to reduce - ■ q . , „ to its lowest 

6a a rt- 11 ax -j~ oar 

terms. Ans. K — ; — . 

Sa-f-x 

„ t • • j . j 2* 3 -— J6* — 6 

6. It is required to reduce — -= — ~ to its lowest 

3a 3 — 24r — 9 

terms. Ans. |. 

7. It is required to reduce ^^^^^^-—^^ to 

?ts lowest terms. Ans. -=-=-. — —• 



tj «• ■»* ^Miwd toredi^ ^^ 4a< ^^ + - g to to 

fowest terms. Aim. _--_- — . 

4a J — 2c 3 

■ 

CASE III. 

f To reduce a mixed quantity to an improper fraction, 

RULE. 

Multiply the integral part by the denominator of the 
fraction, and to the product add the numerator, when it ie 
affirmative, or subtract it when negative ; then the result, 
placed over the denominator, will give the improper frac- 
tion required. 

EXAMPLES. 

1. Reduce 3| and a — - to improper fraction*. 

. . b aXc — b ac—b . 

And a — =-! = Ans, 

e c t 

CL £1* — X* 

2 • Reduce x-f— and x— • — — to improper frac * 

x x 

iions. 

„ , a xXx+a x*+a k 

Herexi — =s = Ans* 

xx x 

a«-x« x»—a*+x a 2x*-a a . 

And x*- as — as Ans. 

xx x 



* xX * •"!«. In adding* the numerator a* — *s, the sign — affixed to 

the fraction — ; v denotes that the whole of that fraction is to be subtract- 

ed, and consequently that the sign* of each term of the numerator muit be 
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3» Let 1 — — bt reduced to an improper fraction: 



3t — b 
4» Let 5a be reduced to an imoroper fraction. 

« 6a a — 3x+l 

Ana. 

a 

5. Let a; — — — be reduced to an improper fraction. 

21 A 2ax-o— r» 

Ans. — . 

2a 

2x— 7 

6. Let 5-| — - — be reduced to on improper fraction. 

** . 17*-T 

Ans.— jg— 

/■ Let 1 — be reduced to an improper traction. 

Am. — 



a 



■■ x — 3' 
8. Let r+2x— be reduced to an improper frac- 

bx 
tion. Am. — 



bx / 

N CASE IV. 

To reduce an improper fr *ction to a whole, or mixed 

quantity. 

RULE. 

Divide the numerator by the denominator, for the inte- 
gral part, aad place too remainder, if any, over the deno- 
minator, f>r thefrartinrml part; then the two, joined to- 
gether, with the propor sign between them, will give the 
mixed quantity required. 

changed when it is combined with x* , hence the improper fraction is 
x 2 — as-f-xs 2*r2— «3 _ 

-= or ■ . Ed. 
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EXAMPLES. 

• r% j 27 . ax+fi a . . 

U Reduce — and to mixed quantities. 

27 
Here -g-=27^-5as6§ An*. 

. . ctx-\-a* a 3 

And =(ax+a*)-7'X=a+ — Ans. 

* x 

flX«— — 3J^ 

2. It is required to reduce the fraction to a 

x 

whole quantity. Ans. a— x*. 

3. It is required to reduce the fraction r — to a mix- 

ao 

2a 

ed quantity. Ans. 1 — —. 

of+x 2 

4. It is required to reduce the fraction to a mix 

^ a — x 

2x a 

ed quantity. Ans. a+xj — — . 

x 5 — tf 

5. It is required to reduce the fraction to a whole 

^ a— y 

quantity. Ans. r'+xy+if. 

lOx 3 — 6x+3 

6. It is required to reduce the fraction to a 

ox 

3 

mixed quantity. Ans. 2.T — 1+—-. 

CASE V. 

To reduce fractions to other equivalent one*, that shall have 

a common denominator* 



nuLE. 

Multiply each of tho numerators, separately, into ali 
he denominators, except its own, for the new numerators, 



and all the denominators together for a common denomi- 
nator*, 

EXAMPLES. < 

1 . Reduce T and - to frafcthms that shall have a common 
b c 

denominator. 

Here«Xc=ac) , . . 

LvyL—^a J the new numerators* 



6Xc=6c the common denominator. 

Whence. 7- and -==- and r— , the fractions required* 
b c . be be 

2x 6 
*. Reduce — and - to equivalent fractions having a com- 

2cs oh 

mon denominator. Ans. — and — . 

ac oc 

a ft \ h 

3. Reduce - and to equivalent fractions having a 

common denominator. Ans. t~ a»d —7 — . 

be be 

3r 26 

4. Reduce — — , and d, to equivalent fractions having a 

a 2a / a 9cx4al ^AiS* 

common denominator. Ans. - — , — . and — — . 

60c 6o« one 

3 2x 4x 

5. Reduce-,— and a+— to fractions having a com- 

, . A . 45 40* ^ 60a+48* 

mon denominator. Ans. -,— and — -go — • 



• It may here be remarked, that if the numerator and denominator of a 
'fraction be either both multiplied, or both divided, by the same number or 
quantity, its value will not be altered ; thus 

2 2X8 6 ,3 2-r-S 1 a ac , ab a 

. • ■Vxl"* 1 and 12 ^{STsTV or l** TP "* ^^e 

which method is ofteii of great use in reducing fractions more readilr to a 
•oomafeti denominator. 



0L\ 



*. Reduce % — 9 and ^t^, to fractions btving a common 



2' 7 



I 



tWartor. Ans. 2£* *£=!< ft****?**. 

14a— Ms'Ua-^li? 14a-r-14* 



CASE VI. 

To aid fractional q*anlit%4$ together-. 

RULE, 

Reduce the fractious, if necessary, to a common deno- 
minator ; then add all the numerators together, and under 
their sum put the common denominator, and it will give the 
sum of the fractions required*. 

EXAMPLES. 

J. it is required to find the sum of- and =. 

2 8 

Here*?:?"?*? the numerators. 



xX3=3x> 



And 2X3=6 the common denominator. 

Whence -3-+-^- == -x-> the sum required. 
6 '6 6 

a c e 

2. It is required to find the sum of-, -, and?. 

UereaXdy/^adfi 

cX bXf=cbf\ the numerators. 
jeXbXd=ebd) 



* In the adding or subtracting of mixed quantities, it is best to bring the 
fractional parts only to a common denominator, and tbentoatlx their sum 
or difference to the sum or difference of the. integral partf*tqterposiiig die 
proper sign. ' . , 

K 



*>, 
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{ - And iX4X/==Mf the common denominator. 
„* adf.cbf'ebd adf+cbf+ebd- 

Whence 4 + 4*RT~^? — ■*• 8um - 

Sac 2 ' 2d* 

3. It is required to find the sum of a — — and H — -* 

b c 

1 Here, taking only the fractional parts, 
We shall liave | £* J^XX \ the numerators ; 

And b%c=bc the common denominators. 

3cx* 2abx 2a6x — 3cx a 
Whence a — r — K+-T— sa+M g the sum 

v 2x 5x 

4. It is required to find the sum pf — and — . 

Of 

. 39« 

Amu •— « 
35 

3x x 

5. It is required to find the sum of — and-* 

... 15rc+2arc 
Ans. - 



6. It is required to find the sum of -, -, and -. " 



lOo 

, nnn — . 
2' 3 J 



Ans. — -. 
12 

i 

4x ac— 2 

7. It is required to find the sum of — and 



Ans. 



5 
27s— 14 



35 

2x Sx 

8. Required the sum pi 2a, 3a+-r-> and a— -|-. 

5 9 

22x 



Ans. 6a 



45 

9. Required the sum of 2a +-=-.; ; , and — '—. 

, 5 a— a; a 

Ans. 2a+2H r-rr ■ 

5a/ — 5ax 
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10. Require^ the sum of 5*+t^j— and 4*— — — • 

o DX 

A n . Sx*-l6x+9 

Ans. 9a?i -r — >— -. 

lox 

11. It k required to find the sum of 6*, --~, and— — , 

ox a 4a? 

CASE VII. 

To subtract on* fractional quantity from another* 

RULE. 

Reduce the fractions to a common denominator, if ne- 
cessary, as in addition; then subtract the less numerator 
from the greater, and under the difference write the com* 
mon denominator, and it will give the difference of the 
fractions required. 

EXAMPIES. 

2a? 3a? 
I. It is required to find the difference of — and— . 

o o 

xj 2*X5=10x> . . 

Here „ ^ « _ n > the numerators. 

JiXo- 9x J 



And 3X5—15 the common denominator. 

Whence — — tt—tti the difference required. 
15 15 15 ^ 

x *»a 
2. It is required to find the difference of — r- and 

2a — 4* • 

•I. » . 

3c 
Here (2«-4*) X26=4a6 -86* $ *" n™»«»tor&. 
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And 26X3c~66c the common denominator. 

w . Sex— 3dfc 4a6-86x Sea: — Sac — 4ab-{'Ux 
Whence -- ^ g^— = - g£ 

the difference required. . 

3. Required the difference of—- and -r-. Aos.- x * 



7 ~~5 - 'S5 

1+2* 



4. Required the difference ef 15y and — ^ . 

A 11%- 1 
Ans. * ■ - * 

8 

ax act - 

5* Required the difference of r — > and rj- 

6. Required the difference of a— ~^~ and s+^r- 

26a— gox— -cat 



Ans.- 



*6c 



a— »x 0"f"X 

7. Required the difference of a-| — - — and a— — — . 

a+x a— x 

A 2a a +2x 2 

Aas -?z^ 

2x+7 

8. Required the difference of ax-} — — - and x -~ 

5x— 6 A 86x— 99 

9. Required the difference of 2x+ — - — , and 3*+ 
11**- 10 ' , 32x+5 

-if-- A 08 - *+-ior > 

a -""■" x 

10. Required the difference of? a + , . J anif 

a(a-|-xj 

a+s . 4x 



a 



Ans* 



(a--x) «r — x* 
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CASE yni. 

7b multiply fractional quantities together. 

RULE* 

Multiply the numerators together for a new numerator, 
and the denominators for a new denominator ; and the for* 
mer of these being placed over the latter, •will give the 
product of the fractions, as required*, 

EXAMPLES. 

x 2# 

1. It is required to find the product of -and—. 

6 9 

xX2x 2x* x 2 
6 6"xF =C "oT =i 27 the P roduct re< l uired ' 

2. It is required to find the continued product pf 
x 4x 10* 

?T' and 2i" 

„ acX4a?X10x 40x 3 4s 3 . ', 

Here — - — - — - — =■ = the product. 

2X5X21 210 21 uc F rvuuui » 

3. It is required to find the product of - and >. 



„ iXa+i) x*+ax .. . A 

Here- ---7 -(= the product. 

aX(a—x) a 9 ^ ax r 



3x l&x 
4. It is required to find the product of-— and^r, 

Ans.-rr-, 



* When the numerator of one of the fractions to be multiplied, and the de- 
nominator of the other, can be divided by some quantity which is common 
to each of them the quotients may be used instead of the fractions them- 
selves. 

Also, when a fraction is to be multiplied by an integer, it is the same 
thing whether the numerator be multiplied by it, or the denominator divid- 
ed by it. Or if an integer is to be multiplied by a fraction, or a fracton t?y 
an integer, the integer may be considered as having unity for its denomina- 
tor, and the two be then multiplied together as usual; 

E2 



4* ALOEBkm 

■ 2x 3** 

5. It is required to fed 1 the ptoduet of —and — . 

3x* 
Ana. -=—. ** 
ba 

6. It is required to find the continued prodtisftqf -^, 

ix» . a A Sax 3 

-~i and — r— . Ans. - ■ » ■■» 

7 a+x 2U+2* 

7. It is required to find the continued product of 

2x Sab . 5ci c . , _ 

— . -^-, and -^r« Ans. 15ax. 

6x 

8. It is required to find the product of 2<H — and Ba- 
ft 26 6* 

— . . " - Ans. 6a a +36x— -• 

ax x a 2 

9. It is required to find the continued product of 3x, 
x+1 . x— 1 . 3te»-3x 

~2^' and a+6- Ana - ( i?+2S' 

10. It is required to find the continued product of 

a a — x 3 a 3 — 6* . . ax . a*—a*1> 

— tt-> ; — n »ud a+— - — . Ans. 

a+6 ax+x 3 <*— x. x 

CASE IX. 

To divide one fractional quantity by another. 

RULE. 

Multiply the denominator of the divisor by the nume- 
rator of the dividend, for the numerator ; and the nume- 
rator oi the divisor by the denominator of the dividend, 
for the denominator. Or, which is more convenient in 
practice, multiply the dividend by the reciprocal of the 
divisor, and the product will be the quotient required*. 

*"V?hea.a fraction is to be divided by an integer, it is (he saute thing 
ifl&mv th$ nutfiftator be dfarided by it, or the denominator Multiplied %?- 
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J. It is required to divide - by — • 

- ib x fcr * "9 ; 9x 3 ' 



9 8 Sx 6* - * 

ft It is required to divide -7- by -7-. 

Her — Xii=±?2^sr— A 
6 4c 46c 46c 

3. It is required to divide —j-t- b* - — : — . 

n *-H *"6*+a- 

4". It is required' to divide — m - ^ — r- * 

Here *** y *+g_ 2x a (s+a) = ___2* 

o 3 +* 8 x ar(a 8 +^ 3 ) x 9 — tfx-f-a 2 * 

5. It is required to drfkde — by -\' Ans. .- 

5 X 15 

4x 3 4 X 

6. It is required to divide — - by 6j. Ans.--. 

7 35 

\ It is required to divide —-— by ~. Ans. ,- 

^ 6 7 3 4a 

xx 6 

9. It is required to divide —-< — by -> Ans.- — *♦- 

9. It is required to divide — -? — 5- by 



C — X". r C X 

Ans. 



2a+x 



c a +cx-H*s r 

1^ -y. . • j x j -j x 4 — & 4 . x*+bx 

K). It is required to divide ^^j-^ by — _. 

A . « a +6 a 



x 

1 ■■ - H<>n 



' Afao, when the two numerators or the two denomioators, can be divided 
by some common quantity, that quantity may be thrown out of each, andffte 
iRotients nsed instead of the fractions first propose^. 



v 4 
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INTOLTJTtON. 



INVOLUTION. 

Involution is the raising of powers from any proposed 
root ; or the method of finding the square, cube, btquad- 
rate, &c. of any given quantity. 

RULE I, 

Multiply the index of the quantity by the index of th$ 
power to which it is to be raised, and the result will be the 
power required. 

Or multiply the quantity into itself as many times less 
one as is denoted by the index of the power, and the last 
product will be the answer. 

Note. When the sign of the root is +> all the powers 
of it will be + ; and when the sign is — , all the even 
powers will be +, and the odd powers — : as is evident 
from multiplication,* 



EXAMPLES. 



a, the root. 
a 2 = square. 
a 3 =cube. 
a 4 =4th power. 
a 5 =5th power. 
&c. 



— r3a tho root. 
4-9a a =square. 
— 27a 3 =cube. 
+8 la 4 — 4th power. 
&c. 



a 9 the root 
a 4 = square. 
a 6 =cube. 
a 8 =Mth power. 
a 1 °=5th power. 
&c. 



-'+- 



— 2ax* the root. 
+4aV= square. 
_ 8aV=cube. 
+ 16oV=4th power. 
&c. 



* Any power of the product of two or more quantities is equal to the 
same power of each of the factors multiplied together. And any power 
of a fraction is equal to the same power of the numerator Prided by the 
like power of the denominator. 

Also, o m raised to the nth power is o** n ; and — a m raised to the nth 
power is ^fc o* nn , according as n is an even or an odd number. 



** 



mvOfcUTHMT. 



4i 



r 

ft 



-the root, 
-j=*square. 
-i-=cube. 
—=4th power* 



mm^ 



!kc. 
the root* 



* — a 



9 



— ^r- the root. 

ob 



4 



4a a x* 



g^=square. 
, 8a»ar« 



276* 
16a*x« 



=cube. 



+_ 8lF-- 4th *"■*' 



&C. 



— ox+a 2 - 



x+a the root 

X 'Y'&X 

+f*X+a 2 - 



4MN 



« 3 ~2cMt+a a square* 
x-*a 

— ax*+ a 2 * — a 3 

i »— — — ■■ t 



**^»** 



ac 3 + fcaH-a 8 square. 



x a +3ox a +o a 
+<iar , -Ha a x+a 3 



Ml 



a: J +^x 3 +3o a «+a 3 cube. 



z^Ba^+artc-a* cube. 

EXAMPLES FOR PRACTICE. 

1. Required the cube or third power, of 2a 3 . 

Ans. 8a 6 . 

2. Required the hiquack&te, or 4th power, of 2a a x. 

Ans* 16aV. 

2 

3. Required the cube t or third power, of— -ary . 

o 

3a 9 x 

4. Required the biquadrate, or 4th power, of -ttj-* 

81aV 



Ans. 



62W 
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5. Required the 4th power of a+x ; and the 5th pow* 
«r of a - y. Ans. a*+*a x - r -6<#V+4tt* 3 +«\ and o $ - 

5a y + lOay - I0ay+6ay 4 — f/. 

RULE II. 

A binomial or residual quantity may also be readily raUk 
od to any power whatever, as follows : 

I • Find the terms without the coefficients, by observing 
that the index of the first, or leading quantity, begins with 
that of the given power, and decreases continually by 1, 
in every term to the la*t ; and that in the following quan- 
tity, the indices of th<> terras are I, 2, 3, 4, &c. 

?. To find the < efficients, observe that those of the 
first and last terms are always 1 ; and that the coefficient 
o£ the second term i> the index of the power of the first : 
aud ior the rest, it the coefficient of anv term be multi- 
plied by the index of the leading quantity in it, and the 
product be divided ! >v the number of terms to that place, 
it will give fie coefficient of the term next following. 

Note. The whoh? number of terms will be one more 
than the index of the given- power ; and when both terms 
of the root are 4- , all the terms of the power will be + ; 
but if the second term be — , all the odd terms will be +, 
and the even terms — ; or, which is the same thing, the 
terms will be + and — alternately,* 



* The rule here given, which is the same in the cases of integral powers 
as in the binomial theorem of Newton, may be expressed in general terms, 
as follows ; 

(a+b) «=o +«w i6fw— -a ijjfm.--., -~a 3o3, &c. 

9 2 3 



ia+b) m = a m -ma m ' i b ^m^a m '2 6s -m. Szl.^a" 1 - 3 b 3 , fcc. 

9 9 9 

which formulae will also equally hold when m is a fraction, as will be more 

fully explained hereafter. 

It may, also, be farther observed, that the sum of the coefficients in every 

power, »S equal to the number 9 raised to that power. Thus 1 + 1=9, for 

the first power; 1 -f 2-f-l =»4=2a, for the square; 1 4-3-h3-f-l «=fi 

•F£3 t for the cube, or third power ; and so on.' 
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EXAMPLES. 



1. Let a^-x be involved, or raised to the 5th power; 
Here die terms, without the coefficients, are 

a 6 , a 4 i,try,oV, as 4 ,* 5 . 
And the coefficients, according to the rule, will be 

5X4 10X3 10X2 5X1 » 

. h 5 > -~r> -5-"' ~ t~' ~ • 

or 1, 5, 10, 10, 5 1, 

Whence the entire 5th power of a+x is 

o s +6a 4 ar+IOaV+ lOaV+SaV+x 5 . 
3. Let a — x be involved, or raised, to the 6th power. 
Here the terms, without their coefficients are 

a 6 * a*x, aV, oV, a a x 4 , ax***?. 
And the coefficients, found as before, are, 

6X5 15X4 20X8 16X2 6X1 

orl, 6, 15, 20, 15, 6, 1. 

Whence the entire 6th power of a— x is 
a 6 ~6a 5 x+15aV-20aV-|-l5a 3 jr 4 - Gax*+x*. 

3. Required the 4th power of a+x, and the 6th power 
of a — x. Ans. a 4 +4rt a? 4-6aV+4dx 3 4-x*, and a 5 — 

na^+lOaV- 10aV+5aa? 4 - x\ 

4. Required the 6th power of a+b 9 and the 7th power 
of a - y. Ans. a*4-6a '6 + 1 5a 4 6 2 +20a 3 6 3 + 1 6a 8 6 4 + 

6aA '-r-6 6 , and tt 7 -7aY+21ay— 35 

ay+^y— 21a Y+ 7a ^"-y T * 

5. Required the 5th power of 2-f-ff, and the cube of 
a-6x+c. Ans. 42 +80x +80^+40:^ +10x 4 -fs 5 , and 

■ a 3 +$a 2 c+<ac 2 +c 3 —3a 2 bx-'6acbx — 

EVOLUTION. 

Evolution, or the extraction of roots, is the reverse of 
involution, or the raising powers ; being the method of find- 
ing the square root, cube root, &c. of any. given quantity. 



V 






v.f 



"CASE I. ... 

«■ ... i 

Tojirulanyro<Xcf an*$h<pmt*ty. 

... r 

Extt»a^ie^^^1h6 U»^^i( T^ ^heltatoere! ajtffc , 
and the Mot of tn^failitjf •bbjoroed fo it for the literal 
part ; ftp*? these,*^oTned together, will he the root rex 
inbred. * 

And if Att-gBmAjr prepoee* Ip atfeMiaav iU root w3L< < 
be fouatf h><Mm the^iiit both ^ Jt^twnn aJpi and de- 
nominator: *"*"', . ' ■ 

Note, Thegpqnare joot^lbeftmilb. root, wvanjjr etber 
even root, of an afiMfitthre quantity, may be either + or ; 
— . Thus x/a u ~ +<* or -a, and f/b+m+b or - *, &c. 
But the cube root, or any other odd root, of a quantity, 
.will have the same sign a* the quantity itself. Thus, 

%/° 3==a ; V"" a3== — <*» and $/— a 5 s= - a, &c* 

It may here, also, be farther remarked, that any even 

■root of a negative quantity is unassignable. 

Thus, y/- a* cannot be determined,' as there is no* 

quantity, either positive or negative, (+ or — ), that when 

multiplied by itself, will produce — a 2 . 

...» r 

EXAMPLES* 

I. Find the . square root of 9a 2 ; and die cube root of 
Sec 3 . " * - . * 

Here v^^V 9 X v'*^ 3 x '=3*. Ans. 
And V^—i^XV* 3 —***** 2 ** Ans - 

• The reason why 4 • «nd — « are each to* Jquare root of a2 is obvious, m 
lince by the rule of mohlplicatiDB, (-4-x»)X(4«) and (— a)X(— a) are *l| 
both equal to oJ . 

And for the cube root, fifth root, .die. of a negative quantity, it is plain. 
from the raxne rule, that 
f-«)X (— a) X <T-«) =s — a3 : and (— a3) X (+«*)«= -r«* , 

And consequently ^A- a3 a —a, and $/— a8 «= 



t 

K 



EVOLUTION. O 

2. It is required to find the square root ©f -73- and 
Ae cube root of— MJt . 

27c 3 

■"•^4?""/i?-TJ ; and</ ~«7? — IP 

1 It is required to find the square root of 4aV. 

Ans. Sax 3 . 

4. It is required to find the cube root of— 125aV. 

Ans. — 5ax*. 

5. It is required to find the 4th root of 256aV. 

Ans, 4a**. 

4a 4 

6. It is required to find the square root of—^-r. 

Ans. - — . 

8a 3 

7. It is required to find the cube root of——-. 

Ans. 1Br% 

„ 32aV° 

3. It is required to find the 5th root of — stj— • 

. — 2ax* 

.Ans. ■ ■ * 
o 

CASE IL 
To extract the square root of a compound quantity. 

RULE. 

1. Range the terms, of which the quantity is composed, 
according to the dimensions of some letter in them, begin- 
ning with the highest, and set the root of the first term in 
the quotient. 

2. Subtract the square of the root thus found, from the 
first term, and bring down the two next terms to the re- 
mainder for a dividend. 

F 
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u 



3. Divide the dividend, thus found, by double that ] 
of the root already determined, and set the result bot 
the quotient and divisor. 

4. Multiply the divisor, so increased, by the fen 
the root last placed in the quotient, and subtract the ] 
duct from the dividend ; and so on, as in common ai 
metic. 

EXAMPLES. 

1.* Extract the square root of x 4 -^* 3 -^**— 4*+l. 
* 4 -4x 3 +6x a --4x+l(a? a - 2x+l 



2**— 2*)-4a 3 +6x a 
- 4x 3 +4x 2 

2x»— 4x+l)2x a -4x4-l 
2x 2 — 4x+l 



Ans. x a — 2x+l, the root requii 
2. Extract the square root of 4a 4 +i2a 3 x-f-13a 2 x 2 

4a 4 + 1 2a 3 x+ 1 3tt a x 2 +6aa; 3 +x 4 (2a 2 +3aa;+x 3 
4a 4 



4a a + Sax ( 1 2a*x + 1 3a 2 x a 
12a 3 x+daV 



4a a +6ax+x a )4a 2 x 2 +6ax 3 +x 4 

4a 2 x a +6ax'+x 4 



Note. When the quantity to be extracted has no e: 
root, the operation may be carried on as far as is thoi 
tfeeessary, or till the regularity of the terms shows the 
by which the series would be continued. 

example. 

1. It is required to extract the square root of 1 +r. 
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1 



fix* 



fcc« 



2+ 







i 



r 



X+ — : 
^4 



9± X *\ ** 



> 



4 
x* 

T' 



8 + 64 



•+*- 



x 4 



x 3 \x s " x* 

16/T""64 
a? 3 x 4 



+ 



64 ' 256 



5x 4 , X s x t 



I 



64 §4 256 

Here, if the numerators and denominators of the ttro 
list terms be each multiplied by 3, which will not altet 
their values, the root will become 



I 



• x 



X* IX 2 



3.6x 4 



+ 



3.5.7x* 



2 2.4 2.4.6 2.4.6.8 2.4.6.8.10 
where the law of the series is manifest. 



z> &<*• 



EXAMPLES FOR PRACTICE. 



2. It it required to find the square root of a 4 +4a;*$+ 
6frV+4a**+x 4 . Ans. a*+2ax+x*. 

3. It is required to find the square root of x 4 — 2x 3 + 

|i»-ia:+— . Ans, X*— x+± 
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4. It is required to find the squire root of 4x 6 —4x 4 -f 
12a?+a*-r 6o?+9. Mb. 2**-*+3. 

6. Required the square root of * 6 +4x 5 + )0« 4 +«0« , + 
25*M-24x+ 1 6. Ans. ar'+fce'+Sx-H. 

6. It is required to extract the square root of a?+b. 

AnS ' a+ 2S- 8? + T6a -128?' ** 

7. It is required to extract the square root of 2, or of 
H-l- Ads. 1+i-i+xV- A+A» * c ' 

CASE III. 
To find any root of a compound quantity. _ 

Find the root of the first term, which place in the quo- 
tient ; and having subtracted its corresponding power from 
that term, bring down the second term for a dividend. 

Divide this by twice the part of the root above deter- 
mined, for the square root ; by three times the square of 
it, for the cube root, and so on ; and the quotient will be 
the next term of the root. 

Involve the whole of the root, thus found, to its proper 
power, which subtract from the given quantity, and divide 
the first term of the remainder by the same divisor as be- 
fore ; and proceed in this manner till the whole is finish- 
ed.* 



* As this rule, in high powers, is often found to be very laborious, it may 
be proper to observe, that the roots of various compound quantities may 
sometimes be easily discovered, as follows : „ . 

Extract the roots of all the simple terms, and connect them together by 
the signs -J- or — , as may be judged most suitable for the purpose ; then 
involve the compound root, thus found, to its proper power, and if it be the 
same with the given quantity, it is the root required. But if it be found ty 
differ only in some of the signs, change them from + to — , or from — to 
-f-i till its power agrees with the given one throughout. 

Thus, in the third example next following, the root is So-^Sx, which is 
the difference of the roots of the first, and last terms ; and in the fourth ex- 
ample, the root is o-J-6-J-c, which is the sum of the roots of the first, fourth, 
and sixth terms. , The same mar also be observed of the sixth example, 
where the root is found ft«m the first and last terms. 



EVOLUTION. S3 

BXAMPUM. 

' 1, Required the square root of a 4 — 2a 3 a?+3aV— 2<atf 



a 4 



! 



» 



2a 2 ) — 2«rVs 

f !■■■■■ 

■ ii^^ — 
2a*)2aV 



i a 4 — 2a 3 x+3aV— fcu^+x 4 



2. Required the cube root of x 8 +6x 5 ^ 40x 3 +96& 
a*- 6X 5 — 40s 3 +S6x-64(aM-2x-4 



3a 4 (6a^ 



tf+exP+lM+Qx 3 



S* 4 )-!** 4 



X8+6* 5 — 40x 3 + 96«— H4 



* 



3, Required the square root of 4a a — I2ax+9x 2 , 
i Ans. 2a — 3*. 

4. Required the square root of a 2 +2ab+2ae+b 2 ->-2bc* 
+c*. Ans. a-f- ?+c. 

5. Required the cube root of a 6 — 6x 5 +lUx 4 — 20« 3 + 
I5x»— e«HKl. * Ans. a 2 — 2*+l. 

6, Required the 4th root of 16a 4 -96a 3 x+216aV- 
; JlBax^+Sljp 4 . Aps. 2a-3#, 
1 f2 
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7. Required the 6th root of 32x 6 --80x 4 +80* 3 -40r' 
+J0*— 1. . Ani, 2x- 1. 

Of IRRATIONAL QUANTITIES, 

or surds: 

w 

Irrational Quantities or Surds, are those of which 
the values cannot be accurately expressed in numbers ; 
and are usually expressed By means of the radical sign ^ 
or by fractional indices ; in which latter ease, the nume- 
rator shows the power the quantity is to be raised to, and 
the denominator its root. 

Thus, y/% or 2 2 , denotes the square root of 2; \/a% 

or a*, the cobe root of the square of a, &c.* 

CASE. I. 

To redkce a rational quantity to the form of a surd. 

RULE. * 

Raise the quantity to a power corresponding with that 
denoted by the index of the surd; and over this new 
quantity place the radical sign, or proper index, and it will 
be of the form required. 

. examples. 

1. Let 3 be reduced to the form of the square root. 
Here3XS=3 a =9; whence V 9 * Ans. 



* A quantity of the kind here mentioned, as for instance y/ 3, is called an 
irrational number, or a turd, because no number, either wtyoie or fractional, 
can be found, which, when multiplied by itself, will produce S. But its ap- 
proximate value may be determined to any degree of exactness, bj the com* 
Oioo rule for extracting the square root, being X and certain non-periodic de- 
cimals, which never terminate. 



I 
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2. Reduce 2**to the form of the cube root. 

Hero.(&3 s s:8z*; whence %/&A or (d* 6 )*. 

3. Let 5 be reduced to the form of the square root. 

Ans. <i/(*5)- 

4. Let — 3# be reduced to the form of the cube root. 

Ans. 3/-(27* 3 ). 

5. Let — 2a be reduced to the form of the fourth root. 

Ans. — t/(l6a 4 ). 

6. Let a 3 be reduced to the form of the fifth root, and 

/ fl +i/^> ^r- and , , to the form of the square root. 
za by/a * a 

Ans. {/a 10 , )/(a+2y/ab+b\ </({a), and y/b\ 

Note. Any rational quantity may be reduced by the 

above rule, to the form of the surd to which it is joined, 

and their product be then placed under the same inde& 

or radical sign. 

EXAMPLES. 



Thus 2^2=^/4X^/2= v / 4X2 =y8 
And 23/4=3/8X3/4= » /8X4 ;== %/3g 

Also 3 v <ta=v'ftX- v '''= j /9Xa= 3 /9a 

And i3/4a="3/i=3/4a^3/^x4u=3/|. 

1. Let 5 V 6 be reduced to a simple radical form. 

Ans. ^(150}. 

2. Let \y/ba be -reduced to a simple racial form. 

Ans. %/(%)- 

2a 9 

3. Let -t-I/t-t be reduced to a simple radi al form. 

'2a 
Ans. 3/—. 

CASE. II. 

To reduce quantities of different indices, to' others that 

shall have a given index* 

bulk. . 
Divide the indices of the proposed quantities by the 
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given index, and the quotients will be the taw tadkes for 
those quantities. 

Then, over the said quantities, with their new indices, 
place the given index, and they will be the equivalent 
quantities required. 

EX1MPLE8. 

1. Reduce 3* and 2^ to quantities that shall have the 
index J. 

" Here --r-«== s X T =-=3, N the 1st index : 

2 O 2 1 x 

Andr«r«=;X 7 =-.s:2, the 2d index. 

O O ' o I o 



\ I 



Whence (3 3 )* and (2*)*, or 27°, and 4*, are the quan- 
tities required. 

2. Reduce b* and 6 8 ~ to quantities that shall have the 

.1 i l 

common index ~. Ans. 125* and 36 F . 

6 

3. Reduce .2' and 4 T to quantities that shall have the 

common index s . Ans. 16 T and. 16«- 

1. 

4. Reduce a 2 and a 2 to quantities that shall have the 

1 ■ j. 

common index -. Ans. (a 8 )* and (a 2 ) 4 . 

5. Reduce a* and 6« to quantities that shall have the 
common index ^. Ans. (a 3 )* and (& 4 )*" 

Note. Surds may also be brought to a. common index, 
by reducing the indices of the quantities te a common de- 
nominator, and then involving each of them to the power 
denoted by its numerator. 
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$ EXAMPLES. 

f 1. Reduce 3£ and 4£ to quantities having a common in 
dex. 

Here 3*=3*=(3*)*=(27)* 

f And **=4*=(4 a )*=(l6)* * 

f Whence (27)* and (16)*. Ans. 

• 2. Reduce 4» and 5* to quantities that shall have ft com- 
? mon index. 

Ans. 256** and 126^ 

3. Reduce a* and a* to quantities that shall have a coo- 
toon index. 

Ans. (a*)* and (a*)*. 

4. Reduce a * and b* to quantities that shall have a com- 
mon index. 

Ans. (a 4 )^and(63)TV 

5. Reduce an and 6* to quantities that shall have a com- 
mod index. 



i . . . l 



t _ — 
. Ans. \a m )nm and (6 n )mn. 

* 

case in. 

To reduce surds to their most simple forms. 

RULE. 

Resolve the given number, or quantity, into two factors, 
one of which shall be the greatest power contained in it, 
tod set the root of this power before the remaining part, 
with the proper radical sign between them.* 



* When the given surd contains no factor that is an exact power of the 
«nd required, it is already in its most simple form. . 

Thus, v/H cannot be reduced lower, because neither of its fiictors, 5, nor 
"> is a square. 



* 






EXAMPLES* 

1. Let \/48 be reduced t o ita m oat simple form. 

Here x?J8*~i/l6 X 3=^=4^/3 Ads. 

2. Let $/l08 be-redneed t o ha q iost simple form. 

Here {/ iO«=s^/27X4«iS^/4 Ana. 
Note 1. When any number, or quantity, ia prefixed to 
the sard, that quantity must be multiplied by the root of 
the ftetataJKwememi^ "joined 

to the other part, as before. 

EXAMPLES 

1. -Let % y/ 32 be reduced t o its mo st simple form. - 

Here t^/St^fc^/ *tf XS—by'S Ana. 

2. Let 5|/24r be reduced to itamoat aimpleibrra. .' 

Here 51/24=51/5 X 3= I0I/3 Ana* 
NotB 2. A fractional surd/nay also be reduced to a more 
convenient form, by multiplying both the numerator and 
denominator hf such a number*; or quantity, as will make 
the denominator a complete power of the kind required ; 
and then joining its root, with 1 put over it, aa a numera- 
tor to the other part of the surd.* 

EXAMPLES. 

2 
1 . Let yA- be reduced to its most simple form. 



* The utility of rcducuKtorda to tb«iriik^ simple fon^ ioonW to b*ve 
the answer in decimals, will be readily perceived from considering the first 
question above given, where it is found that 'i/l q" 4^ 14 \ ta which cafe, 
it is only necessary to extract the square root** the whole number 14, (or to 
find it in some of the tables that have been calculated for this purpose) and 
then divide it by 7 ; whereas, otherwise, we most have first divided the nu- 
merator by the denominator, and then have found the root of the quotient, for 
the sard part ; or else haw determined the root both of the numerator and 
denominator, and then divided one bv the other ; which are each of them 
troublesome processes when performed by toe cotamwrtles; and mtfc next 
example for the cube root, the labour would be roach greater. 



ifee v|^i|feV,^X U^^/H Am. 

K Let 3^/g be jedutoed io its most simple form. 
Here 3^|=3 V^^^^^Xx^^ll/W. An* 

EXAMFLRS VOR PRACTICE. 

3. Let V ^W be reduced to its most simple form. 

Ans. 54/5. 

4. Let 4/294 be reduced to its most simple form. 

Ads. 7«/6. 

5. Let V 56 be reduced to its most simple form. _ 

Ans. 2$/7- 

6. Let 4y/192 be reduced to its most simple form. _ 

Ans. 4^/3. 

7. Let 74/ 80 ba reduced to its most simple form. 

Ans. 284/5. 

8. Let 9^/81 be reduced to its most simple form. 

Ans. 27*/3« 

3 *5 

9. Let T97 «/* De reduced to its most simple form. 

Ans. 3^-4/30* 

4 3 

JO. Let -4/ -r be reduced to its most simple form. 
7^16 r 

An*. $\/\2- 

11. Let ^Sa 2 * be reduced to its most simple form. 

Ans. la</2x* 

12. Let ^/x 3 — cV be reduced to its most simple form. 

Ans. X4/(x — a 3 ). 

CASE IV. 
7b add surd quantities together. 

RULE. 

When the surds are of the same kind, reduce them to 
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their simplest forms as in the last case^then, if the stir 
part be the same in them ail, annex it to the' sum of th 
rational parts, and it will give the whole sum required. 

But if the quantities hay* different indices, or the sur 
part be not the same in each of them, they cap only b 
added together by the signs + and — • 

EXAMPLES. 

2. It is required to find the sum of -v/27 and y/48. 
Here ^27= ^9X3= 3^3 
And v /48= v / , 6X3=4 v /3 

Whence 7*^3 the sum. 

2. It is required to fin d the su m of ^/500 and 3/108. 

Here j/500= y 126X4 =5^/4 
And V 108 =V f 27X4=3^/4 . 

Whence 8^/4 the sum. 

3. It is required to find the sum of 4^/147 and I 
v/75. 

Here 4-/ 1 47=4^49)^3=28^/3 

.And 3</ 75=3^/25X3=15^/3 

Whence 43^/3 the sum. 

2 1 

4. It is required to find the sum of 3^/- and 2^/—. 

2 • iQ3 
Here 3 v /-=3 v /-=- v '10 

1 10 2 

And v _-v i35 - iB i/ia 



4 
Whence =«/* the sum. 

5 



J* 
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eX&MPLES FOR PRACTICE, 

5. It is required to find the sum of ^/72 and v/128. 

Ana. 14^(2). 

6. It is required to find the sum of ^180 and ^/405. 
I Ans, 15^/(5). 

7. It is required to find the sum of 3^40 and $/!35. 

I Ans. 9^/(5). 

9* It is required to find the sum of 4^/54 and 5^/128. 
j Ans. 32^ (2). 

3. It is required to find the sum of 9^/243 and 1 ^ 363. 

Ans.l9V(3). 

2 27 

I 10. It is required to find the sum of 3</~ and !</ — 
. 3 . v 60* 

Ans. 3^^/(6). 

1 1 

11. It is required to find the sum of I^Vt ^P* ^V^s 

Ans.6Ji/(2). 

12. It is required to find the sum of £ y/a*b and 

» /a 2x* \ 

3 74ox«. Ans. (- 2 +^-;^J. 

CASE V. 
To find the difference of surd quantities. 

RULE* 

When the surds are of the same kind, prepare the quan- 
tities as in the last rule ; then the difference of the rational 
farts annexed to the common surd, will give the. whole dif- 
ference required. . ♦ 

But if the quantities have different indices, or the surd 
put be not the same in each of them, they can only be 
tubtracted by means of the sign — ■. 

1. It is required to find the difference of ^/448 and 



'*• 



** 









Here % /44S=> <v / 64X7 a=8 v /7 ^ 
And \/\ 12=^/ 1 6X7=4 y/7 

^ ■• Whence 4v/7 the difference. 

* - . ' 

2. Jt ^required to; §nd the difference of 2/192 and 
?/34. • ' . • . ^_ " -.'-' 

Here {/t92~V<>4>< 8=4^3 ^ '■» 

And ^24 =3/TTx"3=:!ai/ 3 

V' / • Whence 22/3 the difference. 

3. It is required to find the difference of 5^20 and 
&v<45. 

Here b^O^B^dx^^lO^/S 

And ,3^45=3^/9X6= 9^/5 



Whence ^/5 the difference. 

3 2 
4^3' 



3 2 
4. It id required to find the difference of- ^Z-, and 






-, 3 2 3 6 3 ■ 1 ,- 



Terence, or answer required. 



Whence --^6 the dif- 



EXAMPLES' FOR PRACTICE. 



' 1. It is required to find the difference, of 2^/60 and 

Ans. V( 2 ' 
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2. It is required to find the difference of $/320 and 
\/4p. Ans. 2^/(5). 

3. It id required to find the difference of V- and <*/-—. 

Ans. iWO 5 )' 

4. It is required to find the difference of 2^/J and ^6» 

. . ' Ans. y/(2). 

5. It is required to find the difference of 3^/i and $/72w 

Ans. V( 9 )- 
2 9 

0. It is required to find the difference of i^and^/V** 

Ans. ^^(18). 

7. It is required to find the difference of ^/8(ia 4 s and 
V20aV. Ans. (4<i a — ijfaxJ^/CSx). 

8. It is required to find the difference of ti$/a 3 b and 
lfya*b. Ans. (8a— 2a 3 )VW« 

./Vote. The two last answers may be written thus, 

(2ajc— 4a 2 )y/{5x) 9 and 
(2a a — 8a)^/(o). 

CASE VI. 

To multiply surd quantities together. 

RULE. 

* When the surds are of the same kind, find the product 
of the ..rational parts, ond the product of the surds, and 
the two. joined . together, with their common radical sign 
between them, will give the whole product required; 
which may be reduced to its most simple form by Case in. 

But if the surds are of different kinds, they must be 
reduced to a common index, and then multiplied together 
as usual. 

It is also to be observed, as before mentioned, that the 
product of different powers, or roots of the same quantity, 
is found by adding their indices. 
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EXAMPLES; 



1. It is required to find the product of 3^/8 and 2^/6, 
Here 3^/8 

Multiplied V fr 



Gives 6^48=6^16X3=24^3 Ans; 

12 8 5' 

?. It is required to find the praduet of-y-iwd- 3/-. 

: Multiplied I v| 

^. 8 To 3 5 8 15 

Gives zVtz^V^zV^^WIS. 
8*18 8 V 9 8-27 - ,v 

3. It is required to find the products of 2* and 3*. 

Here 2*=^=C2 3 )*=8* 

And 3*=3*=*(3»)*— 9* 

Whence (72) $ Ans. 
1 It is required to find the .product of 5^/a and 3$/a. 

Here 6^/0=60* =6u» 

And 3*/a=3a*=3a* 

Whence 16a* =15 <a?)* or 16^/a 5 Ans. 

EXAMPLES FOB PRACTICE. 

5. It is required to find the product of 5^/8 and 3\/5. 

Ans. 30^/(10). 
0. It it required to find the product of y*8 and 5{/4. 

Ans. 10y(9t). 



IRRATIONAL QUANTITIES, ©* SURDS. 65 

7. Required the product of -^6 and -r^/9* 

Ans. tW(6)> 

8. Required the product of -^/18 and 5^/20. 

Ans. 15^(10). 

19. Required the product of 2^/3 and l3}^/5. 
Ans 27^(15). 

t 10. Required the- product of 72ja* and I20ia^ ,_. 

! Ans. 8706$a™, 

11. Required the product of 4+2 </ 2 and * — ^2. 

Ans. 4, 

I 12. Required the product of (a+6) n and (a+6) m , 

m ~f" n > 
; Ans, (a+6) mn 

# — 

CASE VII. 

To divide one surd quantity by another* 

RULE. 

When the surds are of the same kind, find the quotient 
of the rational parts, and the quotient of the surds, and the 
two joined together, with their common radical sign be- 
tween them, will give the whole quotient required. 

But if the surds are of different kinds, they must be- 
reduced to a common index, and then be divided as before* 

It is also to be observed, that the quotient of different 
powers or roots of the same quantity, is found by subtract- 
ing their indices. 

EXAMPLES. 

1. It is required to divide 8^/108 by 2*/6. 

8^/108 ^ ' 

H«re"^/§"==4-/ 18=*?V9X2=sl2 $ /2,All8. 

g2 
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2. It U required to divide 8J/512 by \\Tl. 

Here 5*0^2^256=2VW5<4 as 8V4 Ans, 

1 1 

3. It is required to divide -</b by gv'S. 

« *i/* 3 5 3 ,10 3 .,_ A 
. 4. It it required to divida\/7 by $/7. 

aere^4-4 =7M= ^ V 
^ 7 7* .7* 

5. It is required to divide 6^54 by 3 y/t. 

Ans. 6^3. 

6. It U required to diyide 4^/72 by 2^13. 

Ans. 2^/4 

3 12 1 

7. It is required to divide ^V'Totty gt/ij* 

Ans. |f v/3. 

5 2 2 3 

8. It is required to divide 4-\/g by 2r^/-. 

Ans. lfv/2. 

1 2 

J. It is required to divide 4-t/a by %-£/ah. 

* 2 3 ~ 

* TO. It is required to divide Zt^ya by 13~V^« 

a ^4S 4 

■ AnS. ^**. 

275 

3 ' 9 i 

il. It is required to divide 9-a by 4— a*. 

. 825 ^* 
Ans. ttt?cIi»-»» 
424 

12. It is required to divide ^20+^/12 by ^5+^/3. 

Ajis. 4/4. 

.Vote. Sine© tM division of surds is performed by sub 



f 






r 
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tracting their Indices, it is evident that the denominator of 
any fraction may be taken into the numerator, or the nu- 
merator into the denominator, by changing the sign of its 

index. 

Also, since — = 1, or =a" M »=a°, it follow*, that the 

expression a 9 is a symbol equivalent to unity/ and conse- 
quently, that it may always ba replaced by 1 whenever it 

occurs.* .»,'... "^ - ' 

EXAMPLES. 
1 O" 1 1 d' n 

J. Thus -=---or ar l ; and — =-- , or a w . 
at. a* . 1 

6 6a-" 3 * a n 1 h m 

2. Also, -=- == -7-, or ba 2 ; and . — =— -rr«, or — . 

3. Let -j- be expressed with a negative index. 

Ans. a'K 
1. Let a"* be expressed with a negative index. „ 

Ans. -^, 
a? 

o, Let--p- be expressed with a negative index. 

Ans. (a+x)K 
6. Let a(a* — x 3 )'* be expressed with a negative index. 

Ans. — t- 



"C**-* 8 )* ' 



* To what if above said, we may also farther observe, ' 

1. That added to or subtracted from any quantity, makes it neither 
greater nor less; that is, 

. ' a -|- =» o f and a— =aa. 

2. Also, if nought be multiplied or divided- by any quantity, both the pro- 
duct and the quotient will be nought; because any number, of times 0, or 
•nypartofO, isO; that is, . 

X «» or «>C° ** °» and - =3»0. 

3. From this it likewise follows, that nought divided fay nought, is a finite 
luantity , of some kind or other. 



I 
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CASE VIII. 

To involve, or raise surd quantities to any power. 

RULE. 

When the surd is a simple quantity, multiply its index 
by 3 for the square, by 3 for the cube, &c, and it will give 
the power of the surd part, which being annexed to the 
proper power of the rational part, will give the whole 
power required. And if it be a compound quantity, mul- 
tiply it by itself the proper aumber of times, according to 
the usual rule.* 



For since OX * =>0> or =» 0X<*, it is evident that - » a. 

4. Farther, if any finite quantity be divided by 0, the quotient will be 
infinite. 

For let-<=<7, then, if 6 remains the same, it is plain, the less a is, the 

greater will be the quotient q; whence, if a be indefinitely small, 7 will be 
indefinitely great: and consequently, when a is 0, the quotient q will be in- 
finite; that is, 

6 1 Ah 
5 ,or 6 «GD. 

Which properties are of frequent occurrence in some of the higher parts of 
the science, and should be carefully remembered. 

Since, therefore, is the same as («+^) • Let us suppose, in the 

geueral formula, n*<cs — 1 ; and we shall have for the coefficients n an — 1 -, 

n— 1 „ n-rB ' n— 3 ■ _ , . , 

— rr~= — 1 ; ' - a — *" — 1 J - ---'- "* — *t &c., and for the powers of a we 
2 3 4 

n -1 1 n— 1 —2 1 n— 2 1. n^-3 1 
have a e»a c= -; a c= a * S -T"i a ' £S — ;« « — *,„ . 

a a» a 3 a4 «c./. 

-1 1 t 6 62 63 04 As 

v$o that (a+b) « — — =. — — + T^-: -J —, &e. whichisthe 

\ 1 / o-f-6 a 01 ' «5 a4 ^as *' 

same series that is found by division. For more on this subject see the Bi- 

nonjal Theorem, (further on) or Euler T s Algebra. 

When any quantity that is affected by the sign of the square root is to 

be raised to the second power, or squared, it is done by suppressing the sign. 

V* )*> or s/* X Va^«; and y/ (0+6)3, or </*+l X 7*+*> =» a+*. 
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r. 



.EXAMPLES. 

2 •*• 

1. It is required to find the square of 50 3 . 

Hore V3 / ^S" = 9 a 9^ a • An *' 

2. It is required to find the cube of-y' 3 * 



Here ^=3*=^ V 27=- v /9'x3=-^ 3 . ..Ans. 



9. It is required to find the square of 3 ^/3. 

Ans. 9$/9> 

4. It is required to find the cube of 1 7^/21. 

Ans. 10317*^/(21). 

! 

5. It is required to find the 4th power of -zy/§. 

Ans. ^. 

6. It is required to find the square of 3+2^/5. 

Ans. S9-M2V/6. 

7. It is required to find the cube of ^x-\r3y/y. 

Axis. x x /x^rt'7y^/x'\'9xy/y+21y^/y t . 

8. It is required to find the 4th power of ^/3 — <J*. 

49—20^/6* 

CASE IX. 

. To find the roots of surd quantities* 

* ROLE. 

When the surd is a simple quantity, multiply its index 
j>y \ for the square root, by £ for the cube root, &c, and 
it will give the root of the surd part ; which being annexed 
to the root of the rational part, will give the whole root 



. ^ 



79 fitiUfooNAL QUANTITIES, etTORDS. 

required^ And if it be * compound quantity, find its root bv 
the usual rule. 41 



EXAMPLES. 



» 

1. It is required to find the square root of 9^/3. -" 
Here (pi/*fl=*lfl X&** s*9* Xdt =*t/3. Ans. 

2. It is required to find the cube roof of ^s/ 2 * 

Her. (i v /«)*= S Q) i X(2 |X *)=i(a*)=iV2. Ads. 

3. It is required to find the square root of 10 8 . 

Ans. l(V(iO). 

4. It is required to find the cube root of r=a \ 

Ans. %a%/a. 

5. It is required to find the 4th root of —aJ. 

ol 

Ans. f a* . 

a fl 
' 6. It is required to find the cube root of -%/«• 

Ans. -y/ •, or i-y/C 30 )* 

3 

7. It is required to find the square root of x s —4x v /a 
+4a. Ans. r—2\/a. 

8. It is required to find the square root of a+2</ab+b. 

Ans. ^a+y/b. 



• The nth root of the m power of any number >h or the mth power of 

m 

the nth root of a, is an* 
Alto, the ntn root of the with root of any number a, or the mth root of the 
i 



nth root of a, it • . 

From which lest expression, it appears, that the square root of the square 
root of m it the 4th root of a ; and that the cube root of the square root of a, 
Or the square root of the cube root ot «, « tbe*6th root of a; and to 00 for 
the fourth, fifth, or any other numerical root of this kind. 
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CASE X. 

To transform a binomial, or a residual surd, into a 

general surd* 

RULE. 



Involve the given binomial, or residual, to a power cor- 
responding with that denoted by the surd ; then set the 
, radical sign of the same root over it, and it will be the ge- 
neral surd required. ' ' ' 



EXAMPLES. 

1. It is required to reduce 2-f-\/3 to a general surd. 
Here (24y3) a = 4+3+4^3=7+4^/3; therefore 

2+^3=^/7+4^% the answer. 

2. It is required to reduce ^y/2+^/3 to a general surd. 

Here ( <v /2+ «/-<) 2 = 2 +3+2^6=5+2^6* ; 

thereforo-^/a+^/S— ^5+2^6, the answer. 

3. If is required to i educe 3/2+3/4 to a general surd. 
Here ( y2+»/4y ' -r,+t»j/2+6l/4 ; therefore */2+ 

J/4=3/6(l+3/2+3/4), the answer. 

4. It is required to reduce 3—^/5 to a general surd. 

Ans. ^(14—6^/5). , 

5. It is required to reduce ^/2 — *s/6 to a general surd. 

Ans. ^(26— 4^/12). 

6. It is required to reduce 4 — ^/7 to a general surd. 

Ans. ^(23-8^/7); 

'. It is required to reduce 2^/3 — 3^9 to a general surd. 

Ans. 3/(162^/9— l08i/3— 219.) 



7 
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CASE XI. 

To extract the square root of q binomial, or residual surd* 

RULE.* 

Substitute the numbers, or parts, of which the given surd 
is composed, in the place of the letters, in one of the two 
following formulae, according as it is a binomial or a resi- 
dual, and it will give the root required. 

V a— v^=Vi*+l y/aTL. *—*/¥«! ,—W a2 — h 
And if the second part of the binomial,., or residual, in 
this case, be an imaginary surd, the same theorems will 
still hold, by only changing— & into +b> as below. 

v'(»+v'-*)=V(i«+W'(a a +*))+ •(*«->V(« 1 +&)) 
•(a-v— &)=V(m>/(a 3 +6;)— </(*«— i\/(« 2 +*)) 

* Prop. 1. The square root of a quantity cannot be partly rational and 
partly a quadratic surd. If possible, let \/ n =;'o-f-<\/ m ; then by squaring 

both sides, n^a* -{-Sa^/m m, and by transposition, 2a\/»*=n-a 2 — wi; 

n _ j 
Therefore y/ ma ~™ . a rational quantity, which is contrary to the 

Sa 
supposition. A quantity of the. form V a, is called a quadratic surd. 

Prop. 2. /n any equation x -f- Vy =»a-}-«v/ b » consisting of rational 
quantities and quadratic surds, the rational parts on each side are equal, 
and also the irrational parts. 

If a? be not equal to a, let x ■» a-J-m ; then a + m -f- ^y — «+ V*t or 
m-J- V y«= */6 ; that ^/6 is partly rational and partly a quadratic surd, 
which Is impossible, (Prop. 1.) ; 

.'.«s»o, and i/y=>s/bb. 

In like manner if x — y/y = a — ^ b ; then «so, and — Vy=^- y'fc. 

Prop. 3. J[T **°<) quadratic surds y/ x and y/ y, cannot Ac reduced to 
titers which have the same irrational part % their product is irrational. 

U possible, let yfxy = nr, where r is a whole number or a fraction . 
Then xy ei r« x2 , andy=3>r3a; .-. y/y<=ry/ x\ that is, y'yandv^a: 
may be so reduced as to have the same irrational part, which is contrary to 
:he supposition. 

Prop- 4. One quadratic surd, y/x, cannot be made up of two others., 
y m andw n, which have not the same irrational part. 

If possible, let y/ x«=Y m-\-y/ n; then by squaring both sides, ar = m 
<4»2y mn + n, and a — m— n=2\Z*n», a rational quantity equal to an 
irrational, which is absurd. 
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Where it is to be observed, that the only cases that are 
useful io this extraction, are when a is rational, and a* ~6 
in the first ef these formulae, or a*+b in the latter, is a 
complete square. 

EXAMPLES. 

1. It is required to find the square root of 1 1 +^/72, or 

Here, 



a?! 



y'Ja+i ifa»— i^v^VH- W 121— 18^ •¥+* =3 5 

and 



Whence v / ( 11 + 6 v /2 ) :=3 +v /2 > the answer required. 
£. It is required to find the square root of 3— ty/2. 

Here, 

J\ a+\Jctt=J \+\y /%^%~ y/f ^^s^/* ? and 

=-1; 

■ - - ~ -.--..-- 

Prop. 5. The square root of a binomial, one of whose terms is a quadratic 
lurd, and the other rational, may sometimes be expressed by a binomial^ one 
sr both of whose terms are fuadrattc surds. 




tko, V' (•*— b) » * 3 *-y f . 

Alio, by squaring both sides of the first equation, a+\/ 6 eax* +2*y+y* , 
and (Prop. 2.) .-.<*;= a^+y*. 
Hence by addition, a+VC* 8 — &)=»«**, 
and by subtraction, a— */ (a 3 —6) =a Sy* ; 
^TOOt*+ya^fa a +W(a*-b)\ +x/ |i«-sV(a a -*)} 

From this conclusion it appears, that the square root of o+</b can only 
te expretsed by a binomial of the form x 4- y» one or both of which are quad> 
ntic turds, when a*— 6 is a perfect square. 
W By a similar process it might be shown that the square root of a~V&, or 

i^ttothefOiielimitatioD. Eo. 



4 
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Whence v/(3— a^)—^— 1, the answer required- 
;•- 8. It is required to find the square root of 6±2<t/6^ 

An* v/5±l. 
4. It is required to find (be square root of 28dbSy/f . 

Ana. 4±^/7. 
. 6. It is inquired to find the square root of 36 d: 10 
yil. Aus. 5±V(1I)* 

6. It is required to find the square root of TO± 12^/6. 

Ans. 3±2t/6. 
%- 7. It is required to find the square coot of 1 +4 V— 3* 

or !+•— ^ ■***• ?+•— 3* 

8. It is required to find the. #tor* ro* of 3 ±4^— I, 
orBi^/— 16. 7v. -' J 4i*.2± v /-l. 

9. It is required to find the equip root of — 1-K/-* 8 ' 

Ans. 1+-/— B. 

10. It is required to Aid the square root of <*+fcrV 
(a UA AM *+^/(o«-*»). 

11. It is required to find the square root of 6+2^/2— > 
v /(12)- v /(24). Ans. r+t/2-VS' 



Soft Trinomial, Qvaorixtomiai. Sunns, fee. 

Rule. Divide half the product of any two radicals by 
a third, gives the square of one radical part of the root ; 
this repeated with different quantities,, will give the squares 
of all the parts of the root, to be connected by + *°d — « 
But if any quantity occur oftener than once, it must be 
taken but ence. 

For if &+¥+* be any trinomial surd, its square will be 
x 2 + tf + ** + **y + *** + 2yr • then if half the pro- 
duct of any two rectangles, as 2acy+2fe* (or S*V) b* &' 

vided by some third fyr, the quotient -^-^^ m u*t 

needs be the square of one of the parts ; and, the like for 
the rest 

EXAMPLE U 

To extract the square root of 10 + *ttM) + */ (40} 
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8^(60) "' aDa 2^(40) 

* ^ = 3, and *!&*£&.«»)-*. And the 

: rootis^ 2 +y 3 +A/ 5 - 

EXAMPLE 2. 

It is required to find the square root of 1 2+^(32) — 
*/ (48)+v/(80)_ v /(S54)+« v /(40>~ </ (60). 

Here «T/75o] i == ^/5 ' lhis P roduces nothin 8- 

«=y/9=:3; and ^^^ } = ^ (16) = 4, &c, there- 

^ *v V 40 ) 
fore the parts of the root are v/4, y/5, ^/3, -^2, y/4, ozc, 

and the root of 2+V.2 — x/3+^6 ; for, being squared, it 

produces the surd quantity given. 

CASE XII. 

# To extract any root (c)ofa binomial surd, 

RULE I.* 

Let the quantity be A±B, whereof A is the greater 
pert and c the exponent of the root required. Seek the 

• Let the sum or difference of two quantities x and y be raised to a power 
whose exponent »c, and let the \st, $d, Mh % 7th, Sfc^ierms of thet power, col- 
lected into one sum, be called A, and the rest of the terms, xn the even places, 
coiled B ; the difference of the square* of A nnd B shall be equal to the dif- 
ference of the squares of x and y raised to the same power c. 

For the terms in the c power of x-f-y, writing tor their, coefficients, re* 

c c — 1 c — 2 c— 3 

gpectivelr, l f c. a, e, &C-, are x -f-cx + dx y2-fe» yS+&C. 

<=*A+B\ ma the same power of r—y (changing the signs in the even 

e ' c—\ , c — 2 c — -9 

places) » st — e» y+dx ya — ex ys-}-&c. csA—B~ 



And, thereto, (*•&)*(*— y) C or (x*—y*) =■(♦£ + jB) (A— J5)« 
,3a— J&i. Q.E.A 
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least number * whose power n c is di visible by A 9 — B 1 , thf 

quotient being Q compute ^/(A+B X -v/Q) in the nearest 
integer number, which suppose to be r. Divide Ay/Q 
by its greatest divisor, and let the quotient be s f and let 




2 $ =t, the nearest integer. Then the root 
t8± x /(Pf— n) 



-VQ 



-, if the c root of A±B can be extracted* 



Let one, or both of the quantities, .a, y, be a quadratic. *t*ra*, that is. let 
*+y, the c root of the proposed binomial A+B belong to one of these 
forms, />+/%/ o, *VP+$» or kVp -f I*/ q. And it follow* tba|» 

1. ltsc+y<=*P'j-ly/p c being any whole number, A % the mid of the odd 
term*, win be a rational number ; and 2*, the sum of the terras in the eves 
places, each of which involves an od\d power of y, will be a rational nombtr 
multiplied into the quadratic surd \fq. 

8. liet c, the exponent of the root nought, be an odd number, as we jnty 
always suppose it, because if it is even, it may be halved by the extraction 
of the square root, till it becomes odd ; and let x -J- y «* ktfp -f q. IWn A 
will involve the surd \fp, and B will be rational. 

3. Bat if both members of the root are irrational, (»-»• y e&Jfcvy-f l ^q) 
A and B are both irrational, the one involving vj»* *nd the other the sua 
V q- And in all these cases, it is easily seen that when a? is greater than y, 
A will be greater than B. From this composition of the binomial A f&, 
we are led to its resolution, as in the above rule, by these steps. 

X* 

When .4 is rational, and A2—B2 is a perfect c power. c 

1. By the theorem just demonstrated, A* — Ba = (* a — yt ) accurately ; 
mid therefore extracting the c root of j3a— Bat it will be x2—ya ; call this 
rootn. 

2. Extract in the nearest integer, the c root of A 4-2?> it will be (nearly) 
*"f y ; which put = r. 

3. Divide a?s—ya( era) by «+y («=*•) the quotieut is (nearly) x— y; 
and the sum of the divisor and quotient is (more nearly) ftp \ that is, it an 1* 

r , » * 

teger value of » is to be found, it will be the nearest to * r * 

4. a?*— (* a — y a )=s»y a ; or, i r 4-~ r | 2 ~ n(a y* '• whence 



W f r-J- r V— » ; and therefore, putting < — n-f-r the root sought 



2~' 2 

a?4*y *■ <+\/(f> — n); the same expression as in the rale, when Qv 1, 
« t= 1 ; that is, when *^ a — JBa is a perfect c power, and the greater member, 
A is rational. 
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* 

, a j It ia proper to observe that this rule, which was first 
'J pwq by Nswton in the Universal Arithmetic, fails when 
** <=4 .exactly ; in which case, instead of taking t the near- 

r +- 
est integer value of — — » it must be taken equal to £ : 

See Ryan's key to the second New- York edition of Bon- 
o/castle's Algebra. 



\ 



II. « 



When A is irrational, and Q= 1. By the dame process, « _ 

x 

(=T) and y **y/ (Ts— ■»). Bat seeing A is supposed irrational, and c 
an odd number, u will be irrational likewise : and they will both involve the 
suae irredacible surd ^p, or *, which is found by dividing A by its greatest 
rational dirisor. Write, therefore, for »or T, its value f X*» and a?+y =■ 

III. 

* 

If the c root of As— Bs cannot be taken, multiply As — Bs by a num- 
ber Q, such that the product may be the {least) perfect c power * c (=- AaQ, 
— B* Q). And (now instead of A -+> B) extract the c root of (A+B) X v/Q> 
which (band as above, will be t $ -f-v « a ••— n) ; and consequently the 
e root of A+B will be t «-f- v^ (i2 * 2 — n >» divided by the c root of v Q i 

** * \?i' 

In the operation, it is required to find a number Q, such, that(Aa— BiJ 
XQ maybe a perfect c power; this will be the case, if Q be taken equal 

to (As — Ba) ; but to find a less number which will answer this condi- 
tion, let As— Bs be divisible by a, a. (jn)\ 6, 6, (n); d % 

< (r) ; &c. m succession, that is, let At— Ba «>« b d <fcc. also. 

letQ«»a6<I &c.(At— B») XQsaiT^X© X<* &c. 
which is a perfect cth power, of *,.y, *, <fcc be so assumed that wi+x,n+y, 
r +z, are respectively equal to c, or some multiple of €. Thus to find a 
naobsr which multiplied by 180 will produce a perfect cube, divide ISO as 
often as possible by 8, 3, 5, <fec. and it appears that 2. S. 3. 3. 5 «= 180; if, 

3 3 3 3 

therefore, it be multiplied by*. 3. 5.5, it becomes 9 . 3 . 5 , or (8. 3.5), 
a perfect cube. 

if A and B be divided by their greatest common measure, either integer 
<* Quadratic sard, ia all cases where the cth root can be obtained by mis 
mhod, <t wUl timer be unity, or some power of 2, less than &. 

If the lesidaal A— B be .given, it is »><ident Cram its genesis by involution, 

B2 
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EXAMPLE, 

Wfcat is the cube root of ^968+25, 

We have A 1 — B i ==843 = 7X7 X 7. Q X 7 3 =n s , 

whence n=7, and Q = 1. Then $/(A+B~X */ Q) = 
^/56 + ~ r = 4. A^/Qb ^968 = 22 a/ S, and the 

r -U« 44-1 

radical part v/2=», and -o~ r= r?"7l == * *= *i in to 
nearest integer. And ^=2^/2, ^(W— n)= v /(8— 7) 
= 1. $/(Q»l. An <* the root is g V * + 1 = 2 ^ 2 
+1, whose cube, upon trial, I find to be </968+25. 

RUtE u,.* 

Let the surd, that is to have its root extracted, be of 
the form y (0+^/6), or i/( a ~ •*)• Tnen &<**-*> *>© a 



that die same rale gives its root *— y. See Universal Arithmetic, p. 139< 
Dr. Waring's Med. Alg. p. 287* or Maclaurin's Alg. p. 124. 
• Thus, let T l/(a4~ \/ b)<= x + </y; and we shall have by involution* 

as 

An equation f which, by expanding the righftiand member, and comparing 
the rational and irrational parts, gives 

n . n(n^-l) n— 2 . n(n— lXn— 2)(»— 3) n— 4 a . p 

««« h — g— • y^ — stv — * y + &o - 

Or, which is the same thing, under a different form, 
o = i j<*+ v y) tt 4- <*— \/y) n \ . 



-V/6-* {(*-f-Vy) w — <* — «•*>"} - 



Whence. by squaring each of these equations, and subtracting the latter 
from the feoper, we shall have 

-J :(»+Vy) ,n ^2(ai a -30 w +(«— •SO**} * 
Or, hf rejecting the terms that destroy each other, and then multiplying 

a 9 -6s» (** — y) w , or ** — y<=» (a* *-&)*. 
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perfect integral cube, and florae whole number, can h* 
found, that, when substitute d for n, will make 

n 3 — 3(?/<* 2 — b)n=*ta, 
the roots of the two expressions, in thi s case will be 

S/(o— ^/b) **%n— WW— 4 V a% — b) 
And if the second part of the binomial, or residual, be an 
imaginary surd, and a 2 +b be a perfect integral <:ube, the 
extraction may be effected, by finding the integral value of 
n in the following equation as before. 

n 3 — 3 ( ?/a 5 +E)n=2a . 
In which last case, the roots of the two expressions 
will be, 

j/(a-rV— 6)g|»+V(n a — 43/ o 8 +6) 
V(a— ^_&)=jn-- j ^ (n 2 — 4%/a*+b) 

each of which formulae may be obtained, by barely changing 

the sign of 6 in the former* 

EXAMPLE. 

It is required to find the cube root of 10 ±6^3, or 
lOrtVOOS). 
Here a = 10, and b = 108 ; when ce $/(a a — b) = y 

(100—108)=— 2, and n 3 — 3( 3 /^ = 4)n=20, 

or n 3 + 6»=20 
where it readily appears from inspection, that n — 2. 
Whence %/ (10 + y/ 10$) = i+W(A~ 4 X — 2) = 

1 +i \/ ( 12 ) = l + %/*> and V( 10 — \/ la8 ) — I-** 
^(4-4X-2) = l-i v /12=»l -v^3. 



Where, supposing a 2 — 6 to be a complete power of the nth degree, let 

(a 3 —*)* be pat safe 
Then, since as 3 — y ac, end consequently y «= » f — c, if this value be sob- 



* y* + Ac. cao,we shall obtain an equation, in which the value of or, 
u before mentioned, is irrational, when the extraction required is possible,. 
See Wood, or Bjsa's Algebra. ^ • 
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EXAMPLES FOB PRACTICE* 



1. Required the cube root of 68— ^4374. 

Ans. ■ -—. 

2. Required the cube root of 1 1 + 5 y^ 7. 

Ahs; ^r;r- * 

3. Required the cube root of 2^7+3^3. 

Ans. -*■ — --£_, 

4. Required the fifth root of 29^6+41^/3. 

An. v±b/? 

5. Required the cube root of 45 ±29^2. 

Ans. 3+^2, and 3—^/2. 

6. Required the cube root of 9x4^5, or 9±v/80- 

Ans. | + }^/5, and f— i\/ 5 ' 

7. Required the cube rool of 203:68^— 7. 

Ans. 5+^—7, and 5 — y' — 7. 
6. It is required to find the cube root of 35±69y/ — 6. 

Ans. 5+ V — o, and 6—- ^ — ft* 
9. It is required to find the cube root of 81:*:*/— 
2700.* Ans 3+2^—3, and — 3—2^/3. 



* Whenever it can be done, the operation, in cases of this kind, ought to bt 
abridged, by dividing the given binomial by th* greatest cube that it contains, 
and then finding the root of the quotient ; whso being multiplied by the root 
of the cube, by which the binomial was div d< 1 will give the root required. 

Thus in the example above given, 8] + ^Z— 2700 =,27* (3+ V — UL^ 

where the root of * +\/— ~j^» being now more easily found to be— 1+9*/ 

* "sft — 1 + * V —3, we shall have by multiplying by 3, (which is the cube 
root o/27), -823 v — 3, as above. ■ 



t 



I 



:* 
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CASE XIII. 



f Tofind such a multiplier, or multipliers, as will make any 

binomial surd rational. 



RULE.* 



1. When one or both of the terms are any even roots, 
multiply the given binomial or residual, by the same ex-* 



Also this is useful, in Cardan's role for cubic equations ; thus, 9/(81 -f- V 
(-8700)) + i/<Sl— •(-8700))— — SX«« — «. or «— | X 2=-S, or 

|X 2 as 9, the imaginary parti vanishing, by the contrariety of their signs, 
Set De Moivre's appendix to Sanderson's Algebra, Universal Arithmetic, or 
Maclaurin's Algebra.' 

* If a multiplier be required, that shall render any binomial sard, whether 
it consist of even or odd roots, rational, it may be found by substituting the 
Siren numbers, or letters, of which it is composed, in the places of their 
equals, in the following general formula: 

Binomial 5J/a + $/&. 

Multiplier ya*""* 1 ^ n/ «*"^o + y*?"*** TjJ/a*"" 4 * 3 -f. &c; 

where the tipper sign of the multiplier must be taken with the upper sign of 
the binomial, and the lower with the lower ; and the series continued to n 
terms. 

This multiplier may be derived from observing the quotient which arises 
from the actual division of the numerator by the denominator of the follows 
ing fractions: thus, 
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pression, with the sign of one of its terms changed ; and 
repeat the operation in the same way, as long as there tie 
surds, when the last result will be rational. 



i. g . y »** +* *+■ y + .*c — *.+y *■• 

terms, whether n be even or odd. 

Tf a — y n— 1 n— 8 " «i— 3 t , .w— 1 

II. — — -:= 9 — x y+* y — d&c. . . . ,.— y to n 

terms, where n is an even number. 

_.,» +y « — 1 «— £ . * — 3 t "s . » — 1 , 
UL— — LJL- == y —a? y+* y — &c Ty ton 

terms, when n is an odd number. 

Now let * n «■ a, y ■■» 6 ; then x mJy/a f y » \/o, end these fraction* 

a—-b a—~b *H** 

""* bevome yes* vt; v*-' * na vt&s 

And, since x *aV a , « *= \/a , Ac. also y" s=» v$ , 
$ n y g 

y oVi , &c. therefore, 

o— 6 »/ n— I , n— $.. n/ *— 3. s , M . g/.n-l 

$/a 4-^/° *+v« ©* +&c. ..-f-v 6 



to n terms ; where n may be any whole number whatever. And, 

to n terms ; where the terms 6 and \fb have the sign 4-, when n if 
an odd number ; and jpe sign — , when n is an even number. 

Now, since the divisor multiplied by the quotient gives the dividend, it ap- 
pears from the foregoing operations that, if a binomial surd of the form 

V*~Vo be multiplied by Vf X V a ^h 4. &c. . . . + V o"~\ 
(n being any whole number whatever), the. product will be a — 6, a rational 

quantity / and if a binomial surd of the form ^a-f-^/bbe multiplied by 

«'a«- 1 _y o '-V Va*-V- & c. . . ±V b *-\ * pro** 
mil bea-\-b t or a— b ; according as the. index n is an odd or an even nam- 
per : See my Elementary Treatise on Algebra, Theoretical and Practical. 
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2. When the terms of the binomial surd are odd roots* 
the rule becomes more complicated ; but for the sum or 
difference of two cube roots, which is one of the most use- 
ful cases, the multiplier will be a trinomial surd, consisting 
of the squares of the two given terms and their product, 
with its sign changed. 

EXAMPLES* 

1. To find a multiplier that shall render 5+^3 ra- 
tional. 

Given surd 5+^3 
Multiplier 5—^/3 

Product 25 — 3=22, as required. 
2 k To find ^Multiplier that shall make \j 6+^3 ra- 
tional. 

Given surd V^+v' 3 
Multiplier <v/&— v/3 

Product 5-3=2, as required. 

3. To find multipliers that shall make $/5-f-$/3 ra- 
tional.. 

Given surd V 5 + V 3 
1st multiplier V 6- £/3 

1st product y/b — .y/3 
2d multiplier ^/5+^/S 

2d product 5—3=2, as required. 

4. To find a multiplier that shall make V 7 +V 3 ra- 
tional. 
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Given surd 3/7+3/3 

Multiplier V 73 — i/( 7 *S)+t/* 

7+^/(3 X7 a ) 

+^/(7X3 f )+3 

Product 7+3=10, as was required. 

5. To find a multiplier that shall make y/ 5 — */ x tt* 
tional. Ans. ^/5+v^* 

6. To find a multiplier that shall make ^/ a + </ b ra- 
tional. Ans. y/a. — y/b. 

7. To find multipliers that shall make a + y b ra- 
tional. Ans. a — ^/b. 

& It is required to find a multiplier that shall make 

l—*/2a rational. Ans. l+V^+V 4 *** 

9. It is required to find a multiplier that shall make 

$/*— W 2 rational. Ans. $/ 9 +i\/*+*V 4 - 

10. It is required to find a multiplier that shall make 

(/(**)+ VWi or a i+ b i rational. 

Ans. (/<*•— 4 (« 6 * 3 )+ V^)~ V v " 

CASE XIV, 

To reduce a fraction, whose denominator is either a simpli 
or a compound surd, to another that shall have a rational 
denominator* 

RULE. 

1 . When an j simple fraction is of the form — -, mul- 
tiply each of its terms by y/a, and the resulting fraction 

will be -^-* 

a 
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* ■ " . b 

Or when it is of the form—-, multiply them hy %/a*, 

a 
And for the general form -— -, multiply by ^/a*- 1 , end 

the result will be — . 

a 

2. If it be a -compound surd, find such a multiplier, by 

the last rule, as will make the denominator rational ; and 

multiply both the numerator and denominator by it, and 

the result will be the fraction required. 

EXAMPLES. 

2 3 

1. Reduce the fractions — 5 and tt-^» to others that 

shall have rational denominators. 

„ % 2 */3 2*/3 . 3 3 ^1/5* 

Hcrc cT^*^ 3 ; and w^w**W* = 

^ „ as \ , gs-i/125 the answer required. 
£X5 5 6^ ^ 

3 

2. Reduce -— * to a fractipn whose denominator 

y 5 — ^2 
shall be rational. 

3 v5- r V2 _ 3 v /5+3y'g^3v'5+3 v / g 

erC ^5-^72 X v/5+v/2 5-2 =a 3 

= ^ — = v' 5+\/ 2 tne answer required. 

3. Reduce—^- — - to a fraction, whose denominator 

shall be rational. 

Her« v^ _ >/**(*+*/* ) 3^+2^43^/2 
" e 3- v /2""(3- v /2)X(3+"^2) **-2 7~~ 

2 3 

==+- v /2 the answer required* 
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set 

4. Reduce— 7^ — r- to a fraction, that shall Have a 
Uonal denominator. 

4 

5. Reduce r-r— 7- to a fraction that shall have a ration- 
al denominator. 

Ans* — ^— 2L r-. 

fl /b ■' ' ' 

6. Reduce — , • _, to a fraction, the denominotor ot'' 

which shall be rational. Ans. ° ~ — ^-. 

a a -6 

7. Reduce _ M .-■ to a fraction that shall have a ra- 

uonal denominator. . 

Ans. 5X(«/(49)+V (35)+ 3/(25)). 

8. Reduce . r 3/| Q t° a fraction that shall have a ra- 
- tional denominator. 

Ans *V 9 + S V( l0 )+ V(300) 

19 
4 

9. Reduce ■ to a fraction that shall have a ra- 
tional denominator. 



Ans. 4^ -x/lO-ZSt+CZ+S^Xi/zl 
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OP 

ARITHMETICAL PROPORTION 

and PROGRESSION. 

Arithmetical Proportion, is the relation which two 
quantities of the same kind, have to two others, when the 
difference of the first pair is equal to that of the second. 

Hence, three quantities are said to be in arithmetical 
proportion,- when the difference of the first and second is 
equal to the difference of the second and third. 

Thus, 2, 4 K 6, and a, a+6, aArib, are quantities in arith- 
metical proportion. 

And four quantities are said~to be in arithmetical propor- 
tion, when the difference of the first and second is equal 
to the difference of the third and fourth. 

Thus, 3 7,12, 16, and u, a+b lL c y c-\- 6, are quantities 
in arithmetical proportion. 

Arithmetical Progression is when a series of quan- 
tities increase or decrease by the same common differ- 
ence. 

Thus, 1 , 3, 6, 7, 9, &c. and a f a+d, a+2//, a+3cf, &c. 
are increasing series in arithmetical progression, the com* 
mon differences of which are 2 and d. 

And 1 5, 12, 9, U, &c. and a, a — /, a — 2d, a — Zd, &c. are 
decreasing series in arithmetical progression, the common 
differences of which are 3 and dr 

The most useful properties of arithmetical proportion 
and progression are contained in the following theorems : 

1. If four quantities are in arithmetical proportion, the 
sum of the two extremes will be equal to the sum of the 
two means. ( 

Thus if the proportionals be ?, 5, 7, 10, or a, b, c, d ; 
then will 2+10=5+7, and a+d~b+c. 

2. And if three quantities be in arithmetical propor- 
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Hon, the sum of the two extremes will be double the 
mean.' 

Thus, if the proportionals be 3, 6, 9, or a, (, c, then 
will 3+9=2X6= 12, and a+c=2&. 

3. Hence an arithmetical mean between any two quan- 
tities is equal to half the sum of those quantities. 

2+4 
Thus, an arithmetical mean between 2 and 4 is =— r- 

6+6 
=3 ; and between 5 and 6 it is ~ -5— =5i- 

And an arithmetical mean between a and*6 is — — .* * 

4. In any continued arithmetical progression, the sum 
of the two extremes is equal to the sum of any two. terms 
that are equally distant from them, or to double the mid- 
dle term, when the number of terms is odd. 

Thus, if the series be 2,4,6,8, 10, then will 2+10= 
4+8=2X6=12 

And, if the series be a, a+d, o+2rf, a+Sf, a+4aV 

then will a+(a+4d)=(a+d)+(a+3tf)=2X a + Sd). 

5. The last term of any increasing arithmetical series 
is equal to the first term plus the product of the common 
difference by the number of terms less one ; and if the 
series be decreasing, it will be equal to the first term tnt- 
nus that product. 

Thus, the nth. term of the series a, a+rf, a+2<F, 
a+3rf, a+4rf, &c. is a+(n- l)o\ 

. .. . ■ p — - 

• If two, or more arithmetical means between any two quantities be re 
quired, they amy be expressed a» below. 
2a+6 a+36 
Thai, ■ ' sad — —* ~ m two arithmetical means between a and 6, a 

being the less extreme and b. the greater. 

And ■ ' . x i 7 -JU — . i L » -s &c. to — — =snv number (n 

of arithmetical means between a and 6 ; where — r? is the common differ 

n-f.1 

ence ; which beins; added to «, rives the first of these means ; and then 

again to this fist, gives the second ; and so on. 
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And the nth term of the series e, a— cf, a— 2d, a—9d, 
*-4rf, &c is a — (n— l)d. . 

6. The sum of any series of quantities in arithmetical 
progression is equal to the sum of the two extremes mul- 
tiplied by half the number of terms. 

Thus, the sum of 2, 4, 6, 8, 10, 12, is = (t+19) X 

6 
5=14X3=42. 

And if the series be a+(a+d)+(a+2d)+{a+3d)+ 
[fi+4d) &c. . . • +/, and its sum be denoted by S, we 

*ball haveS=(a-M)X-, where i is the last term, and n 

the number of terms. • < 

Or, the sum of any increasing arithmetical series may 
fa found, without considering the last term, by adding the 
product of the common difference by the number of terms 
tasane to twice the first term, and then multiplying the 
result by half the number of terms. 

And, if the series be decreasing, its sum will be found 
fy subtracting the above product from twice the first term, 
and then multiplying the result by half the number of 
terras, as before. 

Thus, if the series be n+(a+rf)+(a+2«Q+(n+W) 
+(a+4rf), &c. continued to n terms, we shall have 

£= | 2a+(»— Id) ^ x|. 

And if the series be a+(a -<*)+ (a- 2ci)+(a- 3d) + 
>— 4d), &c. to n terras, we shall have 



(*) The sum of any number of terms (n) of the series of natural numbers 
*. 2, 3, 4 ,5, 6, 7, &c is « ^£li. 

Thtts,l+S^S4.4+5,«6c. continued to 100 terms, tsss — ~.l£i«5^ 

X1M— 5050. 

It 
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EXAMPLES. * 

1. The first term of an increasing arithmetical aerie* *s 

3, the common difference 2, and the number of terrafCrF ( 
required the sum of the series. 

First, 3+*(SO-l)=3+2X 19=3+38=41, the fcU 
term. 

20 20 

, And (3+41) X—==UX-™44X 10=440, the sum re- 

4B iSi 

quired. 

20 
Or,{2X3+(20-l)XS}Xy«=(6+19X2)X10«=:(6 

+38) X 10=44 X 10=440, as before. 

2. The fiipt term of a decreasing arithmetical series is 
100, the common difference 3, and the number of terms 
34; required the sum of the scries. 

First, 100— 3(34— 1)= 100-3X33=100—99=1, the 
last term. 

And(l00+l)X~=101X^= 101X17= 1717, the 

sum required. 

34 
Or, {2X100— (34-1) X3}Xy= (200— 33X3) X 17 

=(200- 99) x 17=101X17=1717, as before. j 

3. Required the sum of the natural numbers, 1 , 2, 3. \ 

4, 6, 6, &c. continued to 1000 terms. Ans. 500&00. 

4. Required the sum of the odd numbers 1, 3, 5, 7, 9, 
&c. continued to 101 terms. Ans. 10201. 



Also the sum of any number of terms (n) of the series of odd numbers 
1 5 5 7 11 &c. is — -»*> 
'Thus, 1+3+5 4 7+9, &c. continued to 50 terms, is=a50 8 e=250O. 

And if any three of the quantities a, rf, n, S, be given, the fourth may be 
found from the equation 

Where the upper sign 4- » 8 to be used when the series is increasing! and the 
lower sign — when it is decreasing; also the last term /s=a+(n — iy, as 
aborc. 
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• 

5. How many strokes do the clocks of Venice, which 
go on to 24 o'clock, strike in a day ? Ana. 500. 

6. Required the 365th term of the series of even num- 
bers 2, 4, &, 8, 10, 12, &c. Ana. 730. 

7; The first term of a decreasing arithmetical series is 

1 
10, the common difference -, and the number of terms 

o 
21 ; required the sum of the series. Ans. 140. 

8. Qne hundred stones being placed on the ground, in 
a straight line, at the distance of a yard from each other $ 
how far will a person travel, who shall bring them one by 
one, to a basket, placed at the distance* of a yard from the 
first stone ? Ans. 5 miles and 1300 yards. 

OF • 

GEOMETRICAL PROPORTION 

AND 

PROGRESSION. 

* Geometrical Proportion, is the relation which two. 
quantities of the aame kind have to two others, when the 



* If there be taken any four proportional*, a, b, c, d, which it has been 
usual to express by means of points : thus, 

m : b : : c : d, 

o, c 
'.his relation will be derated bj the equation 7 = j? where the equal ratios 

are represented br fractions, the numerators of which are the antecedents, 
and the denominators the consequents. Hence, if each of the two members 
of this equation be multiplied by bd, there will arise ad = be. From which 
it appears, as in the common rule, that the product of the two extremes of 
any four proportionals is equal to that of the means. And if the third c, in 
this case, be the same as the second, one =* 6, the proportion is said to be 
continued, and we hare <u!e»6a, or b s» ^/ad; where it is evident, that the 
product of the extremes of three proportionals is equal to the square of the 
mean; or, that the mean is equal to tne square root of the product of (he twe 
extremes. 



$2 
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antecedents, or leading terms of each, pair, are the earn* 
parts of their consequents, or the consequents of the ante* 
cedents. 



Also, if eaeh member «f the equation ad *m>bc be successively divided fa 
hd, do, <tc, &c. the retulu will give 

a e " 

V m d 



c 
b 



d 

d 



Or the 

proportions 



atb : : C : d 

^ a . e : : 6 : d 
b : a: : d : c 



&e. " &c. 

So that, by following this method, we can easfl/ obtain all the tmoaibrmaUoi* 
of the terms of the proportion, that can be made to agree with the equation* 

plication, the following equivalent forms : — =»^ ;-—«--; 

Which, being converted into proportion*, become ma:mb -.Incind, aad- 
ma : nb : : me : nd. And, by taking any like powers, or roots, of the differ- 

a c 

<?nt sides of the same equation, we have jr- = —. Or, putting the terms 

; n the form of a proportion, o : 6 m : : c m : eF". In which cases m and n 
may be any whole or fractional numbers whatever. 
Again, if there be taken the several equations 



c 
d 



a 

ft*" 

"isr ff 

k m 
Ac. 



A> 



which correspond 

with 

the proportions 



a : b : : c : d 

e:f::g:h 

i : k : : J : m 

&c. 



.ve shall have, by multiplying their like terms, fcx ^ xfe&c> rf~ X AXm&c. 

Or, by putting the expression into the form of a proportion, aei 6c. : bfk 

a, c 
&c. : : egl &c. : dhm &c. Also, taking - ss j,as before, we shall have, by 



ma roc 



multiplication, -t«-^; and by augmenting or diminishing each side of 

ma.^ me ma + nb • wic+»d 

the equation by 1 ; ^ 31 1=*^ ± 1 ; or 



nb 



=r — : which, be- 
nd 



ing expressed in the form of a proportion, gives maA^nb : nb : : mc+nd'. 
ruf; or ma+nb : me jhnd : : nb : n£ ""* 

And if the above-mentioned equation t- =o;t» be put by a simitar mnlti- f . 
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And if two quantities only are to be compared together; 
lie part or parts, which the antecedent is of its consequent. 

■ ' . - . . . . 

plication of Its terms, under the ionn^B^ and then augmented or dim!- 

q<f q* 

ushtd by 1, as in the last case, there will uritepm+qb : pc+qd : : qb : qd. 

Whence, dividing each of the antecedents of these two analogies by their 

•w^l^ the —hwill^SSfcS^. t; «d ,W -^-g 

° mc^nd nd d pc±qd qd 

*-.- And, consequently, as the two right hand members of these expres 

«om are each =%,wc shall have m ^^— ,*= *? * ^ 9 . . 
•V mc-f-nd pc-t-qd 

Or t by converting the corresponding teicns of this equation into a propor 

fasia+f») tmc^nd: :jm;£o6 pc+_qf Also, because the common 

Ration - =»- gives =*^, if the latter be put under the equivalent forms 

~ =^— > and — *»—.-, we shall obtain, by a similar process, ma ^ne • 

J* ±9* *. : nib + nd : pb + qd ; which two analogies may be considered as 
peers! formula? for changing the terras of the proportion a : 6 : : c : d, With- 
out altering its nature. Thus, by supposing m, *, », f , to be each «=» 1, and 
|>king the antecedents with the superior si^ns, and the consequents with the 
inferior, we have a-J-6 : o— 6 : ; c+d : c— d, and «-f-c : a— c : : 6 -f- d : 
*— •*; which forms, together with several of those already given, are the 
Uul transformations of the common analogy pointed out above. 

Is like mannerr by taking m> n and p each «= 1 , and 7 a»0, there will arise 
a i:6 : a : : C + d : c, and a HhC : a : : b ^ d : b ; each of which proportions 
nay be verified~by making the product of the extremes equal to that of the 
means, and observing that ad = />c. 

Lastly, taking any number of equations of the form before used, for ex* 

pressing proportions, as r =c 3 = -«= f-^&c. ; which, according to the 

b A J h 

coatmon. method, are called a series of equal ratios, and are usually denoted 

ty a : 6 : : e :d: i€\f. : g : A : : &c. we shall necessarily have from the 

ructions being ail equal to each other -. — c, j *m q % — m *9*jr •■frosc. 

Aad by multiplying q by each of the denominators^ « bq, e eadq, e ae/^, 

rVheoce, equating the sum of all the terms on the left hand side of these 
Rations, with those on the right, we h*ve a-H-r-e+g" + **«.•■ <**M+ 
[+ h -f- SLc)q. And consequently by di vi sion, and the properties of propor* 
iooals before shown, 

b+d+f+h+*c. I b+d b + dfj~ 
«Wch results shew, that, id a series of equal ratios, the sum of any number 
°f the antecedents is to that of their consequents, as one, or more of the en 
tadents, is to one, or the tame number of consequents. Q. E. D. 
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or the consequent of the antecedent,, is called- th* ratio \ 
observing, in both cases, always to follow the sand* fla*tj*ji\ 

Hence, three quantities are said to be in geom etri c al 
proportion, when the first is to the same part,, or multiple, \ 
of the second, as the second is of the third. 4 

Thus, 3-, 6, 12, and a, ar 7 ar*, are quantities in gsMt- 
trical proportion. 

And four quantities are said to be in geometrical propor- 
tion, when the first is the same part, or multiple, of the 
second, as the third is of the fourth. 

Thus, 2, 8, 3, 12, and a, ar, b, br, are geometrical pro- 
portionals. 

Direct proportion, is when the same relation subsists 
between the first of four terms and the second, as between 
the third and fourth. 

Thus, 3, 6> 5, 10, and a, ar, b, br, are in direct propor- 
tion. 

Inverse, or reciprocal proportion, is when the first and 
second of four quantities are directly proportional to the 
reciprocals of the third and fourth : 

Thus, 2, 6, $, 3, and u, ar, br, b % are inversely, propor- 

1-1 11 

tional ; because 2, t>, -, -, and a, ar, — , r are directly - 

y o br o 

proportional. 

Geometrical Progression is when a series of quan- 
tities have the same constant ratio ; or which increase, or 
decrease, by a common multiplier, or divisor. 

Thus, 2, 4, 8, 16, 32. 64, &c. and <>, ar, ar 9 , ar 3 , ar** 
&c. are series in geometrical progression. 

The most useful properties of geometrical proportion 
and progression are contained in the following theorems : 

1. If three quantities be in geometrical proportion, the 
product of the two extremes will be equal to the square - 
of the mean*. 

Thus if the proportionals be 2, 4, 8, or a, 6, c, then 
will 2 X8=4 3 , and a X c=& 2 .- 

2. Hence, a geometrical mean proportional, between 
any two quantities, is equal to the square root of tbei* 
product. 
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Fhua* a geometric mean between 4 and 9 is =. v /3$a=:6. 
h#t a geometric mean between a and 6 is =v/«6*.- 
8b. If four quantities be in geometrical proportion, die 
dduct of the two extremes will be equal to that of the 
•ana* ■ 

Thotv if tbe proportionals be 2, 4, 6, T?, or- a, 6, c, d ; 
ten will * X 12=4X6, and aXd=4Xcw 
4. Hence, the product of the means of four propor- 
onal quantities, divided by either of the extremes, will 
ire the other extreme ; and the product of the extremes, 
irided by either of the means, will give tbe other mean. 
Thus, if tbe proportionals be 3, 9, 5, 16, or a, 6, c, d ; 

U M1 9X6 .r J 8 * 16 O 1 ** C j J 

hen will ——=16, and — - — =9 : also, = cr, and 

3 5 a 

iX// . 

=o. 

c 

5. Also, if any two products be equal to each other, 
sither of the terms of one of them, will be to either of the 
terms of the other, as the remaining term, of the last is to 
the remaining term of the first. 

Thus, if ad^bc, or 2X 1 5=6X5, then will any of tho 
following forms of these quantities be proportional : 
Directly, a : b : : c : d, or 1 : 6 : : 5:15. 
Invertedly 6 : a : : d : c, or 6 : 2 : : 15 : 5. 
Alternately, a: c : : b : d, or 2 : 5 : : 6:15. 
Conjunctly, a : a+b : : c : c+t/, or 2 : 8 • : 5 : 20. 



* If two or more geometrical means between any two quantities be re 
paired, they may be ei pressed as below ; 

y/a % h and \/ab 2 = two geometrical means between a and 6. 

\/ a hjtX/ a b 2 and %/ab «= three geometrical means between o and b 

And generally, 

I 1 ' 1 

n n-4-1 ft — l. »J-1 n — a, n+1 , . „ , 

> 6) ,(a 5») ,(a • 6 J) » any number (n) of geome 

trical means between a and 6. Where (-^n-j-l is the ratio : so that if « 

W nroltiplied by this, it will give the first of these means ; and this last be- 
«g again multiplied by the same, will gire the second ; and so on. 
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Distinctly, a : . b*ra ;: c : d*c 9 or 2 : 4 : ; 5 : 10. 
MiiecHy, b+a : b*ra :: d+c r d-^o, or 8 : 4 : : SO: 10. 

Id oil of which cases, the product of the two extremes 
is equal to that of the two means. 

6. In any continued geometrical series, the product of 
the two extremes is equal to the product of any two means 
that are equally distant from them ; or to the square of 
the mean, when the number of terms is odd. 

Thus, if the series be 2. 4, 8, 16, 82 ; then will 

2X32=4Xl«=8 a 

7. In any geometrical series, the last term is equal to 
the product arising from multiplying the first term by 
such a power of the ratio as is denoted by the number; of 
terms less one. 

Thus, in the series 2, 6, 18,54, 162, we shall have 
2X3 4 =2Xbl=l62. 

And in the series a, ar, ar 2 , ar* 9 ar*> &c. continued to 
terms, the last term will be 

8. The sum of any series of quantities in geometrical 
progression, either increasing or decreasing, is found by 
multiplying the last term by the ratio, and then dividing 
the difference of this product and the first term by the 
difference between the ratio and unity. 

Thus, in the series 2, 4, 8, 16, 32, 64, 128, 256, 512, 

512 x 2 2 
we shall have — -— - — = 1024 -2= 1022, the sum of 

2—1 

the terms. 

Or the same rule, without considering the last term, 
may be expressed thus : 

Find such a power of the ratio as is denoted by the 
number of terms of the series ; then divide the difference 
between this power and unity, by the difference between 
the ratio and unity, and the result, multiplied by the first 
term, will be tho sum of the series. 

Thus, in the series a+ary/ar^^ a r 3 +ar\ &c. to ar r -\ 
we shall have 
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Where it is to be observed, that if the ratio, or com- 
mon multiplier, r, in this last series, be a proper fraction, 
and consequently die series a decreasing one, we shall 
haye,~in that case, 

a+ar+ar*+ar*+ar* 9 &c. ad infinitum . 

1— r 

9. Three quantities are said to be in harmonica] pro- 
portion, when the first is to the third, as the difference 
between the first and second is to the difference between 
the second and third. 

Thus, a, 6, c, are harmonically proportional, when a: c 
;;a — 6: A — c, or a: c : : 6— a : c— 6. 
And c is a third harmonical proportion to a and b, when 

2a— 6 

10. Four quantities are in harmonical proportion, when 
the first is to the fourth, as the difference between the 
first and second is to the difference between the third and 
fourth. 

Thus, a, b 9 c, d, are in harmonical proportion, when 
a : d : : o— 6 : c—rf, or a : d : ; 6 — a : rf — c. And rf is 
a fourth harmonical proportional to a, 6, c, when d=> 

AC 

r , in each of which cases it is obvious, that twice the 

2a— 6 

first term must be greater than the second, or otherwise the 

proportionality will not subsist. 

11.- Any number of quantities, a 9 b, c, d 9 e, &c. are in 
harmonical progression, if a: c :: a— 6: 6— c; 6 : d : : 
6 — c : c— *d; c: e :: c — d: d— «; &c. 

12. The reciprocals of quantities in harmonical pro- 
gression, are in arithmetical progression. 

Thus, if a, b } c, d, e, &c. are in harmonical progres- 
sion, -, -r« -i j> -» fcc. wiH De » n arithmetical progression* 
a b c a € 

X 
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13. An harmonica! mean between any two quantities, 
is equal to twice their product divided by their sum. 

Thus, — j-r = an harmonical mean between a and b*. 

EXAMPLES. 

1. The fifst term of a geographical series is 1, the ratio 
2, and the number pf terms 10 ; what is the sum of tbe 
series. 

Here 1 X2»=1X512=512, the last term. 

',512X2—1 1024—1 irtrto . . A 

And — - — ; — = — =1023, the sum required. 

2. The first term of a geometrical series is -, the ra- 

1 

tio -, and the number of terms 5 ; required the sum of the 

series. - 

Here l x (§) 4== i x fr7i2 the ,ast term - 

And iz^i^iz^ii^' x !«jll, the 

1 — \ % 243 2 lb2' 



sum. 



3 



3. Required the sum of 1,2,4, 8, 16, 32, &c. conti 
aued to 20 terms. Ans. 1048575. 

4. Required the sum of I, -, -, -, —, —-, &c. continu- 

2 4 o 16 At -low 

ed to 8 terms. Ans. 1 -— . 

128 

5. Required the sum of 1^ -., -, --, --, &c. continued 

o 9 27 81 9841 

to 10 terms. Ans. 1 -—. 

19683 

6. A person being asked to dispose of a fine horse, said 
he would sell him on condition of having a farthing for 



* In addition to what is here said, it may be observed that the ratio cf tvr« 
goatSM J8 frequently railed duplicate ratio; of two square roots, subdupli 
tote ratio. ; of two cubes, triplicate ratio : and of two cube roots, svb-iripl: 
cate ratio ; Stc. 
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the first nail in his shoes, a half-penny for the second, a 
penny for the third; twopence for the fourth, and so on, 
doubling the price of every nail, to 32, the number of nails 
in his four shoes ; what would the horse be sold for at 
that rate ? Ans. 4473924/. 5*. 3Jd. 

Op EQUATIONS. 

The DocTRizrie of Equations is that branch of algebra, 
which treats of the methods of determining the values of 
unknown quantities by means of their relations to others 
which are known. 

This is done by making certain algebraic expressions 
equal to each other (which formula, in that case, is called 
an equation), and then working by the rules of the art, till 
the quantity sought, is found equal to some given quantity, 
and consequently becomes known. 

The terms of an equation are the quantities of which 
it is composed ; and the parts that stand on the right and 
left of the sign =, are called the two members, or sides, of 
the equation. 

Thus, if x=a -f-6, the terms are x, a, and b ; and the 
meaning of the expression is, that some quanity x, stand- 
ing on the left hand side of the equation, is equal to the 
sum of the quantities a and b on the right hand side. 

A simple equation is that which contains only the first 
power of the unknown quantity : as, 

x-f-a=36, or ar=6c, or 2x -r*3a 2 =56 2 ; 

Where x denotes the unknown quantity, and the other 
letters, or numbers, the known quantities. , 

A compound equation is that which contains two or 
more different powers of the unknown quantity : as, 
x a +ax=6, or x 3 — 4x 2 +3x=:25. 

Equations, are also divided into different orders, or re- 
ceive particular names, according to the highest power of 
the unknown quantity contained in any one of their terms $ 
w quadratic equations, cubic equations, biquadratic equa- 
tions, fcc. 

Thus, a quadratic equation is that in which the unknown 
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quantity is of two dimensions; or which rises to the second 
power ; as. 

^=20 ; «?+a*c=6, or 3arH-10a?= 100. 

A cubic equation is that in which the unknown quantity 
is of three dimensions, or which rises to the third power : 
as, 

* 3 =?7 ; 2a?*— 3a?=35 ; or ar*-ax?+bx=c. 

A biquadratic equation is that in which the unknown 
quantity is of four dimensions, or which rises to the fourth 
power: as a? 4 =25 ; 5a? 4 — 4a?=t> ; or a? — aar'-f-foc^— tt 

And so on for equations of the 5th, 6th, and other high- 
er orders, which are all denominated according to the high- 
est power of the unknown quantity contained in any one 
of their terms. 

The root of an equation is such a number, or quantity, 
as, being substituted for the unknown quantity wittrnake 
both sides of the equation vanish, or become equal to each 
other. 

A simple equation can have only one root ; but every 
compound equation has as many roots as it contains di- 
mensions, or as is denoted by the index of the highest 
power of the unknown quantity, in that equation. 

Thus, in the quadratic equation ar-+-2a?==15, the root, 
or value of a?, is either + 3 or • 5 ; and, in the cubic 
equation ar' } — 9a? -f2ba?--24, tne roots are 2, 3, and 4, as 
will be found by substituting each of these numbers for a?. 

In an equation of an odd number of dimensions, one of 
its roots will always be real : whereas in an equation of 
an even number of dimensions, all its roots may be imagi- 
nary ; as roots of this kind always enter into an equation 
by pairs. 

Such are the equations a? 9 -6a?+ 14=0, and a? 4 — 2a? 3 — 
9ar4-10a?+50=0.* 



* To the properties of equations above-mentioned, we may here farmer 
addt 

1. That the sum of all the roots of any equation is equal to the. coefficient 
of the second term of that equation, with its sign changed. 

% The sum of the products of every two of the roots, is equal to the co- 
efficient of the third terms, without any change in its sign. 
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OF THE 

RESOLUTION of SIMPLE EQUATIONS, 

Containing only one unknown Quantity. 

The resolution of simple, as well as of other equations, 
is the disengaging the unknown quantity, in all such ex- 
pressions, from the other quantities with which it is con- 
nected, and making it stand alone, on one side of the equa- 
tion, so as to be equal to such as are known on the other 
side; for. the performing of which, several axioms and 
processes are required, the most useful and necessary of 
which are the following :* 

CASE I, 

Any quantity may be transposed from one side of an 
equation to the other, by changing its sign ; and the two 
members, or sides, will still be equal. 

Thus, if a-+3=7 ; then will x=7 — 3, or a =4. 

And, if x - 4+6=8 ; then will r— 8+4 - 6=6. 

Also, if x — a+&— c— cr : then will a?=a- &+c« — d. 

And,if4z— 8=3x+20; t hen 4x~3x= 20 +8,wid con- 
sequently x= 28, 

—*- ; . r 

3. The sum of the products of every three terms of the roots, is equal to 
the coefficient of the fourth terra, with its sign changed 

4. Apd soon, to the last, or absolute term, which is equal to the product of 
aH the roots, with, the sign changed or not, according as the equation is of 
an odd or an even number of dimensions. See* for a more particular ac- 
count of the general theory of equations, Vol. II. of Bonnycastle's Treatise 
oa Algebra, 8vo. 1820; or Ryans Elementary Treatise on Algebra, lfimo. 
1824. • Ed. 

* The operations required for the purpose here mentioned, are chiefly such 
as are derived from the following simple and evident principles : 

1. If the same quantity be added to, or subtracted from, each of two equal 
quantities, the results will still be equal ; which is the same, in effect, as tak- 
ing any quantity from one side of a,n equation, end placing it on the other 
tide, with a contrary sign. 

8 If all the terms of any two equal quantities, be multiplied or divided, 
by the same quantity, the products, or quotients thence arising, will be equal. 

3. If two quantities, either simple or compound, be equal to each other, 
toy like powers, or roots, of them will also be equal. 

All of which axioms will be found sufficiently illustrated by the processes 
arising out of the several examples annexed to the six different case's given 
• a the text. 

K 2 
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From this rule it also follows, that if a quantity be found 
on each side of an equation, with the same sign, it may 
be left out of both of them ; and that the signs of all the 
terms of any equation may be changed from + to — , or 
from — to +» without altering its value. 

Thus, if s+5—7+5 ; then, by cancelling, x=7. 

And if a— x=6— c ; then, by changing the signs, x— 
a=c — 6, *>rx=a+c — 6. 

KXAMFLKS FOR FRACT1CF. 

1. Given 2x+3=x+17 to find x. Ans. x=14. 

2. Given 5x«— 9=-4x-4-7 to find x. Ans, x=16. 

3. Given x+9 — ?=4 to find x. Ans. a= — 3. 

4. Given 9.. — 8=8x — 5 to find x. Ans. a =3. 

5. Given 7j+8— 3=6x+4 to findx. Ans* x= — K 

CASE. II. 

if the unknown quantity, in any equation, he multipli- 
ed by any number, or quantity, the multiplier may be tak- 
en away, by dividing all the rest of the terms by it ; and 
if it be divided by any number, the divisor may be taken 
away, by multiplying all the other terms by it. 

Thus, if ax=3a6— c ; then willx=36 . 

a 

And, if 2x+4=16 ; then will x+2=8, 

orx=8 — 2=6. 

Also, if ^=54-3; then will x=10+6=16, 

2x 

And, if—- — 2=4 ; then 2x— 6 =12, or, by division 
o 

r— 3=6, orx=9. 

EXAMPLES FOR PRACTICE. 

1. Given 16x+2=34 to findx. Ans. x=2. 

2. Given 4x-8= - 3x+13 to find x. Ans. x— 3. 

3. Given lOx— 19=7x+17 to find x. Ans. x=12. 

4. Given 8x— 3+9=— 7x+9+27 to find x. 

Ans* x=2v 

4d 

5. Given 3ax— 3a6=l?rf. Ans. x—b+- r . 

ab 
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CASE III. 



Any equation may be -cleared of fractions, by multiply. 
} iQgeach of its terms, successively, by the denominators 
of those fractions, or by multiplying both sides by the pro- 
duct of all the denominators, or by any quantity that is a 
multiple of them. 

xx 
Thus, if -+t=5> then, multiplying by 3, we have x+ 

— =15; and this, multiplied by 4, gives 4x+3x=60 ; 
4 

whence, by addition, 7a?=C0, or x =•—-=&-. 
' 7 7 

x x 
And, if -+-=£10 ; then, multiplying by 12, (which is a 

) multiple of 4 and 6,) 3x+2x=l20, r 5x=120, or x=: 

' : 120 

t -=24. " 

5 

It also appears, from this rule, that if the same number, 
or quantity, be found in each of the terms of an equation, 
either as a multiplier or divisor, it may be expunged from 
til of them, without altering the result. 
. Thus, if ax=ab+ac ; then by cancelling, x=6+c. 

\nd, if -H — =-; then x+6=c, or x=c — b. 
a a a 



EXAMPLES FOR PRACTICE. 



I. Given 2f =£+24 to find x. Ans. x=19f 

2 4' 

& Given o+k+s 58 ^ to find x. Ans. x=60. 

o D 2 

fs ~. x—»8 , x ^^ x+19 A ~ , 
3. Given -5 — r-Q=20 g— to find x. 

Ans. x=9t 
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4. Given i|l!+i+?«l6-?±2 to find x. 



- ^. x+a.x 2x a+b - 
5. Given— =—+-= — J-^-r— to find x. 
6 cod 



Ans. x=13. 



acS+abd — 2cbd 

CASE IV. 

If the unknown quantity, in any equation, be in the 
form of a surd, transpose the terms so that this may stand 
alone, on one side of the equation, and the remaining 
terms on the other (by Case I) ; then involve each of the 
sides to such'a power as corresponds with the index of 
the surd, and the equation will be rendered free -from any 
irrational expression. 

Thus, if -y/s-2—3 ; then will v /x~3+2=5, or, by 
squaring, x=5 a =25. 

And if v '(3x+4)==5 ; then will 3x+4=2£, or 3x=25 

-4=21, orx=~=7. 

o 

Also, if y(2x+3)+4=8 ; then will y(2x+3)=S-4 

~4, or 2x+3=4=64, and consequently 2x=64-3=61. 

EXAMPLES FOR PRACTICE. 

1. Given 2^x4-3=9 to find x. Ans. x=*L 

2. Given y/(x+ 1 ) - 2=3 to find x. Ans. x =24. 

3. Given £/(3x-f-4)+3=6 to find x. Ans. x=*7f. 

4. Given'. v /(4+z)= = 4— ^/x to find x. Ans. x=2{. 
*• Given y/ (4a* +**)=)/ (4b* +tf) to findx. 

An* .=,/(-__). 
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CASE V. 

If that side of the equation which contains the unknown 
quantity, be a complete power, the equation may be re- 
duced to a lower dimension, by extracting the root of the 
said power on both sides of the equation. 

Thus, if x*=8l; then x= % /8l==9 ; -and if x a =27 > 
then x=$/ 27 =3. 

Also, if 3** -9=34; then 3x f =24+9=33, or x 3 = 

33 

—-=11, and consequently 1=^/11. 

And, if ar , +6x+9=27; then, since the left hand side 
of the equation is a complete square, we shall have, by 
extracting the roots, x+3= v /'27= v /(9 X 3)^3^3, or x 
=3 • 3-^3. 

EXAMPLES FOR PRACTICE. 

1. Given 9x*— f>=30 to find x. Ans. x— 2. 

2. Given x+9=3« to find x. Ans. x=3. 

81 

3. Given xM-s+J— — to find x. Ans. x — 4. 

4. Given x a =crx+— =&* to find x. . Aus. x=6 — x« 

5. Given *■+ 14x+49= 121 to find x. Ans, x=4. 

CASE. IV, - 

«. 

Any analogy, or proportion, may be converted into an 
equation, by making the product of the two extreme terms 
equal* to that of the two means. 

Thus, if 3* : I6::5: 6; then 3xX6=16X5, or 18* 
_ OA 80 40 4 

^o0% Off gs*. r t-i4~. 

' 18 9 9 

2x 2cx 

\nd if — : a : : 6 c c ; then will —=^6, or 2cx«3o6 j 
3 o 
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. ,. . . Bab 

or, by division, x==- — . 

Abo, if 12— x : g: : 4 ■ : 1 ; then 12— x^--=:2x, c 

' 12 

+*=12, and consequently x=™ =4. 

o 



EXAMPLES FOR PRACTICE. 



S " • ■ 2 

1. Given- x: a: : bbc : cd to find x. Ans. x= 

4 

2 

2. Given 10— x : = x : : 3 : 1 to find x. Ans. x= 

3. Given 8+8x : *x : : 8 : 2 to find x. - Ans. a 

4. Given x : 6— x : : 2 : 4 to find x. Ans. x 

5. Given 4x : a : : 9^/x ; 9 to find x. Ans. x= 



MISCELLANEOUS EXAMPLES. 

1. Given 5x— 15 — 2r+6 to find the value of a?. 
Here 5x-2x=6+l5, or3x=6+15= 21; and tl 

fore x="5-=7. 
o 

2. Given 40 - 6x - 1 6 = 1 20—1 4x, to find the value 
Here 14x — 6x= 120 -40+1$ ; or8x=136— 40= 

and therefore x=— -=12. 

8 

3. Given 3x* - 10x=8x+x 3 , to find the value of x 
Here 3x — 10—8-j-x, by dividing by x ; or 3x— *= 

10s 18, by transposition. 

18 

And consequently 2x=18, or x=— =»9. 

4. Given 6*x 3 -12afa 3 ^2axM-ea*', to find th$i 
of j. 



.* 
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Here 2*— 4&=x+2, by dividing by Sax* ; or2x— x= 
/ 2+46 ; and therefore x=4k+2. 

5. Given x» +2x+ i = 1 6, to find the value of x. 
Mere *+l=»4, by extracting the square root of each 
side. 
And therefore, by transposition, x=4— 1 =3. 
0. Given box -3s=*a\r+c, to find the value of x. 
Here 5ar-2ar=c+36; or (6a - 2d)aP=c+36 ; and 

therefore, by division. x= ,. 

7. Given fi-5+?=io, to find the value of x. 

2 6 4 

Qy Q/|. /»„ 

Hcrex- -—+— =20; and 3x-2x+--=60 ; or 12* 
o 4 4 

^: —8x+6x=240; whence 10x=24O, or x=24. 

=' . a ^i« x— 3 , x x— 19 _, , _ , „ 
.o I 8 * Given — - — (-5=20 — -, to find the value of x. 

C : i 2x 

Y i ! Here x-3+— =40-x+l9; or 3x-9+2x= 120— 3x 

+67.; whence 3x+2x+3x= 120+67+9; that is 8x~ 
186, orx=23j. 

2x 

9. Given ^-^-+5=7, to find the value Of x. 

**"• 1T 2x 2x 

Here v'-sr^ 7 — 5=2; whence, by squaring, -™=2 2 =4, 

and 2x=12, orx=6. 
^ : 2a a 

1 0. Given x+ v (« a +« a ) = — T-onr" 5 10 ^ ^ e va * 

iue of Xi 

Here x t /(a f +af i )+a 2 +x 2 =2a 2 ; or x</ (a 3 +s 3 ) ^ 

^-x 2 , and x* (« , +**) = a 4 — 2a 2 x a +x 4 ; whence a¥ 

+** m cVldV+f 1 , and a a x a = a 4 -2a a x a ; therefore 

a 4 a 2 a^ 

Wafea 4 o? » == =- < 5-= : ^r- ; and consequently x=^</^r 
.: ' 3a 2 3 J v 3 

18a 
=a y* g=fly^ =5\/^> ^ answer required. 






■ * ■ ¥ 
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EXAMPLE**?* JNUtCVfOBV 

• ■ ■ ' •• V ' ... 

Ans. xssi 

2. Given4_— 8y**14-*4>f, UtJuMtthe valne-ofy* 

Ana^g^f 

3. Givta»+I8=3x^5 t tofiadtb#Tahieof x. ; - 

Ans. ;r=llj 



4. Given x+-+~=ll, to determine the value of jr. 



X 



5. Given 2x-^-H-=s6x— 2, to findthe value of x. 



2 

Ans.»s5j: 

x x x 7 

6. Given. j+---=u-., to determine the value of x. 

Ans. x=lr 

X"T"3 X X -*• 5 

7, Given ^ +5=4 f to find the value of x. 

o 4 

6 
Ans. x=3-7 



8. Given 2+ v /8x= v /4-|-5r, to find the value of x. 

Ans. x=lS 

x 8 

9. Given x+a= — : — , to find the value of x. 

a+x 

Aus. X±=— ; 

1 

2a 

10. Given v / *+v /a +*= < 7(a+xT * ^ tbe **? 

of x. Ans. x«t- 

#1 «. ax— 6 , a ix o*^-a . , _ _ -■ ■ f 

11. Given — j— +g=— — — — , to find the valu< 



\ 
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rf*. Ana. x= 



St 



3a-.Se/ 

12. Given i/i?+?=i/&+j?, to find the value of *. 



A»9. X=i/- 



2ft" ' 



13, GivBn ^/a+x+^/a-x= t /ax, to find the value 

of*. Ans. x= . . 

o"+4 

=6, to determine the value of*. 

. - 6-3» 

.Ans. x=+/—t — . 



15. Given a+x=i/a 3 +x y /(b*+x'), to find the' Talus 

if i. Ana. *=•— — a. 

4a 

Ifi. Given $^"(^+30")— iv^*'- 308 )^!/ ) *° fin* 

foe value of at. Ans. x=t/- — r-. 

v 4 — 4u 

17. Given i/(a+x)+</(a—x)=b, to find -the value 

if i. , An9.*=|v'(4a-6'). 

18. Given V f (a+x)+ V(a -*)—»> to fi nd the value of g. 

Ans. *=*/«'- (^/-). 
IB. Given i/a-t~ x /xs= ll /ax, to find the value of *. 

determine 

value of x. Ans. z= — — 

*/a a -4 
1« Givenv'C a *+oa;) I= «-v / C a, - a *)t to find the va- 
^Vrf* -An«.*«=|y3. 



t 



"■ Gi ' B °^(ST) + ^(5+l) = »' to ' 
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22. Given ^/(o 8 — **J+*V(<*-l)=«V( l - a, )i ' 

/a — 1 
find the value of *. Ans. X== \/(^X3 

88. Giveav'(*+a) = c — • (*+&)* to fin ^ the ™ lue of 

Ans. x=(J^ c — ) a - 

24. «hren -J— r-+</ = V-j—. 3» to &««* the \ 

lue of 9. " Ans. *=°(^ c 



Of Arret olttf ion of simple equations, containing two 

unknown quantities. 



When there are two unknown quantities, and two inc 
pendent simple equations involving them, they may be 
duced to one, by any of the three following rules : 



RULE I. 



m 

Observe which of the unknown quantities is the le 
involved, and find its value in each of the* - equations, 
the methods already explained ; then let the two vala 
thud found, be put equal to each other, and there will ar 
a new equation with only one unknown quantity in it, I 
value of which may be found as before*. 



* This role depends upon the well known axiom, that things which 
equal to the tame thing, are equal to each other ; and the two folkwrtflfc I 
thews are founded on principles which are equally simple and obvious. 
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EXAMPLES. 



1. Given J 6 *_ 2 ^_ , 1 to find the values of a: and y. 
Here, from the first equation, s= -, 

And from the second, «= — — -?■ 

5 

Whence we have -= — — — ■ i 

2 5 

0rlJ5--15y=2a-My, or 19^=1 15 -20= 95. 

tu *• 95 t a- 23-15 , 

That is, y=-— =5, and x= — - — =4. 

2. Given J *Z^£ ( to find & e values of x and y. 

Here, from the first equation, x=a — y 9 
And from the second ar=6+y, 
Whence x -py=6+y, or 2y=a— 6, 

And therefore ^=-^1-, and *=a— y. 
Or, by substitution, a;=a--^-;=-i-, 

\* 

3. Given j J^xtv—s \ t0 find the values °* * ^ !f- 

2» 
Here, from the first equation, x=14— ~, 

And from the second, #=24— -~, 

2 

Therefore, by equality, 14-^=24—^2, 
;•■ o • M .. 

"/" And consequently 42 * 2y=72 — ^, 



V 
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Or by multiplication 84 -* 4y= 1 44 — 9y ; 

And, therefore 9 also 5y= 144^84=60, 

60 , 24 

Or, by division, *=— =12, and a?=14 — ™=6. 



la 



EXAMPLES FOR PRACTICE. 



I 



1. Given 4s+y=34, and 4y+x= 16, to find the valuei » 
of* and y. Ans, x=8, jp2. ^ 

2. Given 2&+3y=16, and 3a?— 2y=ll, to find the va- 1 
lues of x and y. Ans. s-=5, y=2. 

3. Given — +~a= — , and — I — — = . to find the j 

. 5 4 20' 4 6 120' 

values of a; and y. - Ana. x^i, y=j- 

4. Given j |**§!Z* 1 to find * and y. 

Ans. x=a+6, ajady=J<i— Ji» 

-+-=8 J 
1 2 3 i 

5. Given < > to find x and y. 

-.1st \ 

3 2 J Ans. a: =12, and y=6- 



6. Given 1 2 3 > t0 fiad * and y. 

l*:y :;4:3 J . Ans. a; =12, and y= 9. 

2x 3v 

7. Given x+y=80, and — a=-^, to find x and y. 

Ans. *=42 T e T , and y=37ff. 

8. Given y — 6=-, and x=y+6, to find x and y. 

Ans. g=24, and y=UJ* 



j 



RULE II. 



t 

Find the values of either of the unknown quantities in 
that equation in which it is the least involved ; then sub- 
stitute this value in the place of its equal in the other 
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equation, and there will arise a new equation with only 
one unknown quantity in it ; the value of which may he 
found as before. 

EXAMPLES. 

1. Given < 3 * _ ^II© ( to -find the values of a? and y. 

From the first equation, x=17— 2y ; which value, be* 

fog substituted for x, in the second, 

gives 3( 17— 2y)-j/=2. 

Or 51 -%— y=2, or 7i/=51 — 2=49, 

49 
Whence y*=-=-=7, and a:e= 17—2^=3. 

2. Given J f^II 3 4 to ^^ ^ e va ^ ues °f x an< ^ y* 

From the first equation, x=13 — y ; which* value being 
substituted for ar, in the second, 

Gives 13*-..jf-3/=3, or22/=l3-3=10, 

Whence y=---==5, and x= 13—^=8. 

3. Given J ' a V ^ = J to find the values of ac and y. 

Here the analogy in the first, turned into an equation, 

... ay 

gives" ox = cry, or a; =™, 

And this value, substituted for x in the 1 second, 



gives ^y+yh=c 9 or -jL+tf^c, 

b 2 c 
Whence we have o a jr , +6y=6 a c, or it^TZT^ 

. And, consequently, ysfc^— ^, and x=g^ a a^i ; 



EXAMPLES FOR PRACTICE. 



1. Given =+7y*=99, and |+7a?=51, to find the values 

Of sandy." . Ans. x=7, and y=14. 

l2 
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2. Given |^12=|+ 8 , and *±2+|- 8=^ +27, 

to find the values of x and y. Ans. x=60, y=*40. 

3. Given x+y=s, and x a — y a =^, to find the values of 

* and y. Ans. a: — — , Sf^-jp j s 

4- Given 5*— 3j/= 150, and 10a; + I5y=825, to find x i 
and y. Ans. x=46 J> and y=25. 

5. Given x+y=l6, and x : y : : 3 : 1, to find x and y. ; 

Ans. x=l2, and j/ =4. 

.6. Given x+|=12, and y-h* 35 ^ t0 &*& x *°& ?• 

Ans. x= 10, and j/=4. 

7. Given * : y :: 3 : 2, and a? 3 — y*=207 to find x andy. 

Ans. x=6, and jf=*4. 

8. Giren^l2^+13and^+|+l6-!^ + 
27, to find x and y. Ans. x»=60, and y=20. 

RULE III. 

Let one or both of the gjycn equations be multiplied, or 
divided, by such numbers, or" quantities, as will make the 
term that contains one of the unknown quantities the same 
in each of them ; then, by adding, or subtracting, the two 
equations tbus obtained, as the case may require, there 
will arise a new equation, with only one ' unknown quantity 
in it, which may be resolved as before*. 

• The values of the unknown quantities in the two literal equations o»«4- 
by sz e, anda'x-j- b'y m c', may be found in general terms, by multiplying AB 
first by a', and u»e second by a, and then working according to the last role, 

when the results, so determined, will bey—— — —,anda?e*-r; — r-.J 

§ ab — ba' ab — bv 

which solution may be applied to any particular case of this kind, by sobsti- 
tuting the numeral of.a, 6, a', 6', in the place of the letters, and observing, 
when either of them is negative, to change the signs accordingly. 

Where the numerator is the difference of the products of the opposite co- 
efficients m the order in which y is not found, and the denominator is the dif- 
ference of the productsof the opposite coefficients taken from the orders that 
involve the two unknown quantities. Coefficients are of the same order which 
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EXAMPLES. 

1. Given < JX-ik^U i t0 ** n( * tne va * ues °^ x ^ V* 
First, multiply the second equation by 3, and it will 

give 3a;+6y=42. 

Then, subtract the first equation from this and it will 
give «y— 5y=42— 40, or ys=2. 

Whence, also, «= 14 — 2y= 14— 4= 10. 

2. Given < aST t ^'Z lX ^ \ to find the values of a; andy. 

Multiply the first equation by 2, and the second by 5 ; 

then 10s— %=18, and I0x+25y=80. 

And if the former of these be subtracted from the latter, 

62 
there will arise 31^=62, or y=— =2. 

Whence, by the first equation, a?= — =- £=:— =3. 

EXAMPLES FOR PRACTICE. 

1. Given ~L+6^=2I, and ?JL-=23— 5x, to find x 

• 4 %j 

and y. Ans. s==4, and y=3* 

2. Given 3ac-f-Ty^79, and 2^=9 4-q, to find x and y. 

Ans. x=10 r and ^=7. 

3. Given 30x+402/==27O, and 50jc+30y.=340> to find x 
and y. Ans. x =5, and y=3. 

4. Given 3s— 3y=2x+2y and or+y : try : : 3 : 5, to find 



"* and v. Ans. «*=■ 1 0, and y=2. 

5. Given afy+33^30, and ar^y 3 — 35, to find a 

and y. Ans. «=3, and #=& 



either affect lib unknown quantity, as c and C ;'or the same unknown quanti- 
ty in this different equation*,' as a and a'. Coefficients are opposite when they 
•fleet the different unknown quantities in the different equations, as a and 6', 
Vwn&b. En. 
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„ „. 3*-r5w fcr+4 . . . x-2y_x^y 

6. Given — -- * =*— 3, and 8 — r-~=«+|, t< 

find a; and y. Ans. : *= 12, and y=6, 

7. Given o:+y:-a:: «— y; 5, and ^— y=c, to find 

the values of x and y. 

. a+b 3 t a-h\ s c 

■ Ans. *=— y^ V--2-/3- 

8. Given a«+^ =: ^> and ^+«y=/> to find the values 
of x and y. 

ce — bf af—ic 

' Ans. a= r>ry~ tj» 

ae—bd* at — ba 

9. Given x+y*^, and x*—%f=b, to find the values of 
, . ■ A a*+b a>-6 

* and y. Ans. *=-^-» y^-gj" 

10. Given x 2 +xy*sa, and jrM-sy^&i to find the values 

a h 

of x and y. Ans. a?s=t y=. ■ ., , »x- 

0/ f/i« resolution of simple equations, containing three or 

more unknown quantities. 

When there are three unknown quantities, and three 
independent simple equations containing them, they may 
be reduced to one by the following method*. 

RULE. 

Find the values of one of the unknown quantities in 
each of the three given equations, as if all the rest were 



* The necessity for observing that the given equations in this and otbe 1 
similar cases are so proposed as to be independent t>f each other, will b* 
obvious from the following example : 

a— 2y+ z — 5 ; 2*4-y— z =* 7 ; a? + 3y— 2*«= 2 ; 
where, if jt were required to determine the values of », y, and 2, it will b 
found by eliminating x from each of them, and then equating the results, tha 

5y—Zz as— 3, and 5y— 2z s=* — 3 ; 
which equations, being identical, or both the same, furnish no deterrajnat 
answer. And, in effect, if the three equations be properly examined, it wil 
be found, that the third is merely the difference of the first and second, ani 
consequently involves no condition but what is contained in the other two. 
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known ; then put the first of these values equal to the se» 
cood, and either the first or second equal to the third, and 
there will arise two new equations with only two unknown 
quantities in them, the values of which may be found as 
io the former case ; and thence the value of third. 

Or, multiply each of the equations by suoh numbers, or 
quantities, as will make one of their terms the same in 
them all ; then having subtracted any two of these result- 
ing equations' from the third, or added them together, aa 
the case may require, there will remain only two equa- 
tions, which may be resolved by the former rules. 

And in nearly the same way may four, five, &c. un- 
known quantities be exterminated irom the same num« 
ber of independent simple equations ; but, in cases of this 
kind, there are frequently shorter «nd more commodious 
methods of operation, which can only be learnt from prac* 
tice*. 

EXAMPLES* 

C x+y +z =29) 
1. Given ? x+ty+3g=62 \ to find x, y, and z. 

C**+ijr+fr=iol 



* The values of the unknown quantities in* the three literal equations 
os+fcy+c* «<* ; a'x+b'y+dz**d' ; a'ar-f.6".? +**<■=#'? 
"tty be exhibited in general terms, like Chose before mentioned, as-(bllowE; 
db'c"— aeb"-{- cd'b ,, -^We , '-\- bcd''—cb'd'' 

X ~~" afrc" —adb" -i- ca'b"— ba'c" -f-*^"— cb'w 
ad'c"— ac / 4"- r »«a'rf , 'r— «to'c"-f dCa"— cd'a' 

yC= a6'c"— adW -|-ca«6"— fca'c" *f Wa"^tto#~, 
ab>&'~adtb''+da t b , *—ba t £ , '\-b d:a!'-- i 8/*'> 

XC= a&'C— aeW-|.ttW-- b*'c"+ bcfaT— cb'tC' 
rhich formulae, by substitution, may be employed fur the resolution of any 
umeral case of this kind, as in the instance of two equations before given, 
lie mimerator of any of these equations such as z, consists of all' the dif- 
irent .products, -which can be made of three opposite coefficients taken from 
is orders in which t is not found ; and the denominator consists of all the 
roducts that can be made of the three opposite coefficients taken from tjie 
•ders which involve Ujc three unknown quantities. 
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Here, from .the first equation, rc=29— y-r-r. 

From the second, x=62-- 2g~9z+ 

% ' ] 
And from the third, x=20—~y---2, 

Whence - 29-*-y— -ar=e$— 2jr~8* 9 

■ 2 1 

\ .. And, also, 29— y-z=20— ^r-g^» 

' From the first of which y=33-22, 
And from the second, y^S^gSr 

- Therefore 33-2z=27-^r, or *=12, 

Whence, also, y=33 -2z=9 -', 
An%*==»29-y-/ 



(2*+4j(r3*=22* 

2. Given < 4*— 2y-f bz= 18 J to find x, y, and 2% 

(6*+7y— z =63 ) 
Here multiplying the first equation by 6, the second by 
3, and the third by 2, we shall have 

I2x+24y— 18*=132, 
)2*--6y+ 152=54, 
12»+14y— 22=12G. 
And, subtracting the second of these equations, succes- 
sively from the first and third, there will arise 

3Gy — 332=78, 
20y- 172=72. 
Or, by dividing the first of these two equations by 3, 
and then multiplying the result by 2, 

20^-222=52, 
2tty— 172=72. 
Whence, by subtracting the former of -these from the 
latter, we have 62=20, or 2=4. 

And, consequently, by substitution and reduction, 

y=7, and *=3. 

3. Given a+y+*=63, s+Sy+S*— 103, and *+$$+ 
4z— 134, to find the values of a?, y, and 2. 

Ans. x=24,2/=6,and2=2a. 
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4. Given *+gy+p=32, g x.+-j/==-*=:15, and -x-j— 

1 
y+gze=12, to find the values of or, y and z. 

Ans. x== 12, y^r20, x=30. 

5. Given 7x+5y+2z=79,x 8a; +7y+9z«=122, and ar+ 
4y +5^=5 5, to find the values of or, y, and z. 

Ans* x=4, t/=^9, *=3. 

6. Given x+y =a, x+sz=6, and y+zsssc, to find the va- 
38 of s»y, and z» 

. • a— 6+c .0+6— c . s b—a+c 
Ans. y= — - '^"""IS &nd ^"HS — • 

»• Given 1+1+1=62,1+1+^47,^1+1+1 = 

38, to find x, y, and 2. Ans. x=»24, t/=60, and 2=120. 

8. Given z+y=x+100, y-2x=2z— 100, and *+10Q 
^x+Sy, to find x, y, and z. 

Ans. x^yY, y=45/ T , and z=63T T V 

9. Given x+yH-* 3 ^ 2x — o—y+3z t and 5x+52=3^ 
+19, to find x, y, and r. Ans. x=*4, y=2, and z = \. 

10. Given 3a?+5y - 4z=25, 5x - 2y+3^=46, and 3y + 
5?-xea62, to find x, y, and *. 

Ans. x=7, y=8, and «=9. 

11. * Given x+y+z= 13, x+y+u=l7, *+*+i*=18 ; 
and y+z+a=2l, to find x, y, and «. 

Ans. x=2, y— 5, *=6, and i*=10. 

MISCELLANEOUS QUESTIONS, 

PRODUCING SIMPLE EQUATIONS. 

The usual method of resolving algebraical questions, 
is first to denote the quantities, that are to be found, by x, 
y, or some of the other final letters of the alphabet; 

— i^— ■ — ^ i—— — — — — ^— — — — ■ —pi—— — — ^fc— ^^«— w^^ 

* This can be resolved by proceeding after the same manner as equations 
nrolving three unknown quantities ; but the resolution of it may be greatly 
acilitated, by introducing into the calculation, beside the principal unknown 
joantities, a new unknown quantity arbitrarily assumed, such as, for exam* 
>le, the sum of all the rest : and when a little practised ip such calculations, 
aey become easy. 



*■ * . 
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then, having, properly examined the. glata o^ 

perform with these tetter*, and the known j 

meatts of the common signs, the same 

sonings, that it woqld be necessary to 1 

ties were known, and- it was required to verify them, idt., 

the condasjotff|Bi mttpfhe result sought. ] 

Or, iHflgeneiis%lis^ when it can be <fede, to denote 
only one of the 'mftiewn quantities, to 9 or y, and then 
.ft determine the depression far the "others, from thens> 
*we> of the <joettty*j ; after which the same method of 
reasoning may be fbltar4d» as above. And, in sosie eases, 
the substituting (af fttf smAsr and differences of quantities; 
t>r availing ounUves of any other mode, that a proper 
consideration of the queetidki may suggest, will greatly fa* 
ciKtate the solutibn. ^ .», 

1. What number is that whose ispl part exceeds Ms 
fourth part by 1&? 

Let af=the number required. % jv 

Then fa* part will be -«, and its - part r x» 
o 3 4 r 4 

11 

And therefore gff-jsss 16, by tifr question, 

Thai if, *--*=48, or 4*-*.3*= 1 92, 

4 

Hence sc= 1 92, the number required. 
% It is required to find two numbers such, that their 
sum shall be 40, and their difference 16. 
Let % denote the {east of the two numbers required, 

Then wilh»+16==tothe greater number, 

And x+x+ 16=40, by the -question, 
' 24 - 

That is, 2x=40-16, or *« Tr ==12=least number. 

And s-f-16=l2+l6=»£8= the greater number required, 
3. Divide 1000/. between a,- b, and c, so that a shall 
have 72/. more than b, and. c 100f. more than a. 
Let x=b's share of the giveA sum, 
Thttt wfll *+7a=A% share, 
And x+tTOssc's share* 



I 



) 
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Hence their sum is x-f-x+72+x+17? # 

Or 3*4-244= 1000, by the question, 

That is, 3*= 1000—244=756, 

756 
Or s=-s-=252Z.=b.'s share, 

Hence x+ 72=324/.= a.'* share. 
And jr+172=« 424/. =c.'a share. 
AJsd, as above, 252/ j =b. , s share. 

• 

Sum of all » 100 /. the proof. 

4. It is required to divide 1000/. between two persons, 
so that their shares of it shall be in the proportion of 7 to 9. 

Let x= the first person's share. 

Then will 1000 — x~ second person's share, 

And x : 1 000 — ar : : 7 : 9, by the question, 

That is 9x«=(i000— *)X7=7000— 7x, 

7000 
0r9x+7a?=7000,ora:= — -=437J. 10*. = 1st share, 

16 

*nd 1000— x=1000 -437/. 10*.= 562/. I0».=*d share. 

5. The paving of a square court with stones, at 2$. a 
yard, will cost as much as the enclosing it with pallisades, 
•t 5*. a yard ; required the side of the square. 

Let x=length of the side of the square sought, 
Then 4x= number of yards of enclosure, 
And a^= number of yards of pavement, 
Hence 4xX5= 20j= price of enclosing it, 
And x a X 2—2:**= the price of the paving, 
Therefore 2x 3 —20r, by the question, 

Or 2x=20, and x= 10, the length of the side required. 

6. Out of a cask of wine, which had leaked away a 
third part, 2 1 gallons were afterwards drawn, and the cask 
being then guaged, appeared to be half full ; how much 

did h hold? L ... 

Let s= the number of gallons the case is supposed to 

have held. 
Then it would have leaked away -* gallons. 
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Whence there had been taken out of it, altogether, 

21+-x gallons, 

And therefore 21-l--r=-x by the question, 

3 

That is 63+xsn-x, or l26+2*=3x, 

Consequently 3x — 2x=*126, or a: =126, the numb 
gallons required. 

7. What fraction is that, to the numerator of whict 

be added its value will be 5 , but if 1 be added to the 

o 

nominator y its value will be -. 

4 

x 
Let the fraction required be represented-, 

x+1 1 x 1 

Then « 5 , and — - «. T , by the question. 

y 3 y+\ 4 

t/+l 
Hence 3x+3=t/, and 4x=y+ 1, or 0;=^-— , 

4 

Therefore 3 (^~~ J +3=y, or 3y+3+12=4y. 

T . , . 1K ' y+1 15+1 16 , 

That is y=15, and x=*-— = — L_r= =4, 

4 4 4 

4 

Whence the fraction that was to be found is — . 

1 5 

8. A market woman brought in a certain number of 
ai.2 a pewy* and as many others at 3 a penny, and h 
sold then)} out again, altogether, at the rate of 5 for 
found she had lost Ad. ; how many eggs had she ? 

Let x=the number of eggs of each sort, 

Then will-x-= the price of the first sort, 
And 5&= the price of fee second sort, 

3 4<r 

But 5:2:: 2x (the whole number of eggs) : — , 
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Whence -~= the price of both sorts, when mixed toge- 

ther at the rate of 5 for Id. 

1 1 4x 
Aod consequently -s-f-sx— — =4, by the question, 

That is 15*-f-10x— 44z=120, or t=12u, the number 
•f eggs of each sort, as required, 

9. If a can perform a piece of work in 10 days, and b 
in 1.1 ; in what time will they finish it, if they are both set 
about it together ? 

Let the time sought be denoted by x* 

x 
Then — = the part done by a in one day, 

x 
And — = the part done by b in one day. 

lo 

X X 

Consequently TTy+rs—l ( tne whole work.) 
That is 13a:+l0*=130, or 23x =130. 
Whence ap=™-s=5-— days, the time required. 

10. If one agent a, alone, can produce an effect e, in the 
time a, and another agent b, alone in the time b ; in what 
time will both of them together produce the same Affect ? 

Let the time sought be denoted by x, 

€X ■ 

Then a : c : : x : — = part of the effect produced by a. 
And b : e : t x : — = part of the effect produced by b. 

€X CX J 

Hence — (---=*, (the whole effect) by the question, 

x x 
Or -+r =sr 1 by dividing each side by e. 



a 6 



ax 



Therefore x^—j-aea, or bx+ax=ab f 

o 

Consequently x== ~rA ::= ** me '^^d. 
1). How much rye at 4$. 6d. a bushel, mueWtt 
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with 50 bushels of wheat, at 6*. a bushel, so that the mix- 
ture may be worth 5s. a bushel ? 

Let £= the number of bushels required, 
Then 9 j- is the price of the rre in sixpences, 
And 600 the price of the wheat in ditto. 
Also (50+. r) X 10 the pri'-e of the wheat in ditto, 
Whence 9/ +600=500 + 'Or, by the question, 
Or, by transposition, lOx — 9r=600 - MX). 
Consequently x=l00 the number of bushels required. 

12. A labourer engaged to serve for 40 days, cm con- 
dition that for every day he worked he should recetfB 
20«f., but for every day he was absent he should forfeit 
Sd. : now at the end of the time, he had to receive 1/. 
1 1«. 8d. ; how many days did he work and how many was 
he idle? 

Let the number of days that he worked be denoted by 

Then will 40 — x be the number of days he was idle, 
Also 20x the sum earned, and ( f — x) X8. 

Or *20— -8r the sum forfeited, 
Whence 20s— (320—8*)= 380rf. (=1/. lis. 8d.), by 
•he question, 

That is 20*— 320+8*=380, 
Or 28 j =380+ <20= 700, 

Consequently x = -:-= 25, the number of days be 

worked, and 40 — *=40 — 25= 15, the number of days be 
was idle. 

QUESTIONS FOR PRACTICE. 

1. It is required to divide a line, of 15 inches in length] 
into two such parts, that one may be three fourths of the 
other. Ans. 8$ and 6f 

2. My purse and money together are worth 20s., anc 
the money is worth 7 times as much as the purse, how 
much is there in it ? Ans. 17s. 6tf. 

3. A shepherd being asked how many sheep he had ir 
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his flock, said, if I had as many more, half as many more! 
tod 7 sheep and a half, I should have just 500 ; how mar 
nyhad he? Ans* 197. 

4. A post is one fourth of its length in the mud, one 
third in the water, and 10 feet above the water, what is 
its whole length 1 Ans. 24 feet. 

5. After paying away - of my money, and then - of the 

remainder, I had 72 guineas left ; what had I at first ? 

Ans. 120 guineas. 

6. It is required to divide 300/. between a, b, and c, 
so that a may have twice as much as b, and c as much as 
k and b together. Ans. a 100/. B 60/. c 150/. 

7. A person, at the time he was married, was 3 times 
as old as his wife : but after they had lived together 15 
years, he was only twice as old ; what were their ages on 
the wedding day ? 

Ans. Bride's age 15, bridegroom, 45. 

8. What number is that from which, if 5 be subtracted* 
two thirds of the remainder will be 40 t Ans. 65. 

9. At a certain election, 1296 persons voted, and the 
successful candidate had a majority of 120 ; how many 
voted for each ? 

Ans. 708 for one, and 588 for the other; 

10. A's age is double of b's, and b's is triple of c's, 
and the sum of all their ages is 140 ; what is the age of 
each ? Ans. a's 84, b's 42, and c's 14* 

11. Two persons, a and b, lay out equal sums of mo- 
ney in trade ; a gains l2ti/. and b loses 87/., and a's money 
is now double of b's ; what did each lay out ? 

Ans. 300/. 

12. A person bought a chaise, horse and harnese, for 
GO/. ; the horse came to twice the price of the harness, 
and the chaise to twice the price of the horse and bar* 
ness ; what did he give for each ? 

Ans. 13/. 9t. 8rf. for the horse, 6/. 13*. Ad. 

for the harness, and 40/. for the chaise* 

i 3. A person was desirous of giving 3d apiece to som* 

m2 
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beggars, but found he had not money enough in his pocket 
by 84., he therefore gave them each 2d. y and had then 3rf. 
remaining ; required the number of beggars ? 

Ans. 11. 

14. A servant agreed to live with his master for 8/. a 
year, and a livery, but was turned away at the end of 
seven months, and received only 2/. 13s. 4rf. and his livery ; 
what was its value ; 

Ans. 4/: 16f. 

15. A person left 560/. between his son and daughter, 
in such a manner, that for eveiy half crown the sou 
should have, the daughter was to have a shilling ; whit 
were their. respective shares ? 

Ans. Son 400/., daughter 16W. 

16. There is a certain number, consisting of two placet 
of figures, which is equal to four times the sum of its di- 
gits ; and if 18 bn added to it the digits will be inverted ; 
what is the number 1 Ans. 24. 

17. Two persons, a and b, have both the same income ; 
▲ saves a fifth of his yearly, but b, by spending 50/. per 
annum more than \, at the end of four years, finds himself 
100/, in debt ; what was their income] 

Ans. 125/. 

18. When a company at a tavern came to pay their 
reckoning, they found, that if there had been there persons 
more, they would have had a shilling a piece less to pay. 
and if there had been. two less, they would have had a shil- 
ling a piece more to pay ; required the number of persons, 
and the quota of each] 

Ans. 12 persons, quota of each 5j. 

19. A person at a tavern borrowed as much .money as 
he had about him, and out of the whole spent Is. ; he 
then went to a second tavern, where he also borrowed as 
much as he had now about him, and out of the whole 
spent Is.; and going on, in this manner, to a third and 
fourth tavern, he found, after spending his shilling at the 
latter, that he had nothing left ; how much money had he 
at first? Ans. Hid. 

fc';. It is required to divide the number 75 into two such 
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parts, that three times the greater shall exceed seven 
times the less by 15. Ans. 54 and 21. 

21. In a mixture of British spirits and water. ^ of the 
whole plus 25 gallon* was spirits, and J- part minus 5 gal- 
ions wa3 water ; how many gallons were there of each ? 

Ans. 85 of wine, and 35 of water. 

22. A bill of 120/* was paid in guineas and moidores, 
and the number of pieces of both sorts that were used 
were just 100 ; how many were there of each, reckoning 
the guinea at 21*., and the moidore at 27s. 1 Ans. 50. 

23. Two travellers set out at the same time from Lon- 
don and York, whose distance is 197 miles : one of them 
goes 14 miles a day, and the other 16 ; in what time will 
they meet I Ans. G days 13 J hours. 

24. There is a fish whose tail weighs 9/6., his head 
weighs as much as his tail and half his body, and his body 
weighs as much as his head and his tail ; what is the whole 
weight of the fish. Ans. 72/6. 

25. It is required to divide the number 10 into three 
such parts, that if the first be multiplied by 2, the se- 
cond by 3, and the third by 4, the three products shall be 
all equal. Ans. 4 r \, 3^, 2 T 4 3 . 

26. It is required to divide the number 36 into three 
such parts, that \ the first, £ of the second, and { of the 
third, shall be all equal to each other 

Ans. The parts are 8, 12, and 16. 

27. A person has two horses, and a saddle, which of 
itself is worth 50/. ; now, if the saddle be put on the 
back of the first horse, it will mak e his value double that 
of the second, and if it be put on the back of the second, 
it will make his value triple that of the first ; what is the 
value of each horse ? Ans. One 30/. and the other 40/. 

28. If a gives d 5s. of his money, b will have twice as 
much as the other has left ; and if b gives a 5*. of his mo- 
ney, a wfll have three times as much as the other has left : 
how much had each 1 Ans. a 13s. and b lit. 

29. What two numbers are those whose difference, 
sum and product, are to each other as the numbers 2, 3, 
and 5 respectively ? Ans. 10 and 2, 
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30. A person in play lost a fourth of his money, am 
then won back 3?., after which he lost a third of what Ik 
now had, and then won back 2s. \ lastly, ho lost a seventh 
of what he then had, and after this found he had but Its. 
remaining : what had he at first ? Ans. £0*. 

3 1 . A hare is 50 leaps before a greyhound, and take* 
4 leaps to the greyhound's .*, but 2 of the greyhound's 
leaps are as much as 3 of the hare's ; how many leaps 
must the greyhound take to catch the hare ? Ans. 300. 

J2. It is required to divide the number 90 into four 
such parts, that if the first part be increased by 2, the se- 
cond diminished by 2, the third multiplied by 2, and the 
fourth divided by 2, the sum, difference, product, and 
quotient, shall be all equal ? 

Ans. The parts are 18, 22, 10 and 40. 

33. There are three numbers whose differences are 
equal, (that is, the second exceeds the first as much as the 
third exceeds the second), and the first is to the third as 5 
to 7 ; also the sum of the three numbers is 324, what arc 
those numbers ? Ans. 90, 108, and 1*6\ 

34. A man and his wife usually drank out a cask of beer 
in 1~ days, but when the man was from home it lasted the 
woman 30 days : how many days would the man alone be 
in drinking it? Ans. 20 days. 

35. A general ranging his army in the form of a solid 
square, finds he has 284 men to spare, but increasing the 
side by one man, he wants '25 to fill up the square ; how 
many soldiers had he ? Ans. £4000. 

3t>. If a and b together can perform a piece of work ir» 
8 days, a and c together in 9 days, and b and c.in 10 days T 
how ir.any days will it take each person to perform the 
same work alone. 

Ans. a 14J| day3, b I7fa,andc 23^ . 

QUADRATIC EQUATIONS. 

A Quadratic Equation, as before observed, is that in 
which the unknown quantity is of two dimensions, or which 
rises to the second power, and is generally divided into 
simple or pure, and compound or adfected. 
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A simple or pure quadratic equation, is that which coo- 
tains only the square, or second power, of the unknown 
quantity, as 

ax 2 =6, or a? 3 + - ; where x — •/ -. 

a a 

A compound or adfected quadratic equation, is that 
which contains both the first and second power of the un- 
known quantity, as 

6 c 
ax 3 -f-6a?=c, or x 2 -f — ar=-. 

a a 

In which case it is- to be observed, that every equation 

of this kind, having any real positive root, will fall under 

One or other of the three following forms : 

a i a 2 ,\ 

* x 3 +a*=6 • .• • where ar= — -± \Z\-r-+ &/• 



* It may be observed, with respect to those forms, that 
In the case ops ^ ax^—b -=^o, wnere *«-— Ja - ^/(^a* 4-6), or— ^a— 
v'C^aS -|-6X 'he firnt value of x must be positive, because V (fa* 4" 6) ,s 
greater than %/ ♦«», or its equal j'a; and its second value will evidently be 
negative, because each of the terms of whh m it is composed is negative. 

2. In the case v2 — ax — 6 =»o, where x am^a 4- y/ (|a* -4- 6) or £a~- y/ 
(£a2 -f-6), the first value of x, is manifestly positive, being the sum of two 
positive terms: and (he -econd value will be negaiivc, because y/(.\a2 -j.b) 
is greater than y/ \n% , or its equal j a. 

3. Inthecase a?a— ax+ 6=so, wnere x — ja-Hvfd' 02 — 6), or^-a — -^ 
(Ja2 — 6), both the values of * will be positive, when }a2 is greater than b ; 
for its first value is then evidently positive, being coni|>osed of two positive 
terms; and its second value will also be positive ; because\/ (J « 3 -— 6) is 
less than \/{a2, or its equal ^a. , 

Bat if 4-aa , in this case be less than 6, the solution ef the proposed equa- 
tion is impossible; because the quantity $ aa — 6, under the radical, is then 
negative; and consequently V (-yaa — &) will be imaginary, or of no assign- 
able value. 

4. It may be also further observed, that there is a fourth case of the form 
xiJ^ax+bsso* where *e»— Ja-f-\/(£aa— />),- or a— jo— v (i« a — 6), 
the two values of a? will be both negative, or both imaginary, according as 
^a> is greater or less than b ; the imaginary roots, when they occur, being 
here of the forms— <a' -f-c' v — and-— (a' — e'^/ — 1). 

From which it follows, that if all the terms of a quadratic equation, when 
brought to the left hand side, be positive, its two roots will be both negative, 
or both imaginary ; and conversely, if each of the roots be negative or each 
imaginary, the signs of all the terms will be positive. 

So that of all quadratic equations, which can have any real positive root, 
that of the third form, *a— oji-f" 6 =o, is the only one, whet* ti» «ota&fc& 
ibr certain numeral values of a and b, will become imporo\b\Q. 
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a /a* \ 

2. x— *x=*b . . . where *=B+g±t/\— +6y. 

3. x*—ax= — b . . where x=z+ 7 -3z+/(- r —bj. 

Or, if the second and last terms be taken either poa- 

ti?ely or negatively, as they may happen to be, the general 

equation 

b c 

ax 2 ±.bx= ±c, or r 2 ±-*=±- 

a a 

which comprehends all the three cases above mentioned, 

may be resolved by means of the following rule : 

RULE. 

Transpose all the terms that involve the unknown quan- 
tity to one side of the equatrun, and the known terms to 
the other; observing to arrange them so that the term 
which contains the square of the unknown quantity may 
be positive, and stand first in the equation. 

Then, if this square has any coefficient prefixed to it, 
let all the rest of the terms be divided by it, and the equa- 
tion will be brought to one of the three forms above- 
mentioned. 

In which case, the value of the unknown quantity x is 
always equal to half the coefficient, or multiplier of or, in 
the second terra of the equation, taken with a contrary 
sign, together with + the square root of the square of this 
number and the known quantity that forms the absolute or 
third term of the equation.* 



* This rule, which is more commodious in its practical application tfaar 
that usually given, it) founded upon (he same principle; being derived ftoo 
the well known property, that in any quadratic 

x2 -r ax =3 r by if the square of half the coefficient a 
of the second term of the equation be added to each of its sides, so as to ren 
der it of the form 

x2 + ax 4- ja2« fas + b 
that side which contains the unknown quantity will then be. a complete square 
and, consequently, by ext racting t he root of each side, we shall hare 
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Note. AU equations, which have the index, of the un- 
known quantity, in one of their terms, just double that of 
he other, are resolved like quadratics, by first finding the 
ralue of the square root of the first term, according to the 
nethod used in the above rule, and then taking such a root, 
)r power of the result, as is denoted by the reduced index 
>f the unknown quantity. 

Thus, if there be taken any general equation of this kind, 
is, 

j 2m + ax m =6, 
jve shall have, by taking the square root of re 2 * 1 , and observ- 
ing the latter part of the rule, 



x 



<-=-Mt +6 HH-Mt+'M 

And if the equation, which is to be resolved, be of the 
following form, 



m 



^e shall necessarily have, according to the same principle. 
* ? =f±v/(£+*), and ^=||+^(^ + 6)|-» 



EXAMPLES. 



I. Given # 3 +4a?=140, to find the value of x. 
Here a£-M*=140, by the question, 
Whence a?=— 2± v (4+140), by the rulo, 

Or, which is the same thing, a?= — 2 ± </ 1 44. 



which is the same as the rule, taking a and b in -j- or — as they may hap 
pen to be. 

It may here also be observed, that the ambiguous sign Hh , which denotes 
both -|" and—, is prefixed to the radical part of the value of x in every ex- 
pression of this kind, because the square root of any positive quantity, as aa 
is either ^a or —a; for (-|-a) X( •*-<*)» or (— a) x ( — <*) are each = -|- 
03 : but the square root of a negative quantity, as — aa , is imaginary, or un- 
assignable, there being no quantity, either positive or negative, that when 
multiplied by itself, will give a negative product 

To this we may also further add, that from the constant occurrence of the 
double sign before the radical part of the above expression, it necessarily fol- 
lows, that every quadratic equation must have two roots ; which are either 
both real, or both imaginary, according to the nature of the question. 
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Wbefefeeer=-a+l«-ao,or-2-lt«-U. 
Where one of the velnea of * is positive and the 00 
negative. 

2. Given r* - l£r+30=3, to find the value of x. 
Here a? — 12*=3 -30« —27, fay transposition, 
Whence *=6±^/{36-r*7), by the rule, 

Or, which is the same thing x=zQ+y/9 9 
Therefore a?=6+3=9, or =6 — 3«3. 
Where it appears that x has two positive values. 

3. Given 2ar+8x — 20=70, to find the value of x. 
Here 2*"+8x»70+20=9O, by transposition. 
And r*+4x=45, by dividing by 2, 
Whence x=—2± y/ (4+45), by the rule, 

Or, which is the same thing, **= —2+ ^49. 
Therefore *=— 2+7=5, or =—2 — 1— — 9/ 
Where one of the values of x is positive and the ott 
negative. 

4. Given Sor 1 — Sx+ 6= 6|, to find the value of x. 

2 
Here &x' i — 3«=5J — 6= — - by transposition. 

■o 

And x 2 - a:= — - by dividing by 3, 

y 

Whence a?=2±v / ( 7— g)> hy the rule, 

2 J 1 1 

Or, by subtracting g from -, *==;^bv/gg 

Therefore ^=5+g=|or -J-J^ 
In which case x has two positive values. ' 

2 3 

Here -a 3 - -*=42|— 20$=22£ by transposition, 
2 o 

And* 3 — -*=44£, by dividing by-, or multipli 
Whence we have »=k^>/(x+^\> by the rule, 



5. Given-* 2 — - a?+20i=42f to find the value of x. 



<#ABfcATiC EQUATIONS. , U» 

Or, by adding ^ and 44} together, *°*jft V -y i 

Therefore *=;i+*f=7, or s*i-6§=- 6}, 

Where one value of x k positive and the other ne 
itive. 

6. Given ax*-\-bx~c, to find the value of x. 

Here x*H — x=- by dividing each side by a. 

Whence, by the rule, *=:-~±v(—+^, 
Or multiplying c and a by 4a, x= — g-±^/ — 7-7-' ! 

Therefore *=— ^±^v / (&M-4<*0- 

7. Given ox 8 — 6x+c=d\ to find the value of x. 
Here ax 2 — 6x=d • c, by transposition, 

And x 3 — x= by dividing by a. 

Whence s=_±^(-^-f._) by the rule, 

Or, multg d- c & a by 4a, x«— ±^y/(4a{d-c)+b 2 / 

8. Given x 4 +asc 2 =6, ti> find the value of x. 

Here x 4 +ax v =6, by the question, 

0rx»=-g±v(J+6)=-?±^/(a»+4«), by the 

rule, 
Whence ar=+ <l /(-5l:5 V /(46+a 2 )) by extraction of 
ootg. 

9. Given „a; fl — **= — — . to find the value of x. 

Here 5 x e — 7^*= - 55* by the question, 

And x 8 — h* 3 **— t«> by multiplying by 2. 
« 10 
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WhBODe-«^-±^(^-g),«j by the rule. 

And consequently xas Vt^V^^oV 2 - 

10. Given 2i^+3x^=*2, to find the value of x. 
Here 2x*+8x^"*9, by the question, 

And x*+c&***h by dividing by 2, 

Therefore *=(1) 3 *=I or (— 2) 8 =*-8. 

11. Given « i —12x 3 +44« a - 48*= 9009(a), to 
value of x. 

This equation ma v be expressed as follows, 
*(a*-Bx)*+8(a*— 6x)=a, 

.«■——— I I ■ .11 III! — 

* The biquadratic equation 

x A —12a; 3 -l-44a: a — 43xe= a 
can be easily exhibited under the form 

by the following method. 

a> 4 — 12* 3 +44x 3 — 48a** 8 — 6* 



a> 4 



2a? 3 — 6*)— 12* • -+- 44a: 8 — 48x 
— IS* 3 -}- 36 * 2 

a 2 — 6^ 8x 3 — 48r(3 
8* a — 48t 



Consequently, (a> 2 -6r) 3 -f- 8(a? fl — 6*)« a 4 — l2* 3 4-44x 8 - 
for since in extracting the square root of any quantity, the square 
thus found plus the remainder is always equal to the proposed qi 

In a similar manner, the biquadratic equation a 4 -\-2ax* -{-5a 
x = d, may be exhibited under the form 

(x a + ax) 2 -f 4a 3 (* 3 + ax) « d ; 
which can be resolred by the rule, page 130, for resolving quad 
lions. 

Hence it follows, that if the remainder, after having found th 
terms of the square root, according to the rule page 49, can bo n 
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fbafice *-W6ff=* - 4±^/{ l6+a)> by the oemiaoji role, 
tod, by a second operation, x=3jt-v/(9— 4±^/(16+a» 

Therefore, by restoring the value of a, we have 

x=3±^/(5±^90a6) 

Or, by extraction of roots, x— 13, the Ant. 

EXAMPLES FOR FBACTICB.* 

1. Given x 3 — 8x-f- 10= 19, to find the value of x. 

Ana. *ae£. 

2. Given x 2 — x-40=170, to find the value of x. 

Ans. x=l5. 

3. Given 3x*+2x - 9=76, to find the value of r. 

Ans. x=5. 

4. Given ^x 2 — «*+ 7 f = 8> to find the value of x. 

Ans. *=?1£. 

5. Given o* — 5\/ x== 22|, to ^^ the value of x. 

Ans. x==49. 

6. t Given x+v/(6x+10)=8, to find the value of x. 

Ans. x=3. 

inch factors, to that the factor containing the unknown quantity, shall 
equal to the terms of the root thus found ; the proposed biquadratic may 
always reduced to a quadratic form, as above. See Ryan's Algebra L page 
5. Ed. 

1 The unknown quantity in each of the following examples, as well as in 
•se given above, haa always two values, as appears from the common rule; 
: the negative and imaginary roots being, in general, but seldom used in 
ctical questions of this kind, are here suppressed. 

' In some quadratic equations involving radical quantities of the form \/ 
4*6), both the values of x found by the ordinary procesh, will not answer 
proposed equation, except we take the radical quantity with the double 
i -£- . In resolving the above example, two values of a?, that is, 18 and 3, 
sound ; bat k appears, that 18 does not answer the condition of the equa- 
i except we take the radical quantity y/(5x -h 10) with the sign — . 
(ow, since these two values of x are formed from the resolution of the 
■don «S — S1.t«s— 64 ; it necessarily follows that each' of them, when sub- 
ited for *, mast satisfy that equation ; which may be verified thus ; in the 
place,-by substituting 1 8 for *, in the equation x* — 21 x =a— 54, we have 
)«— 11* 1*«— 54, or 324— 378=— 54, that is,— 64«— 54, or by 
^position *= 0. 

sjai«,snhsrifnting3fora8 > whaTe(3)a^2iX3=a— 54, or 9—63— 54; 
4— 54«0,or0«*»0. 

jtd aa the equation *i— 21*=— 54, may be deducted from the equation 
/(5*+l0)= 8— «,or-*-V<5*+10)e»S— «i it is evident the* the »di- 
qomotKy v'CSa+lO) imistbe tsJten witbth«oW»tt«^'i^^*»^ 
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7. Grr**</(\0+x)—i/{iO+x)=>2, to fittd the vafet 
of*. '*' '■■4iii. , *=a«: H I 

0. Givett 3s 4 - a>*+96=d9, to find the value of x. ■ '"" 

Ana. «' a, gv/*- 

9. Given a?* +20x* - 10«=59, to fifed the value of x. 

' Ana. x= V 3 * 

tO. Given 8**— 2x n +3=l 1, to find the value of *. . 

Ana. x==?J/2; 

11. Given 6V^--^x==l^ to find the valued*. ... 

. .13 1 

M# at or Si* r 

2' 12 

1% Given «x^(3+2x , )=^+sx 3 > to find the vakie of* 

■1 
Ana. »- 5 */(- 3+3^/2). 

i» 

.13. Given x.^ (--*)=-— — to find the vahie of x. 

*x / ^x 

- ,v Ana. •^(l+gv^)"- 

I 

14. Given -^(1— x 3 )=x 4 , to find the value of x. 

x 

Ana. *=(§i/6-g)* 

l^Given-Xv/^-l)^^* 8 — fi^>, to find the vatae 

1 

of*. Ana. x^a+Tv/^+ffy 

16. Given •(l+»r-« a )- a ( l +«— ^J^s to &>* *• 
value of x. - Ana. • ss s+^/4^ 



2' 6 



mitive equation, in order that it would be satisfied by the values, 18 and S, 
of *, found above ; that is, 18 answers to the jign — ', and S to the sign +• 
See Ryan's Elementary TreaUse on Algetea, Theoretical and Practical, 
Jf here tUa subject if dearly illustrated, Ed. 
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17. Given v^(* — )+ V — ) m *> to find the value 

oU Am. *■)+},/•. 

18. Given a? 4 *— 2x 8 *+a**as6, to find the value of c 

Ana. *=*y(i+*v/18). 

19. Given a?*— 2^+xssa, to find the value of *• 

Ans. *=$*=,/ J 4= V («+i) ( ■• 

When there are more equations and unknown quantities 
than one, a single equation, involving only one of the un- 
known quantities, may sometimes be obtained, by the rules 
tefore laid down for the solution of simple equations ; and, 
in this case, one of the . unknown quantities being deter- 
mined, the others may be found, by substituting its value 
in the remaining equations. 

EXAMPLES. 

1. Given j ^^Z,5!j ( to find the values of x and y. 

38 

Here, from the second equation, we have y=— ; and 

x 

784 
by substituting this in the first x*-\ — 5-= 65, or ac 4 — 65a? 

x 

=-784. ^ 

Whence, by the common rule before given, we have 
* 65 ,/4225 _ .v> ' 

Or, by reducing the parts under the last radical, and 

/65 33\ „ , 

xtracting the root x—±y/\-£± j-) >or ' andcon- 

28 28 . . 

equently, t/=— , or — -j" := or "" 

Or the solution, in cases of this kind, may often be more 
sadily obtained, by some of the artifices frequently made 
se of upon these occasions ; which can only be learned 
om experience : thus, taking as before, (1.) x 3 +y a -=65 f 
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(2.)xy=28, we shall have, as in the former method, fcy 
multiplying by ¥, fcry =50, and, by adding this equation to 
the first, and subtracting it from the same, a?+2xy+if= 

121, and s a «-Sgy+y* ss9 * Whence by extracting the 
square roots of each of these last equations, there will 
arise, x+y—^U, and x— y=±3, and consequently by 
adding and subtracting these we shall have 2x= +.14, or 
x=7, or— 7, andy=4, or — i. It will also sometiam 
facilitate the operation by. substituting for one of the an* 
known quantities the product of the other, and a third no- 
known quantity ; which method may be applied with advan- 
tage, whenever the sum of the dimensions of the unknown 
quantities is the same in every term of the equation* 

2. Given j jj£ J^ssfS i ^ firtdt ^ e valuel1 of * "^J- 

Here, agreeably to the above observation, let x=ry, 

then «y+«y*=s66 f and «/+2y a =60, whence, from the 

56 
first of these equations, y 9 =— — , and from the second 

60 
2/ a = — rj* Therefore, by equating the" right hand mem- 

ber of these two expressions, wo shall have — r -=-3-; — 

v+2 v 2 +v 

or 60v*+60u~&6v+ 112. And, by transposing 66u, and 

1 '3S 
dividing the result by 60. z> 3 -4 — r=— -. Hence by the 

19 15 J 

I / 1 

common rule, for quadratics, we have v= — ~£ ^/f — 

,28 1 .41 4 . , . . . . _ 

+jg= s —^+gg=--. And, consequently, by the form- 

* , o 60 60 

er part of tho process, ^= _£==__ = 18, or y=y 

4 
(18 - Sy/2, and a=v|/=-X 3 y/ 2=4^2. The work 

may also be sometimes shortened, by substituting for the 
unknown quantities, the sum and difference of two other 
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quantities ; which .method may be used, when the un> 
knowD quantities! in each equation, are similarly involved. 



3. Given I y "** x 10 \ to find the values of x and y. 
Xx +y =12J 

Here, according to the above observation, let there be 
assumed x=z+v, and y=z— v. Then, by adding these 
tWo equations together, we shall have x-f y=^=I2, or 
z=6, also, since o?=-6+i>, y=6— 1>, and by the first equa- 
tion x 3 +j^=l8xy, we shall obtain, by substitution, (6+ 
pJ4-(6— t>) 3 =18(6+t>)(6 — ©), or, by involving the two 
parts of the first member, and multiplying those of the 
second, 432+36« a =648— 18* 2 , whence, by transposition 

216 
o4z^=216 ; and by division, d 2 =— -=4 ; or v=±2 # 

\ 64 
And therefore, by the first assumption, and the first 

part of the process, we have x=z+v=6±.2=8, or 4> 

and y=2r— r=6±2=4, or 8. 



QUESTIONS PRODUCING QUADRATIC 

EQUATIONS. 

The methods of expressing the conditions of questions 
of this kind, and the consequent reduction of them, till 
they are brpught to a quadratic equation, involving only 
one unknown quantity and its square, are the same as 
those already given for simple equations. 

1. To find two numbers suclvthat their difference shall 
be 8, and their product 240. 

Let x equal the least number. 
Then will x+8=the greater, 
And a;(a: i r-8)=x 2 +8a?=240, by the question, 
Whence x=- 4+^(16+240) = -4+^256 by theconv 

mon rule, before given, 

Therefore *=>16 — 4=12, the less number, 

and *+8= 12+8=20, the greater, 
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-& life lequired to divide the number 64 iatotmneit 
pert*, tint their product shall be 864. 

Let 0ss the greater party 
Then will Go— x= the less, 
And *(60-*)a=60jr— x*=B#4, by the question. 
Or by changing the sign* cm both side* of the eqtntitu 

x*L60s— — 864» 

Whence *=30± ^ (900 -864) =304^ ^=304^, ty 

the rule, 
And consequently x=3o+6=36, ot $0-6=24, the two 

parts sought 

3. It is required to find two numbers such, that their 
sum shall be 10(a), and the sum of their squares 68(6). 

Let *= the greater of the two numbers, 

Then will a — x= the less, ' 

And s*+(o— xj'sa&r 8 — acij=a a ,=6 f by the question, 

Or 2x*— 2ax=6-a 3 , by transposition, 

6^-o a 
And «*— ox=— — , by division. 

Whence *-^/(j+-^;«^^(tt-a«) 

by the rule, 
And if 10 be put for a, and 58 for 6, we shall have 

r=y+2\/( l l6 - 100)=7, the greater number, 

10 1 ' 

And 10-*=— --^(116 ~100)=3, the less. 

4. Having sold a piece of cloth for 34/., I gained a* 
much per cent, as it cost me ; what was the price of tbe 
cloth ? 

Let x=pounds the cloth cost, 

Then will 24— x = the whole gain, 

But 100 : x : : x : 24— x, by the question. 

Or r , = 100(24—x)=2400- 100x, 

That is. x*+ I00x=2400, 

Whence x=— 60+^(2500+2400)= ~ 60+70-20 

by the rule, 



QUADRATIC EQUATIONS. 141 

And consequently 20/.==price of tire cloth. 

5. A person bought a number of sheep for 80/. and if 
he had bought four more for the same money, he would 
fo?e paid 1/. less for each ; how many did he buy? 

Let x represent the number of sheep, 

80 
Then will — be the price of each, 
x 

80 
And -xt* price of eacb,-if x+4 coat 80/. 

But — ^— r-r+1, by the question, 

x x+4 . 

~ 80x 

Or 80=—~ +x, by multiplication. 

, X"+4r 

And 80x+320=80x+x*+4x, by the same, 
Or, by leaving out 8 Ox on each side, jP+4x=320, 
Whence x=-2+ v '(4+320}= - 2+18, by the rule. 

And consequently x=t6, the number of sheep. 

6. It is required to find * two numbers, such that their 
um, product and difference of their squares, shall be all 
iqual to each other. 

Let x= the greater number and y= the less. 

Then j * JjZ*,^ \ by the question. 

lence 1= ~x*-y 9 or x=y+l, hy 2d equation* 

And (;y+l)+y=y(y4-l), by 1st equation, 
That is, 2H-l=y a +jr, tf+y— «• 

Whence y^-+^/(-+i)=-+^/5, by the rule, 

1 . 1 

2 

3 1 • 
An^x=y+l= 5 +-^/5 =2.6180 . . . 

Where • . • denotes that the decimal does not end. 
7. It is required to find four members in arithmetical 
ogression, such that the product of the two extremes 
all be 45, and the product of the means 77 1 



Therefore y==-+- v /5==1.6180 * . . 
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Let s=s latst extreme, and y= coanaoa difianoe*! 
Then *, x+f, «+*y, end *+3y, will be the four ana 

HeDCe I *x'£%*+2yt^+£s+2?=TT \ * 
question, 

And 2$*=77 — 45=32, by eubtractioD, 



Or •/•— = 16 by division, and y=^/16=4. 

Therefore V+3*y==* i -H2*=45, by the let equ 
And consequently x=— 6+^(36+46)=— 6+9e=j 

the rule. 
Whence the numbers are 3, 7, 11, and 15. , 

8. It is required to find three numbers in geomc 
progression, such that their sum shaft be 14; and the 
of their squares 84. 

Let x, y, and z be the three numbers, 
Then rz^y*, by the nature of proportion, 

And J SgtKSL \ ^ *•,*•••*« 

Hence »-{-*= 14 — y, by the second equation, 

And x*+2zx+z*=\96-2by+tf, by squaring 

sides, 

Orx 3 +2 2 +2/=19G— 28y+-t/ by putting 2f ft 

equal 2xz 9 

That is x*+y 2 +z*= I 96 - *8y by subtraction, 

Or 1 9b— 28t/=:84 by equality, 

196 64 
Hence y = — — — =4, by transposition and division. 

28 

1 fi 
Again 3*=^= 16, or x= — , by the 1st equation, 

16 
And x+y+*= — M+2=14, by the 2d equation, 

Or 16+4z+^=l42r, orr 3 - 10*=-16, 
Whence z= 5^^(25 -16) =5 + 3 =8$ or 2 by the 
Therefore the three numbers are, 2, 4, and 8. 

9. It is .required to find two numbers, such that 
sum shall be 13(a), and the sum of their fourth p< 
4721 (s). 



$BAMA < nC BfOATIOlCS. Us 

tMm**tob dfifferefeeeof the two numbers sought, 
£qp| .will 3*+£*t or -o- 33 *• gwafar number, 

: A»d^— gar, or^fsc theleas, 

Bat ^TL-2-+ v -_ 6 J-=6, by the question, 

Or («+*)«+(a-*)«=166, by multiplication 
Or 2d*+12<iV+S* H =16£, by involution and addition, 
And «*+6aV=86 - d 4 , by transposition and division, 

Whence **= -3uHv(9a 4 + 8* - a 4 )=* - 3a 2 = 

v/S(a 4 +6), by the rule, . ' ' . 

And *</ - Ba 2 +2^/2(a*+b) y by extracting the root. 
Where, by substituting 13 for a, and 4721 for 6, 

we shall have x=3, 

Therefore -— — '== — =8, the .greater number, 

. , 13 — x 10 . . " _ 

And ■ Q -'~-k sss ^> the less number, 

The sum of which is 13, and 8*+5 4 =4721. 

10. Given the sum of two numbers equal *, and their 
product =/?, to find the sum of their squares, cubes, bi- 
quadratics, &c. 

Let x and y denote the two numbers ; then 

(1.) x+y=s, (*,) ay=p. 
From the square of the first of these equations take twice 
tbe second, and we shall have 

(3.) aH-y 223 * 2 — 2/)= sum of the squares. 
Multiply this by the 1 st equation, and the product will be 

»*+ **?-{" x?y + ^==* 2 — 2t/> . 

From which subtract the product of the first and second 

equations, and there will remain 

(4.)x 3 +g 3 =« 3 — Ssp= sum of the cubes. 
Multiply tnls likewise by the 1st, and the product will be 
sM-tf^M-afy+y 4 —* 4 - 3s a /> ; from which subtract the pro- 
duct of the second and third equations, and there will re- 
main 
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(*•) V+y 4 =f 4 -45 4 ^+2^ s = sum of the biquadratic 
And, again multiplying this by the 1st equation and sob* 
(racting from the result the product, of the second and 
fourth, we shall have 
(6.) a^-f-y 6 —! 6 - 6f^p+6#/9 2 = sum of the fifth powers. 
And so on ; the expression for the sum of any powers in 

general being x m +y = * w — m&**p H — ■ ~ V »y- 

fn(m^4)(in -5) w>fl 3 ^ fw(m-53(m-6)(m-7)_ ^ 4 

M p ^ frfR " ""' 

&c. 

Where it is evident that the series will terminate when the 

index of * becomes =o. 

EXAMPLES FOR PRACTICE. 

1. It is required to divide the number 40 into two such 
parts, that the sum of their squares shall be 81 8. 

Ans. 23 and 17. 

2. To find a number such, that if you subtract it from 
10, and then multiply the remainder by the number itself, 
the product shall be 21. Ans. 7 or 3. 

3. It is required to divide the number 24 into two such 
parts, that their product shall be equal to 35 times their 
difference. Aqs. 10 and 14. 

4. It is required to divide a line, of 20 inches in length, 
into two such parts that the rectangle of the whole and one 
of the parts shall be equal to the square of the other. 

Ans. I O-v/5 - 1 0, and 30 - 1 O^A 

5. It is required to divide the number 60 into two such 
parts that their product shall be to the sum of their squares 
in the ratio of 2 to 5. Ans- 20 and 40. 

6. It is required to divide the number 146 into two such 
parts, that the difference of their square roots shall be 6. 

Ans. 25 and 121. 

7. What two numbers are those whose sum is 20 and 
their product 3t» ? Ans. 2 and 18. 

8. The sum of two numbers is 1£, and the sum of their 
reciprocals 3} ; required the numbers. Ans. £ and f . 
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9« The difference of two numbers is 16, and half their 
iroduct is equal to the cube of the less number ; required 
he numbers. Ans. 3. and 18, 

. 10. The difference of two- numbers is 5, and the differ- 
ence of their cubes 16b5 ; required the numbers. 

Ans. 8 and 18. 

11. A person bought cloth for 3,3/. 16*. which, he sold 
again at 21. 8s. per piece, and gained by the bargain as 
much as one piece cost him ; required the number of 
pieces. Ans. 15. 

12. What two numbers are those, whose sum multipli- 
ed by the greater, is equal Co 77, and whose difference, 
multiplied by the less, is equal to 12. Ans. 4 and 7. 

13. A grazier bought as many sheep as cost him 60 J., 
and after reserving 16 out of the number, sold the remain- 
der for 54/., and gained 2s. a head by them : how many 
sheep did he buy ? Ans. 75. 

14. It is required to rind two numbers, such that their 
product shall be equal to the difference of their squares^ 
and the sum of their squares equal to the difference of 
their' cubes. Ans. 1^/5 and J(5+ ^/5). 

15. The difference of two numbers is 8, and the dif- 
ference of their fourth powers is 14560 ; required the 
numbers.* Ans. 3 and 11. 

« « ■ i. i ■ i , , 

• In solving this question, the reduced equation, found by the usual me- 
thods of operation, will be of the form *s + axe= 6 ; which is a cubic equa- 
tion, and therefore cannot be resolved by the ordinary rules of quadratics \ 
•at such equations may sometimes be reduced to the form of a quadratic, 
and then resolved according to the rules already given. 

Whenever, in a cubic equation of the form a»» +«* a»6 ; fr can be divided 
into two factors m and n, so that ma -f-a=n, then the cubic equation can be 
resolved as a quadratic ; thus, in the cubic equation «s 4. 6* eaflO, 20 «= 2X 
10, and 8a -f» 6 « 10* Now, multiplying both the sides of the equation by » f 
we have *4 -f-fcs 10 x **» adding (2»)a to both sides, c* +10*s « 
(jb)» 4.10(2«) ; .*. completing the square, 

*4-J-l5*3+25=(2x)2 + l(X2*)+25, 
*od extracting the root, *a -f-5«=2a?-f-5 ; .*. by transposition, x* e»2jr, 
tndaaS, or e0. 
This method, as well as some other similar artifices, is of no utility when the 
dWisor baa not integral roots, and even then it can be resolved more read** 
ty by Afeoion's Method of Divisors. 

It is proper to observe that cubic equations of the form *a +<***+&» aac, 
**y be else exhibited under the form of a quadratic, from which by cemplet- 
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16. A company at a tavern had SI. 15*. to pay for their 
reckoning ; but before the bill was settled, two «£*•"} 
went away ; in consequence of which those who rasaamod 
had 10*. a piece more to pay than before ; how many were 
there in company ? Ana. 7. 

17. A person ordered 71. 4s. to be distributed among 
some poor people ; but; before the money waa divided, 
there came in, unexpectedly, two claimants more, by which 
means the former received a shilling a piece less than they 
would otherwise have done ; what was their number at 
first f Ana. 16 person* 

18. It is required to find four numbers in geometrical 
progression such, that their sum shall be 15, and the sun 
of their squares 85. Ans. 1, 2, 4, and 8. 

19. The sum of two numbers is 1 1, and the sum of their 
fifth powers is 17831 ; required the numbers t 

Ans. 4 and 7. 

20. It is required to find four numbers in arithmetical 
progression such, that their common difference shall be 4, 
and their continued product 176985. 

Ans. 1 ft, t9, 23, and 27. 

21. Two detachments of foot being ordered to a station 
at the distance of 39 miles from their present quarters) 
begin their march at the same time ; but one party, 
by travelling £ of a mile an hour faster than the other, 
arrive there an hour sooner ; required their rates of 
marching ? Ans. 3£ and 3 miles per hour. 

. 22. It is required to find two numbers such that the 
square of the first plus their product, shall be 140, and the 
square of the second minus their product 78. 

Ans. 7 and 13. 

23. It is required to find two numbers, such that their 

difference shall be 13 8 5 T 5 j, and the difference of their cube 

roots l£. Ans. 15$, and2ff 



mg the square, the value of the unknown quantity will be determined. For In- 
stance, the cub io equation x 3 -f 2ax3 -f.5rta,r_|_<la3 as 0, may be reduced to 
the form(#2 4.ax)3-f.4rt*(*2-f ax)c=0; thus, multiply the given aqua- 
tion by x, we have x* -4-2ax8 +5a2X2 -j-4a3x =0 ; which may be reedi- 
)y exhibited under the above form ; see RvanN Elementary Treattte on A! 
£cbra, Practical and Theoretical. ^tI.to.") En. 
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24. It is required to find three numbers in arithmetical 
progression, such that the sum of their squares shall be 93 ; 
and if the first be multiplied by 3, the second by 4, and the 
third by 5, the sum of the products shall be 66. 

Ans. 2, 5, and 6. 

25. The sum of three numbers in harmonical propor- 
tion is 191, and the product of the first and third ir4032 ; 
required the numbers. Ans. 72,' 63, and 56. 

26. It is required to find four numbers in arithmetical 
progression, such that if they are increased by 2, 4, 8, and 
15 respectively, the sums shall be in geometrical progres- 
sion. Ans. 6, ti y 10, and 12. 

27. It is required to find two numbers, such, that if their 
difference be multiplied into their sum, the product will 
be 5 ; but if the difference of their squares be multiplied 
into the sum of their squares the product will be 65. 

Ans. 3 and 2. 

29. It is required to divide the number 10 into two such 
parts, that if the square root of the greater part be taken 
from the greater part, the remainder shall be equal to the 
square root of the less part added to the less part. 

Ans. 6+iv/19 and 5 — iy/\9. 

29. It is required to find two numbers, such that if their 
product be added to their sum it shall make 61, and if 
their sum be taken from the sum of their squares it shall 
leave 88. Ans. 7+^/2 and 7— v^« 

31^ It is required to find two numbers, such that their 
difference multiplied by the difference of their squares 
shall be 576, and their sum multiplied by the sum of their 
squares shall be 2336. Ans. 5 and 11. 

31. It is required to find three numbers in continual 
proportion, whose sum shall be 20, and the sum of their 
squares 140. Ans. 6f +\/3^, 6£, and 6{ - v/3^, 

32. It is required to find two numbers whose product 
shall be 320, and the difference of their cubes to the cube 
of their difference, as 61 is to unity. Ans. 20 and 16, 

83. The sum of 700 dollars was divided among four 
persons, a, b, c aod D, whose shares were in geometrical 
progression ; and the difference between (be greatest tod 
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least, was to the difference between tbe two means, as 37 
to 1ST. What were all the several shares? 

Ans. 108, 144, 192, and* 266 DoHanr. 

* 

OF CUBIC EQUATIONS. 

A cubic equation is that in which the unknown quantity 
rises to three dimensions ; and like quadratics, or these 
of the higher orders, is either simple or compound. 

A simple or pure cubic equation is of the form 

b b 

aa; 3 =6, or a 3 =- ; where *=?/"» 

a . a 

A compound cubic equation is of the form 

ar 3 — ax=6, a 3 +«« s, =t, or a^+fl^+tor^c, 
in each of which, the known quantities a, b, c, may be ei- 
ther + or — . 

Or, either of the two latter of these equations may be 
reduced to the same form as the first, by taking away its 
second term ; which is done as follows : 

RULE. 

r 

Take some new unknown quantity, and subjoin to it a 
third part of the coefficient of the second term of the 
equation with its sign changed ; then if this sum, or dif- 
ference, as it may happen to be, be substituted for the 
original unknown quantity and its powers in the propos- 
ed equation, there will arise an equation wanting its se- 
cond term. 

Note. The second torm of any of the higher orders of 
equations may also be exterminated in a similar manner, 
by substituting for the unknown quantity some other un- 
known quantity, and the 4th, 5th, &c. part of the coeffi- 
cient of its second term, with the sign changed, according 
as the equation is of the 4th, 5th, &c. power.* 

* Equations may be transformed into a rartely of other new equatioua ; the 
principal of which are as follows : 

1. The equation *«— 4x3—19x2 -f.106*— ISfratO, the roots of which are 
2, 3, 4, and —5 ; by changjng-the signs of the second- and fourth terms, be- 
comea x4 + 4x3—19x2 — l06x— 120 ■» o, the roots of which are 5,— t,— 3t 
tad — 4. 
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EXAMPLES, 



1. It is required to exterminate the second term ef tt|e 

equation ar , +8ax a s=5, or a^+Sttx 9 — 6=0. . "' 



Here *=*—-—=* - a. 
3 J 



I -6 = 



J =* 3 -.3a* a +3a?*-d 3 
Then { 3ax 3 ^= +3o2 8 -6a f *+3a 3 



Whence * 3 — 3a 2 *-|-2a 3 — fcs=0, 
Or* 3 -3a 2 * =6— 2a* t 
in which equation the second power (**), of the unknown 
quantity, is wanting. 

2. Let the equation s 3 — lfcx 8 +3x=— 16, be trans- 
formed into another, that shall want the second term. 

Here x=*+4. 
r (*4.4)3 =2 3 +m 2 +4a? .j. 64 

Then) ^-l2(*+4) a =- 12*»-96*— 192 
( +3(2+4) = +3r+12 

Whence * 3 -45*— 1 16= -16 
Or z 3 -45*= 100 
which is an equation where z 2 , or the second term, is 
wanting, as before v 

2. The equation a?3 «f»e2 — 10ir-4-8=»0, is transformed, by assuming ««»y 
— 4, into y 3— llya -f 30y=0,orya— lly-J-30^0; the roots of which are 
greater than those of the former by 4. 

S. The equation x 3—6x2 -f. 9x — 1 sa 0, may be transformed into one which 
shall want the third term, by assuming; * = y 4>«t and in the retiiltiDg equa- 
tion, let 3*2 — 18* -f- 9, or e? — 4e-f-3 s= 0, in which the values of « are 1 and 
3; then assume x=*y -f-3, or y +1 , and the resulting equation will be y 3 + 
3y3— 1 ss 0, an equation wanting the third term. 

4. The equation 6*1— Itx* +6*— 1 efO by assuming x«*-t may be 

[ transformed into y3 — 6y* + lly-^-6 »0 ; the roots of which are to be racj- 
' proctlsof the former. 

j ' 5. The equation 3x3 - ISxt +14*+1S =0, by assuming »^ |, may be* 

k tnntfermed into y3— lSyt +49y +144 a 0, the roots of which are three 
i '^Mstboat of the former. Ed * 

o2 



160 CUBIC EQUATIONS/ 

3. Let the equation* 3 — 6j*=* 10, be transformed info 
another that shall want the second term. 

An* y»— 12y=26. 
A* Let y 3 — 15/4-81^=243, be transformed into id 
equation that shall want the second term. 

Ans. * 3 +6x=88. 

3 7 9 

6. Let the equation sM-t **+-*— ts -^ be trins- 

4 o» lo 

formed into another, that shall want the second term. 

r Ans.^+j^j. 

6. Let the equation x*+Bx* — 5x 3 +!0x-4=0, be 
transformed into another, that shall want the second term. 

Ans. y 4 -$9/+94y— 92«0 ? 

7. Let the equation x* — 3x 3 — 3a? — 5x -=- 2 =0, to trans- 
formed into another, that shall want the third term. 

Ans. y'+y 3 — 4y— 2=0- 

8. Let the equation 3x 3 — 2x4-1=0, be transformed 
into another, whose roots are the reciprocals of the for- 
mer. Ans. y 3 — 2^+3=0. 

9. Let the equation **— •Js'+ix'-l-e+iV—O." be 
transformed into another, in which the coefficient of the 
highest term shall be unity, and the remaining terms inte- 
gers. Ans. y 4 -— 3y*+ 1 2y a — lC2y+72=0. 

OF THE SOLUTION OF CUBIC EQUATIONS. 

RULE. 

Take away the second term of the equation when ne- 
cessary, as directed in the preceding rule. Then, if the 
numeral coefficients of the given equation, or of that 
arising from the reduction above mentioned, be substituted 
for a and 6 in either of the following formulas, the result 
will give one of the roots, as required*. 



♦ If, instead of the regular method of reducing a cubic equation of d» 



zeaeral form 
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or 

fhere it is to be observed, that when the coefficient a a 

f the second term of the above equation, is negative, 

8 a ■ 

r, as. also -, io the formula, will be negative ; and if the 

i>solute term b be negative, = in the formula*, will also he 

6* 
Bgative ; but — will be positive. 9 " 
4 

*3 4 ax +fcc 4- c » 0. 
toother, wanting the second term, as pointed out in Jhe preceding article, 
ere be put, x m $(y—a) % we shall have, by substitution and reduction, y* 
•(96 — Sa9)y** 9oA — 27c— 2a 3 ; where, since the value of y can be deter- 
ined, by either of the formula; given in this rule, the value of x will also bi 
own, being x «»4(y — •). And if 6«=s 0, or the-original eauation be of the 
lowing form x* -f ax» «-j-c= 0, the reduced equation will be y 3— 3os y— 
So J— J87c, where the value of v, being found as above, we shall have, as 
fore, ar=-|(y — e), which formulae, it may be observed L are more convenient, 
some cases, than those resulting from the preceding article ; as the co 
icients, thus obtained, are always integers; whereas by the former method 
ey are frequently fractions. 

* The method of solving cubic equations is usually .ascribed to Cardan, 
:e1ebrated Italian analyst of the 16th century ; but the authors of it were 
ipio Ferreus, and Nicolas Tartalea, who discovered it about the same time , 
lependently of each other, as is proved bv Montucla, in his Histoire des 
'aihematiques, Vol. I. p. 668, and more at large io Hutton's Mathematical 
ictionary, Art Algebra. 

The rale above given, which is similar to that of Cardan, may be demon- 
rated as follows : 

Let the equation, whose root is required, be * 3 -|-ax-= b. 
And assume y +. * *»*, and Syx « —a. 
Then, by substituting these values in the given equation, we shall have 

r-L.*) » ys+zs-a x <y+*)+«X(y-F*) —6, or 

r y9+z*wmb. 

iod if, from the square of this last eauation, there be taken 4 times the 

ibt of tbs eqeatita yz a —fa, we shall have y« — 4y3*3 -f-*e =3»i -f 

Va», or 
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It may likewise be remarked, that when the equation 
is of the form 

and ^ is greater than —, or 4a» greater than 27t , J the 
27 ° 4 

solution, of it cannot be obtained by the aboye role ; as 

the question, in this instance, falls under what is usually 

called the Irreducible Case of cubit equations.* 



3/3— * 3 ss v /(6i -f T \a3) 
But the sum of this equation and ys 4-* 3 e= 6, is 2y3 e= 6-4-\/(£* 
A* 13 ) * nd ll »cir difference h 2*3 =»fr— ^(62 + -gVa3) •, whence y s= V 

From which it appears, that y-f z, or its equal x, is e= 

$/(£6-l- \/(f62 + ^o3)) + ?/(i6— v^<i^42-V a3)) » # uicu U ll * 
theorem ; 

a a 

Or, since * is =r— — , it will bc-y+ars^y— — , or * r= 

rule. 

* It may here be farther observed as a remarkable circumstance in the his- 
tory of this science, that the solution of the Irreducible Caae above mentioned, 
except by means of a table of sines, or by infinite series, has hitherto bafflefl 
the united efforts of the most celebrated mathematicians in Europe ; although 
it is well known that all the three roots of the equation are, in this, case, real; 
whereas in those that are resolvable by the above formula, only one of the 
roots is real, so that in fact, the rule is only applicable to such cubics as have 
two equal, or two impossible roots. 

The reason why the assumptions, made in the note to the former part of 
this article with respect to the solution of the equation *3 — ax e»6, are found 
to fail in the case in question (and it does not appear that any other can be 
adopted) is, that the two auxiliary equations Syz = — a and y3-f-2rS ss 6, 
which in this case, become 8yz=za, and y3 1 zSafc, or yS£3*s 

«3 

— , and y 3 4- 2 3 c=fc, cannot take place together; being inconsistent with 

each other. 

For the greatest product that can be formed of the two quantities y 3 +«? 
is, when they are all equal to each other ; or since y 3 ±z'i*=* 6, when each 
of these as £6 ; in which case their product is ^jb*. 

But, as above shown, y 323*= — f by the question, therefore when *J >p 

the two conditions are incompatible with each other ; and consequent^ the 
solution of the problem, upon that supposition, can only be obtained by fan* 

binary quantities. 
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EXAMPLES. 

1. Given 2X 3 — l2xM-S&r=44, to find the value of x. 
Here x 3 — 6**-H8x=22, by dividing by 2. 
And, in order to exterminate the second term. 

Put *=*+!=*+?, 

(z+2)*=z 3 +Gz a +12z+8 
_6( z .+2) 8 = — 6V— 24z— 24 =22 
18(H- 2) = Wz+36 



Then 



Whence * 3 +6*+20=22, or z 3 +6z=2. 
nd consequently, by substituting 6 for a, and 2 for b, in 
te first formula, we shall have, 

,. vi ! +v (! + -) !+v! !_^(i + ^) f= 

V(*+^(l + 8)) + V(l-i/(»+8)) a3 {/(«+i/»)+ 

Therefore s=z+2=$/4— ^2+2=2+1. 587401 - 
1.259921=2.32748, the answer. 
2. Given x 3 —6j=12, to find the value of x. 
Here a being equal to —6, and b equal to 12, we shall 
?e, by the formula, 

,=^+^(36-8))-^^^ = 
V(6+v^28)+^^ + ^~=V(6+5.2915)^ 
2 =^3/(1 1.29 . 5) +_A_2=.*435+ 



(6+5.2915) v v ' ' ty( 11.2915) 

— ^— =2.2435+.8957=3.1392 
2.2435 

Therefore ar=3. 1392, the answer. 

h Given x* - 2*=— 4, to find the value of #. 

Sere a being =-?, and 6=-4, we shall have, by the 

mule, 

c«V{- 2 +V(4-^)i+V{-2- v /(4--^)f, •* 
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by reduction, t/(-2+™^3)^V( 2 +^ 5 )== 

V( -2+1.9245)— V(2+ 1.9246) =^-^OT»- 
$/3.9245=— 1226— 1.6773*=— 1.9999, or— « 

Therefore x=— *, the answer.* 
Aote. When one of the roots of a cubic equation ha* 
been found, by the common formula as above, or in any 
other way, the other two roots may be determined as fol- 
lows : 

Let the known root be denoted by r, and put all the 
terms of the equation, when brought to the left hand side, 
=0 ; then if the equation, so formed, be divided by x±r, 
according as r is positive or negative, there will arise a 
quadratic equation, the roots of which will be the ether 
two roots of the given cubic equation* 

4. Given x 3 — I5x=4, to find the three roots, or value* 
of x. ^ 

Here a* is readily found, by a few; trials, to be equal to 
4, and therefore 

x— 4)^— 15a: — 4(x*+4#-H 
x 3 — 4* a 



4a? 2 — 15a; 
4x 2 — 1 6x 



x — 4 
ac-r4 



* Wheti the root of the given equation is a whole number, this method onlv 
determines it by an approximation of 9s, in the decimal pert, which wffi 
ciently indicates the entire integer ; but in most instances of this kind, it$ 
value may be more readily found, by a few trials, from the equation itttsX 

Or if, as in the above example, the roots, or numeral values of ^/(— ${- 
tts/S)? an d — v (*"** g- V'® be determined according to the rale laid down 
in Surds, Case U t the result will be found equal to —2 as it ought. 
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Whence, according to the note above given, 
x*+4*+ 1=0, or **+4tf* - 1 } 
the two roots of which quadratic are —2+^3 and — -2~ 
v/3; and consequently 

4, - 2+ v/3, and — 3 - y 3, 
are the three roots of the proposed equation. 
0*> putting a=— 15 and 6=4, we shall have, 

V(2+ V— 181)»2+^-l, 

V<2- V— 120=2—^-1, ' 

as will be found either by cubing 2+>/ — ' and 2— v /— 1 a 
or by the rule given in case 12 surds. 

Whence rf+c = X+^/-— I +8 — y/— - 1 =4, 

2— y3 

-l(ii+o)-4(<i— cV— 3«— «— y - 1 Xv'- 3= - 

2+^/3; 
and consequently 4,-2 — ya, a °d — 2 + V 3 are the three 
roots of the equation, as before found. 

EXAMPLES FOR PRACTICE. 

1. Given * 3 4-3x 2 — 6r=8, to find the root of the equa- 
tion, or the value of x. Ans. i»2. 

2. Given a* 3 +x 3 =500, to find the root of the equation, 
or the value of x. Ans. x=7.6l6789. 

3. Given x*— Sx"=5, to- find the root of the equation, 
•r the value of x. Ans. 7=3.103803. 

4. Given x 3 — 6a: =6, to find the root of the equation, 
•r the value of x. Ans. l/A+1/2* 

5. Given x 3 +9x=6, to find the root of the equation, 
or the value of x. Ans. */ 9— ?/3. 

6. Givenx 3 +2x 2 -23x=70, to find the root of the 
ftqoation, or the value of x. ' Ans. x= 5. 134899. 

7. Given x 3 —17a a +54x = 350, to find the root of the 
equation, or the value of x. Ans. x= 14.964068. 
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• 

8. Given a^— 6*3=4, to find the three roots of th< 
equation, or the three values of x. 

Ana. —2, \+^3,*nd 1—^/3. 

9. Given a?— 5**+2a:=— 12, to find the three roots o 
the equation, or the three values of x. 

Ans. —3, 1+^/6, and 1-^/fi 

or THE 

SOLUTION OF CUBIC EQUATIONS, 

BT 

CONVERGING SERIES. 

This method, which, in some cases, will be foui 
more convenient in practice than the former, consis 
in substituting the numeral parts of the given equation, 
the place df the literal, in one of the following genei 
formulae, according to which it may be found to belon 
and then collecting as many terms of the series as are si 
ficient for determining the value of the unknown quantit 
to the degree of exactness required.* 

1. x 3 -t-ax—b.1[ 



* The method laid down in this article, of solving cubic equations 
means of series, was first given by Nicole, in the Memoirs of the Acad/R 
*f Sciences, an. 1738, p. 99 ; and afterwards at greater length, bj Claiba 
In his Element (PAlgebre. 

-\ With respect to the determination of the roots of cubic equations 
means of series, let there be given, as above, the equation x 3 -f-ax*= 6, whc 
the root by transposing the terms of each of the two branches of the comm 
formula, is 

j * \ » or, by putting, for the sake of greater simplicity, <J (1 * 2 *V + a% 
^=», and redncins; (he expression, x a $} j %/ (1 + -)'— ^/(l— A) j 
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2b < 2^ 276* j.5.8.11 

X %/(2(27P+4a*)) < 6.9 ( m 3 +4o 3,i "6.9:12.15 
f 276 s v a , 2. ^.8. 1 1 .14. 17 / 276' v 3 • j> 

\276 a +4aV "^6.9.12 i5.18.2l \276 3 +4a a / + " S 
= 26 4 2.5 276" ail 

* */(2(276*+4a') < ti.9 W a +4a 3 ' A+ 12.15 
/ 276 8 v t4.!7 / 27^ \ 2Q.23 

\276 a +4<r7 B + 12.21 \276 a +4a 3 / C+ 24.27 
276* **" 

In which case, as well as in all the following ones, a, b, 
c, &c. denote the terms immediately preceding those in 
which they are first found. 

2. a; 3 — ar= + 6, where {b 2 is supposed to be greater 
than^y* 3 >or276 a >4« J . 



b i 2 21b 2 — 4a? 2.5.8 276 a -4a 3 

— v 2* 3.6 ^ 276 2 ; 3.6.9.12 v 276 a ' 

3.6.9.12.15.18^ 276 2 > -* c ' $ ' Ur > 

'" i ' ■ I*. i ■ , — — — — . — 

Hence, extracting the roots of the right hand member of this equation, by 
the binomial theorem, there will arise y/\ 1+ •#-) sal + j fx-) — 5-, 

/6\ , 8.S /6\. 2.5.8 /6\ : 

( 5 )«_&c. 

And consequently, if the latter of these two series be taken from the former, 
the result, by making the 6rst term of the remainder, a multiplier, will give, 

there, since 1= v/(i ** -HrV» 3 )' wc 8hal1 have (* )* "^-(Si' 

,5V *A2763+4a3 J ' &C * And 65 ""6«f ^ ^(25*762+4^)) 
Whence,- also, by substitution we have the above formula. 
* The root, as found by the common formula, when properly reduced, is 
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.1.0,,*$, 2 ,VlP-*a*. 5. 8,276*- 4«* 

1 1. 14,276"- 4a* - l7.20,276 a -4a» . . 

-15T8 (_ 276»-~ )C -2KF4 ( --276->- &C - 

Id which case the upper sign must be tak$a when &ii 
positive, and the under sign when it is negative ; and the 
same for the first root in the two following caae*, 

3. x 3 — aj;=+6, 
where J6 2 is supposed to be less than ^o 3 , or 21b 3 < 
4a 3 . 

\ 9 'b i 2 , 4a*-%n\ 2.5.8 4a 3 -27&» 

, 2.6.8.11.14 4a 3 -2W * 

+3.6.9.12. i^I^""^"' ~® c ' $ • ° r ' 



a 2 ))( . Or, putting, as in the last case -^ ^i-- 2 7a 3 V or its equai 

(r££— )i - »• we sha11 bave *= ± *^ { Vd +») + V(w)| • 

Whence, extracting the roots of the right hand member of this equation, 
there will arise */(! + ,) =.1 + $^-1* + ** g .»_j|g-.4 + &c . 

3//1 x - i 2 2 2.5 3 2.5.8. 4 . 

v v 3 3.6 3 6.9 3.69.12 

And, consequently, by adding the two series together, and taking the first 

term of the result as a multiplier, we shall have x<= -±^/-^ \ 1 — r** 2 " 
2.5.8 4 8.5.8.11.14 6 > . ,276»— 4a3 



4 2.5.8.11.14 6 , ) , L . . ,,276*— 4a3 x 
I 5 3.6 9.12.15.1 8 5 "~ &C - J ° r ' b * substltut '»S (-~2f6— ) 



3.6.9.12 

its equal 5, we get the above expression 



for 



* This expression is obtained from the last series, by barely cbangio; tkt 
signs of the numerator and denominator in each of its terms ; whichaoesaDt 
•Iter their value. 

Hence, in order to determine the other two roots of the equation, let that 

above found, or its equivalent expression y/ i^i+v'fj^ 2 — sV 03 ){ 
Then, according to the formula that has been before given for these root*, 
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ILU/^-Wv 17.2U/ 4a 3 -276» \ 

+ 15.1b\ 276* / 21.24V 276 2 / D " t " KC ' 

which series answers to the irreducible case, and roust be 

used when 2a s is less than 21b 2 . 

And if the root thus found be put =r, the other two 
roots may be expressed as follows : * 

_— r y/(4a J -276 a ) $ . .5/ 4a 3 -276 2 v 2.5. 8,11 

188 +IP 1 9%/tb* I ^6.9\ *76 a / + 6.9.12.15 
( ia>-21b\ 2 *.5.8.1Ul4.17 /4g-27*^ > 

\ 276* / 3.6.^. i2.15. I9.21\ 27S 5 / • * V 

Or, 



m the former part of ihe present article, we shall have otxa -r--±— 

|V(^+\/(i6*-5V 3 ))-V(i^-V(i6- T V* 3 ))| • Or, put- 

t^ri/fi^* — 2^03 ^ess, and reducing the expression, x*ss zp--f- 

j^ J V( ! +*)— VO— >•» $ • Whence, extracting the cube roots 

°f the right hand member of ttie equation, there will arise 

And, consequently, by taking the latter of these series from the former, and 
taking the first term of the remainder a multiplier, we shall have xsa^ 

r ,$»£/-* C 2.5 2 258.11 4 2.5 8.1 1.14 17,, ) 

2 * 5 s r + 6T9 5 + 6^12 T5 5 +6.9.12. 1 5. 18.21* +&C * 5 

»>-« •« 2 ,/vU« i 3v /'87fta— 4o9vi a 2762— 4a 3 

, ^^-3' vS76J-4o3n is /i, /4a3— 276«\ 

*/(4o3— 276a) 

gmyok^ » if t * le8e values o* substituted for their equals, in the lastse* 

ries, the result will give the above expressions, for the two remaining roots of 
the equation. 
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—T </(*<? -ZW ) i 2.5 /4 a 3 - 276^ 8.11 

* =P +2— 9^2^ * 6.9 V 276* J A +i2J^ 
y 4a 3 --276 > v 14.17 / 4o J -276 a v 20.28 / 4a 3 -276 a v 

\ 276 2 /*"" 18.21 \ 27# / C +24.27\ 276* 7 

D — &C. 

Where — Jr, or-f-Jr, must be taken acording as b is 
poflhtre or negative ; and the double signs ± must be 
considered as + in one case, and — in the other, as usual, 

4. x 3 — ax= _t 6, 
where |6 a is still supposed to be less than j^a 3 , or 2^ 
^4o 3 . 



_ . g 26 J 2.5, 276 8 v 

*"~ ~ V(2(^ 3 — 276 8 ;) * 6;9\4a 3 -276 a /+ 
2.5.8. 1 1 y 276* v 3 2.5.8.11.14.17 / 276 2 y 

6.9.l2.l5\4tt 3 -276 a / 6.9.12. 1 5.18.21 Ma 3 - 576*/ 
+&c. J . *0r, 



* By transposing the terms of the common formula, as in the first case, nr* 
shall have a: =*/ \ V(J&2— 2T« 3 ) + ty | - V ^(i& a — ^Va 3 )- 

a &f • Or, by putting, for the sake of simplicity, as before, ^ (\b* -fV 

a 3 ) = *, and reducing the equation x a 3 /* j$/(l-f -^—^(l— * \J 

Whence, extracting (he roots of the right hand member, as in the fonnei 
instances, 

1 J/ *>\ ■» . L b \ 2 ' b \2 i 25, 6 3 2.5.8 .Ova . . 

vU-g) 01 3^J 3>6 ( 5 ; -3.6.9(2;) -3^9.12(3^ -** 
And consequently, by taking the latter of these series from the former, 
and making the first term of the result a multiplier, we shall have 
_26^ f 2.5 6> a 2.5.8 11 . 6> 4 2.5.8 . 11.14.17 , 6 v c 

*"" 6* < *6.Q\2s' "*" 6.9.12. FsV 2*/ ,1- 6.9.l2.15.I8.2l'2f' 

&c. J . But since «e= V (Ji 2 ~-5V a 3 ), we shall have (— )?cs * - 
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2.5 276 a . 8.11 

~" + 5/(2(4^—2 7* a )) i 6.9 ( 4a 3 276* )A + 12.15 
276 2 14.17 £76* S Q.23 276 8 

l 4fl 3 -276 a)B "l8.2ria 3 -276 a)C " t "24.27Ma 3 -27&^ 
d— &c, which series also answers to the irreducible case, 



276a { ^\a^( 276 a V<fc d 26 ii « ^ « 

83 4a3— 2763A3» / ^ V,4a3— 276s J <fcc » an ^ a 6, i " 
26 _ ^ 26_ * 

fy{\ b *— yy«33 V' J 2(^3-276a)J' 

Whence, if these values be substituted for their equals in the last series, 
there will arise the above expression (or the first root of the equation. And, 
'f we pat the root thus found, or it* equivalent expression 

y{v/(i6 s -3V« 3 )^4J_V {•(}** -,V« 3 )-i4J =+»•, 

*e shall have, according to the formula before given for the other two roots, 

^*b)l . Or, taking, as before, •/ (J^ 8 — IT 6 3 )c= s, and simplifying the 

Whence, by extracting the roots* of the right hand side of this equation, 
^ere will arise 

•V'l+^l + IfAwlri^-LUfiN 3 - 2-5.8 ( b \* + 
K ^2s } ^*\Qs) 3.6 V 2*> " t "3.6.9 V 25' 3.6.9.12^2*' ~ 

f SA, b V- 1 * ( b \ *( h \2 2 * 5 ( b \ 3 g58 

C> V{l ~to)- L ~*\28S3j\%) -5&9\2s' ""3.6^1^ 



a> 4 -- 



And, consequently, if the latter of these series be added to the former* we 
hall have, by making the, drst term of the result a multiplier, 

^3— V < S6\2»/ S.6 9.1'As»/ 369.12.15.18 
, — V — be. But since »= y'dia— ^0') = I — — H.weahall 

1» have (£)" = &£^ = -4^SfiT &e - "* c «"«P*fly, .£ 

Hence, if these values be substituted for their equals in the above series, 
le result will give the above expressions for the two remaining roots of (he 
quation. 

p2 
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and must be used when 2a 8 is greater than 376*. And it' 
the root thus found, be pot =±r, as before, the other two 

r 4a 3 — £76* ( 
roots may be expressed thus : ar= +5+V - vl+ 

2 276* 2.5.8 276* 2.S.8.11. 14 

3 # 6^4o s — 276»' 3.6.9. 12 ( 4a* -276"' + 3.6.9.l2.1M& 

_r . . 4a*— 276* ( t , 2 . 276* N 5,8 

*=+-±t/ 5— J 1 +^4a3-276«>-9n2 

276* 11.14 27 6» 17.20 276* 

W— 276^ B+ i5Tl8Mo3-276»^ C 21.?4Ma»— 276 s ' 

o+d&e. 

Where the signs are to be taken as in the latter part 0' 

the preceding case. 



EXAMPLES. 



I. Given x J +6x=2, to find the value of x. 
Hare a =6, and 6=2, whence 
276 * 27X4 A___ I 

276'+4^~27X4+4X216~l+8~"9 5 ^ 

26 __ 4 

V(2(276* +4o»))^37^43^^5<2T6)')"; 



4 



4 2$/81 2/648 ,, . 

^^7o =J ^- ==:: V-- Consequent!) 



2^/(27+8X27) 6^9 27 27 

by formula 1, we shall have 

1 1.0000000 (a) 

2.5 1 1* 

£9X9* .0205701 (b) 

ST5 X i B .0011177(0) 

■■ggxjc .0000782 ( D ) 

20.23 1 

34.37 X 5 D 0000062 (e; 
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26.29 1 

Sji55*5 * .9000005 ( f ) 



1.0217787 



Log. 1 .0217787 0.0098570 

Log. V 648 0.9371916 

Colog. 27 8.5686362 

No. 3274801 —1.5151848 



Therefore s= 3274801 

2. Given x 3 *^9je=12 to find the real value of x. 

Here a=9 and 6=12 ; 

k o,J2 o, /e ,276 2 -4« 3 27X114— 4X27* 
whence 22/ — =22/6 and = 

J44— 108 _ 36 \ 
144 """Tli^V 

Consequently by formula 2 we shall have 

1 1 .0000000 (a; 

~2^*\ {A) —0277778 (b) 

"^S*! (B) -.0025720 (c) 

•}^|xj(c) -.0003667 (d; 

17 On 1 

-SfM^ -0000619(e) 

•S£ X lW -0000114 W 

-Sr3« !x i^ -.0000022(0) 



Sum —.0307920 



Comp. . ^692080 



164 



iSf 



CtBpCjMl^LTIflpk. 

96M0B 

«^6 or Uf. V« 



V 





•6478ft74 



1584 

jhenfim »=3.52*884. 
*-.12£«*i6, to find three values of x. 
*\ %ilBeit5a=12 and 6=15; -, - - 



.» 



4.1 2 s — 27.15* 25*-*85 31 



■»■■ 



■> 



27. 16 1 . . 2*5 225 

Consequently, by formula 3, we shall have 

1 +1,~ 

f «! xHr a +0.0158086 (b) 



:i i 



w 



- 1 



8.6 226 

a. 8 v 3i 

— X B 

9. i 2 225 
11.14 31 

^ 15.18 225 C 
- 17.20 31 

X— -D 



4 



21.24 225 
23.26 31 



X-^r- E 



27.30 225 

Sum of + Terms 
Sum of — Terms 

Difference 

Log. 1.0145837 
Log. V 60 

No. 3.971962 



-0,0007*12 (c) 
+0.0000614 (d) 
—0.6000057 (e) 
+0.0000006 (f) 



+ 1.0153706 
- .0007869 

1.0145837 . 

.0062880 
.5927171 

.5990051 



Therefore the affirmative value of x or first root, r- 
t.9171962. 
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ie& 



_^ •(**-«») ^837 
*•"* 9$/26 f 9(/460 

_ 4a 3 — 276 s 31 
Ad 



+ 



276* l 226* 

+ 1 

6 9 *225 A 
8 11 31 

XrrrB 



12.15 225 
14.17 31 

~lb.2l X 2B5 c 

. 2U.23 31 

J — X D 

^24.27 226 
26.29 31 

"" 30.33 225 K 



Sam 

Log. 9760683 
Log. V 9 3 
Colog. */450 
Colog. 3 

No. .4099445 



Also— — 
2 

Last No. 



Hence, 



^(9 X93) ^^93 
^^/450 **3?/i50 



1.0000000 (a) 
-.0265144(b) 



+.0017186 (c) 
— 0001490(d) 
+.0000145 (b) 
-.OuOGOU (f) 



.9760683 

- 1.9894802 
0.^842415 
9.1155958 
9.5228787 

-1.61215+64 

-1.9859810 
+0.4099445 



Result —1.5760365 

Or -2.3959255 

(Thence the three roots or values of x are 3.971962, 

-1.5760365, and -2.395925. 
4. Given x 3 — 5x=2 to find the three values of x. 
„ -25 _ -4 ^ 

* V(2{AcP-ft7V)) 1/(2(4.6* -27 A)) 



iee 



CtfWC EQUATIONS. 



-4 -1 -**_-»*,,, V 49 _ «na 



27? 



Heoce bv the formula 4, we shall hare 

1 1.0000000 (a) 



jUI 1 

14.17 w l 

•"18^1 X 7° 

20.28 1 

+2437 X 7° 

26.29 1 

~ 30.33 X 7* 



!64iB0(») 
+•0018476 (c) 
- .0001662 (d) 
+.0000168 (b) 
-.0000018 (f) 

Sum+.97524U 



Log. .9752414 

Log. * 

L. V49 
Colog. 21 

No. 339870 



—1.^^1120 
0.3010800 
0.663:4987 
8.6777607 

-1.58MH4 



Therefore one of the negative roots or values of x, w 
— .339870=— r. 

Again V 4 =V 4 =V( 68 -^7) =V 

' - 27& a 1 

189, and gcjsp-y 



Hence, 



,2 1 
+ §T6 X 7 A 



1.0000000 (A) 
+0.0168730 (a) 



-i 



p 



CUBIC EQUATIONS. 
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S 



5. 8 1 
"""9Tl2 X 7 B 

+ 15.I8 X 7 C 

17.20 1 

Xr D 



21.24 7 
^26 1 

1 *27.^0 X 7 E 



.0006398 (c) 
+.0000684 (d) 
-.0000066 (e) 
+.0000002 (f) 



Sum 1.0150952 



Log. 1.0150952 
Log. \/\B9 

No. 2.431741 



Therefore - 
Last number 



.0065070 
.3794103 

.3859173 

+.169935 
±2.431741 



Result 

Or 
Aod consequently +2.601676, 
are the three roots required. 



+2.601676 

-2.261806 

2.261 806, and — . 339870, 



EXAMPLES FOR PRACTICE. 

1. Given a: 3 +9a?=30, to find the root of the equation, 
or the value of x. Ans. x=2. 1 80849. 

2. Given x 3 — 2a? =5, to find the root of the equation, 
or the value of x. Ans. £=2.0945515. 

3. Given x 3 — 3jc=3, to find the root of the equation, 
or the value of x. Ans. 2. 103803. 

4. Given x 2 — 27x=36, to find the three roots or va- 
lues of x. Ans. 5.765722,-4.320684, and —1.445038. 

5. Given a 3 — 48ar J =— 200, to find the root of the equa- 
tion, or the value of x. Ans. 47.9128. 

6. Given a? — 222=24, to find the root of the equation, 
or the value of x. Ans. 5. 162277. 



' H - 



jr. 



+ 
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OP BIQUADRATIC EQUATIONS. 

A biquadratic equation, 88 before observed, is one that 
rises to the fourth power, or which is of the general form 

The root of which may be determined by means of the 
following formula ; substituting the numbers of the given 
cquatjpiywiUi their proper signs, in the places of the li- 
tend poitfcisnts a, 6, c, d. 

RULE I,* 

Find the Value of z in the cubic equation - ?3 +(t«c— 

^^),=^4i(c«+rfa«)-^(ac+8il) by one of the 

former rules ; and let the root, thus determined, be de- 
noted by r. Then find the two values of x in each of the 
following quadratic equations. 



* This method is that given by Simpson, p. 120 of his Algebra, which 
consists in supposing the given biquadratic to be formed by taking the diffe- 
rence of two complete squares, being the same in principle as that of Fer- 
rari, 

Thus* let the proposed equation be of the form x* + ax3-±.bx2 +cx-{-<* 
=0(1), having all its terms complete ; and assume (x2 +£ax-\-p)2—qx 
-f»r)9 =sa»4-f ar3-f bx2+ct±d. 

Then, if x*-\-%ax+p and qx+r be actually involved, we shall bare 

x*+ap *fjjj -»4+«J + « -+€B +A 



v*+ax3+2p 
9* 



—2qr 



And, consequently, by equating the homologous terms, there will arise 



1. fy-fjaa — 93 ssb 

2. ap— 2qr «= c 

3. pa — ra =d 



or 



mrp—c *=<%qr 

p*—d 



where, since the product of the first and last of the absolute terns* of the* 
equations is evidently equal to £ of the square of the second, we shall have 

2/>3 -|-(|a3— 6)p2— 2dp— <ft$a3 —6)= l(a*p2—2acp+ci). 
Or, by bringing the unknown quantities to the left hand fide, and the knows 
to the right, and then dividing by 2, 
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nd they will be the four roots of the biquadratic 3 .required. 

EXAMPLES. 

1. Given the equation s 4 — lOaP+SSx 3 — 59a?+24=0, to 
rid its toots. 

Here a= — 10, 6=35, c= — 50, and rf=24 ; 
Whence, by substituting these numbers in the cubic equa- 
on. 



P*—jP* +iv«c— *fip =*i(ca -f« a <*> — & *>d <&•) 

From which last equation p can be determined fay the rules before given 

r cobics. 

And since, from the preceding equations, it appears that 

qc= y/fip -|- Ja»— ^) and r-= ^~^, or \/(p2— <*), 

%q 

is evident that the several values of a can be obtained from the quantities 

us found. 

For, because x4-|- ax 3 +bx2 -fcx-f-d, or its equal (a;a _|_£ao;-|-p)a— 

*-}- r ) 2 ==0 » 1{ M P ,a,n lnat (lf + ? ax ~$ m P)* ** ty*"1~ r > a • And!, there- 
•e, by extracting the roots of each side of this equation, there will arias 

x2 4. £02 +p sa^ac-f r ; or ara -f. (±a—q)x =xr—p. 
Whence, by substituting the above values of p, 9, and r, for their equals, 

d transposing the terms, we shall have a;3+ j i a + */(2p+ Jaa —6) J 
L.pZ+.'y/(p2 — rf)c= 0, for the case where ap—c is positive ; and 

• the case where ap—c is negative ; which two quadratics give the four 
ots of the proposed equation. 

And by putting p »zf-, in the reducing equation (2), in order to destroy 

o 

second term, the several steps of the investigation may be made to agree 

th the expressions given in the above rale. 



170 BIQUADRATIC EQUATIONS. 

we shall have the following reduced equation, 

which being resolved, according to the rule before li 
down for that purpose, gives 

*=i \ ^(35+18^/— 3)+V(35— ISv'— 3) J . 

But, by the rule for binomial surds, given in the form 
part of the work, 

V(35+18 <v /— 3)=5+I v '-3, and $/(&5-l8v/-: 

=7-^-3; 

1(7 I 7 1' 37 

Wherefore *=| \ -+- y/ -3 + --^-S \ =-. 

And if this number be substituted forr, — 10 for a, 35 for 
and 24 for </, in the two quadratic equations, 

5*)'" 4 

they will become, after reducing them to their most sir 

pie terms, 

s a — 3r=— 2, and x 2 - 7a=— 12 : 

3 13 1 

from the first of which o:=-±a/-=-±-=2, or 1, ai 

2 v 4 2 2 ' ' 

7 17 1 
from tho second a; =-4;^- =-+-=4 or 8; 

a 4 a X 

Whence the four roots of the given equation are 1, 2, 
and 4. 

Or, when its second term is taken away, it will be 
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i form x*+*T*+cr-M=0, 

which it can always be reduced ; and in that case, its 

Lution may be obtained by the folio wing rule ; 

HULL II. 

^^ \ • . 

Find the value of -z in the cubic equation 

\ i2 J 108 8 6 

id let the root tfru* determined be denoted by r. 
Then find the two values of x, in each of the following 
ladratic equations, * 

'+(^|«(*--gk)})»=-(r+g6)+^{(r+i*)«-d} 

>-(S{2{>-^)})x=-{r+ 1 J>)-sUr+ l -by-dl 

3d they will be the four roots of the biquadratic equation 
quired*. 



* The method of solving; biquadratic equations was first discovered by 
wis Ferrari, a disciple of the celebrated Cardan, "before mentioned; but 
e above rule it derived from that given by Descartes in his Gtometry, pub* 
ihed io 1637, the truth of which may be shown as follows : 
Let the given or proposed equation be 

x*^-ax? -j- 6 .r 4- c ss»0, 
id conceive it to be produced by' the multiplication of the (wo quadratics 

x2 +px+ 9*=s 6, and x2 -f. rx 4- * « 0. 
Then, since these equations, as well as the given one, are each c0, there 
ill arise, by taking their product, 

4-|-^»4.r)a?3-T-(*-t-9-^-/»r)xS-f-^s4- qr)x^qssax* «f~? x2 ^~bx-\-c. 
And consequently, by equating the homologous terms of this last equation, 
e shall have the four following equations, 

j p-^-r=0; 8+q+pr*ma\ps+qrszb\ qs = c\ 

Or, r « — p ; s+q = a+p2 , $— q = - , qs*= C 

Whence, subtracting the square of the third of these from that of the se- 
nd, and then changing the sides of the equation, we shall have 

■ +2apa +jdl =*?*» or 4c ; or j»6 -J-2a/>4-f-(a 3 — 4e)/> 2 ss&» . 

fhe*e the Y*h» of p inay be found by the iule before given for cubic equa- 
ms. " 

Hence, also, since *+5«*a+l>*, and s— $=-, there will arise, by addi- 
jd sind subtraction, _. 
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Or the four roots of the given equation, in this last ease, 
will be as follows : 

X=-w\ *{r-\b) \ +• \ -^+|+v'[('-+.^)'-<g | 

2. Given rc 4 +12x-l7=0, to find the four roots- of 
the equation. 

Here a^=0, 6=^0, c=l2, and </=— 17 ; 

Whence, by substituting these numbers in the cubic 
equation, 

we shall have, after simplifying the results, 

*--f 17*= 8. 
Where it is evident, by inspection, that.z—1. 

And if this number be substituted for r, for b, and 
— 17 for (I in the two quadratic equations in the above 
rule, their solution will give 
a;=-^ v /2-h v '(-i + v /18)=-i v /2+ v /(— ^ + 3^2) 

*=+h/2+*/(— £— vlS)=+±^/2+ y/ (—±—3^/2) 
x =+ W 2-^/{—±— 1 / l 8) = +iv / 2— y/{— , — V 2 ) 
Which are the four roots of the proposed equation ; the 
first two being real, and the last two imaginary. 



1,1 6 11 b 

s =* sfl -t-zP 2 -4-;r x 7& 4- « P 2 — x- » 

where p being known, * aud q are likewise known. 

And. consequently, by extracting the roots of the two assumed quadratics 
x» -f.pa-4~9=0, and x2 4-rac-f-s=0, or its equal x—poc + saaQ) we shall 
have 

<*=— ip ± V (Jp2 — 9) ; a?=ip + y/ (Jpa —5) ; 
which expression, when taken in -^ and — -, give the four roots of the pro- 
posed biquadratic as was required. 
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RULE* 111. 

- The roots of ady biquadratic equation of the forms x 4 
+ax 2 +6x-f-c=0, may also be determined by the following 
general formula first given by Eulrr ; which are remark- 
able for their elegance and simplicity. 

• This method, which differs considerably from either of the former, con- 
sists in supposing the root of the given equation, 

xA 4- ass -|-6t-{-c =0 (1), 
to be of the following trinomial surd form 

where p, q, r t denote the roots or the cubic equation, 

x>f which the coefficient*/, g-, and the absolute term A, are the unknown 
quantities that are to be determined, 

Then, agreeably to the theor) of equations before given, we shall have p 
+q ^. r== :— /; pqJ^pr^ qr=?g; pqr = h. And by squaring each side of 
the formula expressing the value of x, 

x2 =ap+q+r + 2y/pq 42v f pr+2v f 9 r : 

Or, by substituting /for iis equal — (p-\-q-)r r )i and bringing the term, 
so obtained, to the other side ■ •' the equation 

x2 +J =>&Saq+2 y / P *±2v'qr. 

Also, by again squaring ♦ - 1 - :i side of this last expression, we shall have ** 
fi/xa-j-^ 1 ^V^-r-ipr-f-lTr-f-Sv'R'or-i-S^/eaDr + S^rapg. 

Or substituting 4g- for its equ*i ipq+ipr+lqr, and bringing the term to 
the other side as be ore^, 

x* -K/ca -f-/j — 4gr = 8^/ p?rOv/p-f- V q -r v r )- 

But, since, from what has b- — hove hud down, we have 

V P 4- V vt" *f r = *» au( * V* Ptf** ^ ^ *» 
if these be put for their equals n» the last equation, it will become, by this 

substitution, 

rc4 -J-2/r2 — 8A2ar+/B-^4g-= 0. 
Whence, comparing these cor ffi« »ents with those of the given equation, 

there will arise 

' 2/Ua ; — 8\/ A=o ; /*— g"«= C, or, 
a &* a* c 

And, consequently, by substituting these values in the assumed cubic equa- 
tion (2), we shall have . 

5,3 -f. $«,, a+ -(a4_4c)y= ^ (3), 
the three . roots of which laat equation, when substituted for p, o, and r, in 

the formula *« V V+ >/ r + ^ 1> wlU Ri?e « b * takin * each term of "* eX * 
preasion bouYin 4. and — • all th « four valuejof x. ../.•-* 

Or, in order to render this result more commodious in practice, by "**&& 
it from fractions, let y =,$*. Then by subtt&tUioa and rcdiKtlflP, wt nail 
have the corresponding equation ~" 

ft2 



m 
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Find the three roots of the cubic equation z*+2a2*+ 
(a 8 — 4c)*=o 8 , by one of the former rules, before given 
for this purpose; and let them be denoted by r, r'Vaidf. 

Theu, we shall have 



When b is positive, 

,——V r -V r -</ r 



,_-v/r'VAiy. 

2 



»#/ 



w 



_+^'+^/r"- v /r'" 



2 



x* 



When b is negative, : 

2 

= "^V /r —>/ r " — %/*"' 

2 
_ —x/r'+x/r" — -v/ r< " 



2 



Aote. If the three roots r', r", r"', of the auxiliary cu- 
bic equation be all real and positive, the four roots of the 
proposed equation will also be real ; and if one of these 
roots be positive, and the other two imaginary, or both of 
them negative, and equal to each other, two of the roots 
of' the given equation will be real, and two imaginary: 
which are the only cases that produce real results. 

3. Givenac 4 -25r J +60a;-3t>=0, to find the four roots 
of the equation. * 

Hero a=-25, 6=60, and t = — 36 ; 
Whence, by substituting these values for their equals, in 
the cubic equation above Riven, we shall hove * 3 -2x25 
r*+ (25 3 + 4X36)? = 60 2 , or 2 : '- 50z a + 7t,9z = 3600 : 



S3 +<laz2 -^( rt r— 4r)s=A2, (.i) 
the three roots of which are each, evidently, four times those of tic former 
Hence usin^ this instead of equation (3), and denoting its root* by *', r", r ■ . 
the last mentioned formula, taking each of Us terms in -+- and — , as before, 
will give the values of a\ as in the above expressions. 

Note. If we were to tnke all the possible changes of the signs, in this case, 
which the term* of the assumed formula admit of, it would appear that ,r 
should have eight different values ; but it is to be observed, that accordiu°- 
to the first part of the above investigation, the product s/pX y/Q X y/r = 
V' A, or %h ; aod, consequently, that when 6 is positive, either all the three 
radicals must be taken iu -j-, or two in — and one in -f- ; and when 6 is nega- 
tive, they must either be all — , or two ■+■ and one — ; which consideration* 
reduce the number of roots to four. 



{ 
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£ ihffi+i roots o£ which last equation,, as found by trial, 
r by one of-tha former rules, are 9, 16, and 25, re* 
actively ; whence. ' 

x =s^( - ^/9— y, i.6 ^25 ) =£(—3—4—5) =—6 

*==i(-v' 9 +\/ , < i +v'25)==*(— 3+4+5)=+S 
*— i(+v^-"V l6 +v/2 0=i(-r- 3 — 4+5)=+2 
*=i(+*/9+v' 16 ~v / -' 5 )=i(+3-M— 5)=+l 
And consequently the four roots of the proposed equa- 
ion are 1, 2, 3, and — 6. 

EXAMPLES FOR PRACTICE. 



r 



1. Given x 4 -55x 2 — 30x+ 504=0, to find the four 
oots, or values of x. Ans. 3, 7, — 4, and — 6. 

2. Given x 4 +2x 3 — 7X 2 -— Sx= — 12, to find the four 
oots, or values of x. Ans. 1, 2, — 3, and —2. 

3. Given x 4 — 8x 3 +14x a -|-4x=8, to find the four roots, 

>r values of *. Ans. j {+•£ WJ. 

4. Given a 4 — 17x a — 20:c-— 6=0, to find the four roots, 

>r values of x. Ans. J J 2 %^ 2 \^Z^r 

5. Given x 4 — 3x 2 -^4x=3, to find the fou r roots, or 
-alues of x. Ans. j ..J+j^^J^Jli^iy 

6. Givenx 4 — 19x 3 +132x 2 -302a?+200=0, 2 to find the 

. i ' r a < 4.27768, .80955 

I roots, or values of x. Ans. J +6 .95 6377±y ^ 9 . 3686) 

7. Given x 4 -27x n +162x 2 +356x- 1200=0, to .find 

. c . i r a S 2.05608,-3.00000 

he four roots, or values of*. Ans. J |3J5306 ; 14 . 79086 

8. Given x 4 — 12x 2 +12x — 3=0, to find the four roots, or 

. r . i .606018, —3.907378 

mlues of x. Ans. j 2#858083> #443m 

9. Given x 4 ~ 36x*+ 72x~36=0 to find the four roots, 
, at a™ ^S72<»886, 1.S679494 

or values of x. Ans. J 4 . 732 o6O6,-0.8729836 

10. Given x 4 -12x 3 +47« a —72ap+36=0, to find tht 
roots, or values of x. Ans. l^S^wl^ 
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11. Given « 4 +24« 3 — n4* 9 -24x-H*0, to find tnt 

roots, or Values of x. Adr. I ^ 197 • 14 2—?/$ 

12. Given j 4 - 6x 3 - 68.^—11 4t- ll=0, to find tbf 
roots, or values of x. 

Ans. ±WS+1±)/{17±V< S /*)- 



OF THE 

RESOLUTION OF EQUATIONS 

BY APPROXIMATION. 

Equations of the fifth power, and those of higher 
dimensions, cannot ha resolved by any rule or algebraic 
formula that has yet been discovered; except in some 
particular cases where certain relations subsist between 
the coefficients of their several terms, or when the roots 
are rational ; and, for that reason, can be easily found by 
means of a few trials. 

In these cases, therefore, recourse must be had to some 
of the usual methods of approximation ; among which 
that commonly employed is the following, which is univer- 
sally applicable to all kinds of numeral equations, what- 
ever may be the number of their dimensions, and though 
not strictly accurate, will give the value of the root sought 
to any required degree of exactness. 

RULE. 

Find, by trials, a number nearly equal to the root 
sought, which call r ; and let 2 be made to denote the dif- 
ference between this assumed root, and the true root x. 

Then instead of x, in the given equation, substitute its 
equal r±z, and there will arise a new equation, involving 
onl/ z and known quantities. 
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Reject ail the terms of this equation in which z is of 
wo or more dimensions : and the approximate value of 
r may then be determinedly means of a simple equation. 

And if the value, thu > found, bo add*>d to, or subtracted 
from that of r, accwdiu; as r was* assumed too little or toe 
great, it will give a necf value of the root required 

But as this approximation will seldom be sufficiently 
exact, the operation mist be repeated. :>v substituting the 
number thus founcH*>r r in the abridged equation exhi- 
biting the value of z ; when a second -orrection of z will 
be obtained, which, b"irig added to,' or subtracted from r, 
will give a nearer val^" of the root t'tm'i the former. 

And by again subsi:' iting this last number for r, in the 
above mentioned equauon, and repeating the same process 
as often as may be thought necessary t value of x maybe 
found to any degree or" accuracy r*qmrMd. 

Note. The decimal part of the root, as found both by 
this and the next ml.* will, in general, about double itself 
at each operation ; nod therefore it wo.ild be useless as 
well as troublesome to use a mtr-h greater number of 
figures than these, in the several substitutions for the 
values of r.* 

EXAMPLES. 

1. Given a?' , 4-x a -r-u:=90, to find the value of x by ap- 
proximation. 

Here the root, as found by a few trials, is nearly equal 
to 4. 



* It may here be observed, (hat if any of the roots of an equation be 
whole numbers, they mu\ he d»'if»nniued bv substituting; 1, 2, 3, 4, &c. suc- 
cessively, both in plus mid »« miaus % Sw the unknown qu-tntii* , till a result is 
obtained equal to that in 'hf q:i.-*tion ; when those that are found to succeed, 
will be the roots required. 

Or, since the last term of am- equation is alw<tv? equal to the continued 
product of all it* roots, the mwioer of theso trials may be generally diminish- 
ed, by finding all the divisor* of tim' term, and t'len substituting them both in 
plus and mitnta. as before, foi t >e unknown quantity, when those that give 
the proper result will fte the rational roots ttoosjht : hot if none of them are 
found to succeed, it may bo concluded that the equation cauoot be resolved 
by this method ; the roots, in that case, being either irrational or imaginary* 
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Let therefore 4=r, and r+z~x, 

Then x*=r a +2rz+z 11 =90. 

x =r +z 

And by rejecting the terras ? 3 , Br* 8 and **, as small in 

comparison with r, we shall have 

r a +r a -4-r+3r*?+2r*+z, =90 ; 

._. 90 -r J — r*-r 9U-64-l»>-4 6 

Whence *=-— r 7 . — -- =— =.10, 

8r 3 +-r+l 4b+84 I 57 

And consequently x~4. », nearly. 

Again, if 4.1 be substituted in the place of r, in the last 

Equation, we shall have 

Oo-r'-.r 2 — r 90—68.921 — 16.81—4.1 ^^ M 

3r a +2r+ I 50.43+8.2+ I 

And consequently x=4. 1 +.00283=4, 10283 for a se- 
cond approximation 

And if the first four figures, 4.102, of this number be 
again substituted for r, in the same equation, a still near- 
er value of the root will be obtained ; and so on, as far as 
may be thought necessary. 

2. Given ar+20x=l0u, to find the value of x by ap- 
proximation. Ans. rr=4.l42l356. 

3. Given x 3 +9r 2 +4x=80, to find the value of x by 
approximation. Ans. x=2.4721359. 

4. Given a"— 38r 3 +2l0x 2 +538a + i&9=0, to find the 
value of x by approximation. 

Ans. x= 40.53566375. 

5. Given x 5 +6x 4 — 10 3 — U2x 3 =207x+110=0, to find 
the value of x by approximation. 

4ns. 4.46410161. 
The roots of equations, of all orders, can also be de- 
termined, to any degree of exactness, by means of the fol- 
lowing easy rule of double position ; which, though it has 
not been generally employed for this purpose, will be 
found in some respects superior to the former, as it can 
be applied, at once, to any unreduced equatiou consisting 
of surds, or compound quantities, as readily as if it had 
been brought to its usual form. 
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RULE II. 

find, by trial, two numbers as near the true root as 
possible, and substitute them in the given equation instead 
of the. unknown quantity, noting the results that are- ob- 
tained from each. 

Then, as the difference of these results is to the differ- 
ence of the two assumed numbers, so is the difference be* 
tween the true result, given by the question, and either of 
the former, to the correction of the number belonging to 
the result used ; which correction being added to that 
number when it is too little, or subtracted from it when it 
■is too great, will give the root required nearly. 

And if the number thus determined, and the nearest of 
the two former, or any other that appears to be more ac« 
curate, be now taken as the assumed roots, and the opera- 
tion be repeated as before, a new value of the unknown 
quantity will be obtained still more correct than the first ; 
and so on, proceeding in this manner as far as may be 
judged necessary.* 

* The abore rule for Double Position, which is much more simple and 
commodious than the one commonly employed for this purpose, is the same 
as that which was first given at p. 311 of the octavo edition of my Arithme- 
tic, published in 1810. 

To this we may farther add, that when one of the roots of an equation has 
been found, either by this method or the former, the rest may be aetermined 
as follows : 

Bving all the terms to the left hand side of the equation, and divide the 
whole expression, so formed, by the difference between the unknown quanti- 
ty (x) and the root first found ; and the resulting equation will then be de- 
pressed a degree lower than the given one. 

Find a root of thib equation, by approximation, as in the first instance, 
and the number so obtained will be a second root of the original equation. 

Then by means of this root, and the unknown quantity, depress the se- 
cond equation a degree lower, and thence find a third root ; and so on, till 
the equation is reduced to a quadratic ; when the two roots of this, together 
with the former, will be the roots of the equation required. 

Thus in the equation x3 — 15*2 _j_63:r = 50, the first root is found by ap- 
proximation to be 1.02804. Hence, 
*— 1.02804)a?3— 15*a -J-63*— 50(a?a — 13.97195a?+48 63627=0. 

And the two roots of the quadratic equation, x2— 13.97196a = — 48.63627 
fonnd in the usual way, are 6 7653 and 7.39543. 

So that the three roots of the ;iven cubic equation a? 3 — 15a: a 4. 63a; = 50, 
are 1.02804, 6.57653, and 7.39543 j their sum being e= 15, the coefficient of 
the second term of the equation, as it ought to be when they are right. 
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EXAMPLES. 

I. Given ^+x^x^\00 y to find an approximate 

•f * fc 

Here it ia soon found by a few trials, that the vi 
x Jigs between 4 and 5. 

Hence, by taking these as the two assumed numbc 
eperatidh will stand as follows : 

First Sup. Second Sup. 

' 4 • • x . . 5 
,; 16 . . x» . . 25 



64 



125 



Therefore 



84 
155 

84 



Results 
. 5 . 
. 4 , 



155 
109 

84 



71 : I :t 16 : .2! 

And consequently rr=4-K225=4.225, nearly. 
Again, if 4.2 and 4.3 be taken as the twoassume< 
hers, the operation will stand thus : 

First Sup. Second Sup. 

4.2 . . x . . 4.3 



17.64 

74.08S 



Therefore 



95.928 Results 

102.297 . . 4.3 
P5.928 . . 4.2 



18.49 
79.507 

102.297 
102.297 
100 



6.369 : .1 : : 2.297 : .0 
And consequently x=4.3 — .036=4.264, nearly. 
Again, let 4.264 and 4.265 be the two assumed 
bers ; then 

First Sup. Second Sup. 

4.264 . . x . . 4.265 



16.181696 . . x 2 



. . 



18.190225 



77.526752 . . x 3 . . 77.581310 



99.972448 Results 100.036535 
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Therefore 
100.036535 4.265 100 
99.972448 4.264 99.972448 



..064087: .001 :: .027552 2 .0004299 
And consequently 
*s4.264+'0004299=:4.?644299, very nearly. 
2. Given (|r^- 15) a +x- v /x=90, to find an approxi- 
mate value of ». 

Here, by a few trials, it will be soon found, that the va- 
le of a? lies between 10 and 11 ; which let, therefore, 
e the two assumed numbers, agreeably to the directions 
iven in the rule. 

Then 
First Sup. Second Sup. 

26 . . (ia^-rl5) a . .84.64 
31.622 . . Xy/% . . 36.482 



Hence 



56.622 Results 121.122 
121.122. . 11 . . 121.122 
56.622 . . 10 . . 90 



64.5 : 1 :: 3 1.122:. 482. 
And consequently a; = 1 1 — ^482— ^0.5 1 8. 
Lgain-, let 10.5 and 10.6 be the two assumed numbers, 

Then 

First Sup. Second Sup. 

49.7025 . . (}x*-l5) a • . 55.830784 

04.0239 . . Xy/x . . 34.511099 



83.7264 . . Results . • 90.341883 

Hence 
90.341883 . . 10.6 . . 90.34 IB 83. 

83.7264 ... 10.5 . ,90. 






6.615483 : .1:*. .341883:0051679 

And consequently 
10.6 -.0051679= 10.5948321, very nearly. 

R 
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EXAMPLES FOR PRACTICE. 

1. Given x 3 +10rM-5:r~ 2600, to find a near appro] 
mate value of x. Ans. x= 1 1.0067 

2. Given 2x 4 ~l6x 3 4-40x a — 30x+ 1=0, to find anc 
value of x. Aos. *= 1 .28472 

3. Given x 8 +2x 4 +3x 3 +4x 3 +5x=5482l, to find t 
value of or. Ana. 8.4144* 

4. Given f^(lx 3 +4x 2 )+ x /{20x 2 — 10x)=2b, to find 1 
value of x. Ana. 4.5106J 

5. Given ^(144^— (x a +20) a }+ v/(196x 3 — (x«+24 
= 1 1 4, to find the value of x. - Ans. 7. 1238* 

Of EXPONENTIAL EQUATIONS. 

An exponential quantity is that which is- to be raised 
some unknown power, or which lias a variable quantity: 
its index ; as 

a x , a*, x*, or x x ; &c. 
And an exponential equation is that which is formed t 
tween any expression of this kind and some other quae 
(y, whose value is known ; as 

a T =6, x*=^a, &c. 
Where it is to be observed, that the first of these eqi 
tions, when converted into logarithms, is the same as 

x log. a=6, or x= r-^-- » and the second equation x T 

log. a n 

a is the same as x log. 7= log. a. 

In the latter of which cases, the value of the unkno 

quantity x may be determined, to any degree of exactm 

. by the method of double position, as follows : 

RULE. 

Find, by trial, as in -the rule before laid down, two nu 
bers as near the number sought as possible, and substit 
them in the given equation 

x log. .r=log. a> 
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instead of the unknown quantity, noting the results obtain- 
ed from each. 

Then, as- the difference of these results is to the differ- 
ence of the two assumed numbers, so is the difference 
between the true result, given in the question, and either 
of the former, to the correction of the number belonging 
to the result used; which correction being added to that 
Dumber, when it is too little, or subtracted from it, when 
itis.too great, will give the root required, nearly. 

And, if the number thus determined, and the nearest 
of the two former, or any other that appears to be nearer, 
be taken as the assumed roots and the operation be re- 
peated as before, a new value of the unknown quantity 
will be obtained still more correct than the first ; and so 
on, proceeding in this, manner, as far as may be thought 
necessary. 

EXAMPLKS. 

1. Given x r = 100 to find an approximate value of x. 
Here, by the above formula, we have 

i log. x = log. 100=2. 
And since * is readily found, by a few trials, to be nearly 
in the middle between 3 and 4, but rather nearer the lat- 
ter than the Former, let 3.5 and 3.6 be taken for the two 
assumed numbers. 

Then log. 3. ftss. ^440680, which, being multiplied by 
3.5, gives 1.9042 ^8= first result; 

And log. 3.6=. 5 ^OS^, which, being multiplied by 3.6, 
gives 2.002639 for the second result. 

Whence 
2.00*689 . • 3.6 . . £.002689 
1.904248 . . 3.6 . . 2. 



."98151 : . I :: .002689 : .00273 
for the first correction ; which, taken from 3.6, leaves 
x=3.59727, nearly. 

And as this value is found, by trial, to be rather too 
small, let 3.59727 and 3.59728J?o taken as the two assum- 
ed numbers. 
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Thenjog. 3.oWa8^*p65W4243l3467rto 16 

The kg. 3.59727=0.566973035847267 t# ~ 

which togaritbms, . multiplied by their respective nusnberaj; 
give tb* following products: 

1.999996026843612 > . #k _ fA t * - - - ■ „ 
-* 1.999986 12866*298 $ ^ trae to *• "* "WW* 
- Therefore the errors are .4974656488 

14877227792 
/ and the dUereor* of errors 9902681214 • 
Now since only 6 additional figures ere to be obtained, 
we may onst the three lest figure* in these errors; sa4 
state thus: a*difi*rerjoe of eiroie 990268 1 : diflEeranoe^f 
sup. I ;: error 4974666: the correction 603364, whs*} 
united to 8.59738 gives us the true value of ••» : 
3.69728602864.* ■ ' 

2. Given x»=2000, to find an approximate 

Ana. x**4L 

3. Given (6x)*=96, to find the approximate 

An*. *3*IJ 



4. Given **= 123466789, to find the value of*. 




av .» -g 
640026% | 



Ans»8. 

5. Given **-*=(2»— **)*, to find the value of x. 

Ans. «« 1.747923, 

OF THE 

BINOMIAL THEOREM. 

The binomial theorem is a general algebraical expres- 
sion or formula, by which any power, or root of a give© 
quantity, consisting of two terms, is expanded into a eerief ; 
the form of which, ae it was first proposed by Newton, 
being as follows : 



•Tha cornet answer to this question hat bean first girtu •fay.ltoar 
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»j « \- -r . i m , m /m - nv , m /m—n\ 

Or, 

p+poJ*=P,H *<*+— — B<H — 5 ca+ 

m — *&n 

— — n*, &c. 
4ft 

r here p is the first- term of the binomial, q, the second ' 

rra divided by the first, — the index of the power, or 

ot, and a, b, c, &c. the terms immediately preceding 
Dse in which they are first found, including their signs 
or — . 

Which theorem may be readily applied to any particu- 
: case, by substituting the numbers, or letters, in the 
ren example, for p, q, #/<, and n, in either of the above 
mula?, and then finding the result according to the rule.* 

^ — — ^^i ■ ••mm m^> — ^ mmmWmmimWM ^ «MiMiiWMM«iiMlMMnn«pl*» 

- This celebrated theorem, which is of the most extensive use io algebra, 
I various other branches of analysis, may be otherwise expressed as Col- 
's: 
, N tfi m. m m,x. mm — n « 9 mm — nm — 2ft a?. .. 

' Or, (a-J-*)^ 

t 1 ' ^» o+a? n 2ft a+x n 2ft 3ft a±x 

Or, (<*+*)-« 

m r . ma—x..mm+n,a—x mm + iiB+^iJKft . . 

» L fto + ar^ft 2» a+/ n 2ft Sft a+x J ' 

tmay here also be observed that if m be made to represent any whole, or 
tional number, whether positive or negative, the first of these expressions 
ir be exhibited in a more simple form 

hx) s=a +mo *-) — - — 5~« '**_( r — rr- a x* 



' ** m-n w» 



w(m— 3x**— 2) [wi— <rt— l)]q a; 

fcte the last term is called the general temrqf the series, because if 1, 2. 
It &c. be substituted successively for ft, it will give all the rest. 

r2 



116 BINOMIAL THEOREM 



examples. 

1. It » required to convert (a*+x)* into an it 
ries. 

Here ps^o 8 , <i=--, — =o> orm=s *> *°d n = 

'Or . II & 

whence ** 

P» =s (a 8 )^ ss(a*) " ss«au , 

m 1 a x * 
m— n _ 1— 3 x x __ x* 

"25T B * T" X 2H X ^ ^^f 

m-3n 1— 4_ x* x 3x 3 



ca=-^- X— s-r-}X~= 



3n * 6 2,4a 3 a* 2.4.6a 5 

m-3 n _ 1-6 3x 3 __ " x __ ' 3.5x* _ 

di— 4 M 1-8 , 3.5x 4 x 3.5.7x 5 

EQ.= X — X — ~ 

bn 10 2.4.6.8a* a* 2.4.6.8.10 

&c. dec. _, &c. 

Therefore (a 3 +x)^== 

j* x a 3s 3 3. 5 x 4 3.5. 7x 5 

* + 2a~2.4a 3+ 2.4.6a 5 2.4.6.8a 7 "*~2.4.6.8. 10 
Where the law of formation of the several ten 
series is sufficiently evident. 

1 

2. It is required to convert - — r rcs> w its e< 

(a+b)* 

6) -9 , into an infinite series. 

Here p=a, <i=-, and -= — 2, or m« —2, ai 

an 

whence 

W» «» 2 1 

P» =(a)n =a =— ==^, 

m 2 1 6 26 

-Aa==- T X— X-= -— =s, 

w l a a a a 3 
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r-2-l 2b b W 

2n 2 a 3 a a 4 

m— 2n -2-2 36' 6 4b 3 

3n 3 a 4 a a 5 

m-3n —2-3 4& 8 A 56* 

4n 4 a 8 a or * 

&c. &c. &c. 

,, ,11 2/> ,3fct 46» f 56« ^ 

Consequently ^^=_^_ + _ ---+_ &c . 

3. It is required to convert — -, or its equal o 3 

(a 2 -. a?) «, into an infinite series. 

Here 

p=a a , o^= , and -=-—-, or m= — 1, and n=2 : 

whence 

m 1 1 , x x 

m— n __— 1-2 a; a? _ 3x 2 __ 

m-2» -l-4 v 3s a w * 3.5s 3 
3» * 6 2.4a 5 a2 2.4.6a 7 * 

TO «3n __— 1-6^ 3.5s 3 ^ x_ 3.5.7a 4 _ 

^j— Dd §— X 2X^ a*~2.4.6.8a" E ' 

&c. &c. &c. 

Therefore 

' iJlV^I 3 r*Vl- 3 'V^ 3.5.7 g* 

KCi 

And 

O" , _ ,l/« v , 3 /^N-i- 3 - 5 r it S t _ &M f**\ 



* 
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4. It is required "to convert {/9, or its equal (8+1 ) 

into an infinite series. 

I ml 

Here pssS. $==- *»d - =«» or «»=arl «o£ a 3 ^ ; 

• ■ 8 , n 3 . 

• ™ - i Whence . 

m 1 * ; 1 r ' 

' 3n C<1 9 3.6.2« X 2 3 3.6.9.2* D * 
m— 3» _1— 9 5_ 1 _ 5*8 

~~~3n~ D<l l2" X 3^9l2^ 2»" 3^9.12.2" ^ 
m~4ii .1—12 6.8 i 5.8.U 



/ 



Sn * 16 3.6.9.12.2 10 2» 3.6.9.12. 16.2' ? 

&c. &c. &C. 

Therefore <J/ 9== 

+ 3.2 3 ~ 3.6.2* + 3.6 9.2 7 3.6.9. i2.2 10+ 3.6.9. 12. 15.2* 
w &c. 

5. It is required to convert ^/2, or its equal -v/( , +^)> 
into an infinite series. 

. , I 1 3 3 5 3.5.7 * 

*** l +2 ~ ^ + SU3 " 2X^8 + 2.4.6.8. 10 ± 

6. It is required to convert $/7, or its equal (8 - 1) , 
into an infinite scries 

1 1 6 5.8 

3.* a 3.ti.^ 4 3.6.9.2' 3.H.9.I2.2 10 

7. It is required to convert ^/240, or its equal 

(243 — 3)*, into an infinite series. 

A 1_ • 4_ 4.9 ~4.9.14 

AnS ' 6.3 3 ~5. I0.3 7 "~5. I0.15.3 11 ""5. 10.15.20.3 15 

8. It is required to convert (a+a?)* into an infinite series. 

i —2a 2.4a 8 — 2.4.0a* 2.4.6.8a« — J 
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>. It is required to convert (o ±b)*~ into an iofinite se* 

„if,.i* 2b* 2.6b* 2.5.86* J 

1 "~3a 3.«a a 3.6.9.a 3 3.6.9j2a 4 ^ J 

0. It is required to convert (a -6)* into an infinite 



i. 
is 



, J$ , 6 36 a 3.7& 3 3.7.1 1 6 4 ^ > 
i. a 4 < | i —. _ . — fee J- 

< 4a 4.8a 2 4.**.l2a» 4.8.i2.l6a* J 

1. It is re qu l mfl jto convert (a+x)* into an infinite 

OS. ^^B^^%» 

. -I$.r*« ** i 4 * 3 4 - 7a?3 . 4.7.io«» . > 

ua 3 < i+ — -4- — 1-— i — — feci 

2. It is required to convert (1— x)* into an infinite 
es. 

. , 2* 2.3X 2 2.3.8a? 3 2.3.8.13c 4 * 

5 o.rO 6.10.16 6.10.16.20 

3. It is required to convert -» or ■*• •q'Md 

(ad:*)* 

tx) "■ into an infinite series. 

1 c ■ x t 3x" 3.6X 3 . 3.5.7x 4 * . > 



ins 

a 



4. It is required to convert -, or its equal 

(a±x)* 

tx) » into an infinite series. 

.«o nil.-* . ^ 4 - 7 ^ . 4.7.10* 4 . > 

UlS.a 8 { In L.- jr -L. iS&C I 

< 3o^3.6a a * 3.6.9a 3 ^3.6.9. I2a 4 + J 

5. It is required to convert -, or its equal 

0+*) T % 

i-x) * into an infinite series. . 

x a ■ *a 6 ** W- 11 * 3 .6.1U6X 4 . 
6 6.10 &10.I6 * 5.10.16.20 
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— — 1 , or its equal {a 

-jrx) 2 (a 2 +z?)~t , into an infinite series. 

A.M.. 1+-+- +- oJ+g - + ._++__ «c. 



OF THE 

INDETERMINATE ANALYSIS. 

Ik the common rules of Al?ebra,jpueh questions are 
usually proposed as require some 4 (fWtain or definite an- 
swer ; in which case, it is necessary that there should he 
as many independent equations, expressing their condi- 
tions, as there are unknown quantities to be determined; 
or otherwise the problem would not he limited. 

But in other branches of the scieace, questions fre- 
quently arise that involve a greater number of unknown 
quantities than there are equations to express them ; in 
which instances they are called indeterminate or unlimit- 
ed problems ; being such a< usually admit of an indefinite J 
number of solutions ; although, when the question is pro- ™ 
posed in integers, and the answers are required only in 
whole positive numbers, they are, in some cases, confin- 
ed within certain limits, and in others, the problem may 
become impossible. 

Pa /BLEM 1. 

To find the integral values of the unknown quantities a; 
and y in the equation 

ax — 6y= ;t c, or ax+by=zc. 

Where « and b are supposed to be given whole num- 
bers, which admit of no common divisor, except when it 
is also a divisor of c. 



l 



RULE, 



1. Let wh denote a"whoJe, or* integral number ; and 
reduce the equation to the form 
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by±e • ' c — by. ■ 

ar=_f w h or arse — wA. 

a a 

Throw all whole numbers out of that of these two 

ssions, to which the question belongs, so that the 

3rs d and e in the remaining parts, may be each less 

; then 

=w/i, or - — -=tj>A. 

° a 

Take such a multiple of one of these last formulae, 

ponding 7 with that above mentioned, as will make 

efficient of y nearly equal to/i, and throw the whole 

*rs out of it as before. 

find the sum or difference of—, and the expression 



a 



ay 



used, or any multiple of it that comes near — , and 

isult, in either of these cases, will still be ~wh, a 
number. 
Proceed in the same manner with thfs last result ; 

> on, till the coefficient of y becomes = 1 , and the 
rider = some number r. ; then 

ere p may be o, or any integral number whatever, 
takes y positive ; and, as the value of y is now known, 
f x may be found from the given equation, when the 
on is possible*, 
re. Any indeterminate equation of the form 

ax — by— t c, 
ch a and b are prime to each other, is always possi- 
ifd will admit of an infinite number of answers in 
numbers. 
: if the proposed equation be of the form 

* ax-{-by=Cy 

lift rule is founded qd the obvious principle, that the sura, difference, 
act of any two whole, numbers, is a whole number ; and that if a 

► divides the whole of any other number and a part of H, it will also 
Mi remaining part. 
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the number of answers will always be limited ; and, in 
some cases, the question is impossible ; both of which cirr 

ctuDstances may be readily discovered, from the mode of Im 

solution above given*. rf a 

EXAMPLES. 

1. Given 19— 14y=l 1, to find x and y in whole num- 
bers. 

Here •= — ^— = wh. f and also -jjp 5=1 »k j 

Whence, by subtraction, -^ *J— =JL__=wft. |^ 

.i 5«-ll ,, 20y-44 „,y-6_ 

Also, J!_- X 4=^-^-2+i^=»*. 

And by rejecting y— 2, which is a whole number, 

y— 6 * 

19 ■ r 

Whence we have y=!9/>+6* 
. , 14^+11 14(19«+») + ll 266p+95 

19 19 19 

14/?+6. 
Whence, if p be taken =0, "we shall have a>=5 and J/ 
—6, for their least values ; the number of solutions be- 
ing obviously indefinite. 

' 2. Given 2x+3i/=25, to determine x and y in whole 
positive numbers. 

* That the coefficients a and b, when these two formulae are possible, 
should have no common divisor, which is not at the same time, a divisor of c, 
is evident ; for if a =&md, and 6*= me, wc shall have oa?Hh 6y camdx-i-meycs 

c ; and consequently dr -f- ey == - . But </, «, x, y, being supposed to be whole 

€ 

numbers, — must also be a whole number, which it cannot be. except when 
m * 

m is a divisor of C. 

Hence, if it were required to pay 1002. in guineas and moidores only, the 

question would be impossible ; since, in the equation 2lac-f 27y = 8000, which 

represents the conditions of the problem, the coefficients, 81 and 27, are each 

divisible by 3, whilst the absolute term 2000 is not divisible by h. See my 

Treatise on Algebra, for the method of resolving questions of this Mud, by 

means of Continued Fractions. 
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2 J • 2 

Hence, since # mast be a whole number, it follows that 

-~ must also be a whole number. , 

Let therefore -^pJ=o>fc=p ; 

Then 1 — y=2p 9 or y= i — 2p. 
And since 

«12— y+lZ?=l2— (1— 2;>)+/>=12+3j>-1, 

We shall have x= 1 1 +3/>, and y=l — 2/> ; 
Where p may be any whole number whatever, that will 
render the values of x and y in these two equations posi- 
tive. 

But it is evident, from the value of y, that p must be 
either or negative ; and consequently, from that of x, 
that it must be 0, — I , — *, or —3. 

Whence, if p=0, />=— 1, p=— 2, />=— 3, 
T . n $x=ll, *=8, x=5, x=2, 
lhen Jy=l, y=3,y=5,y=7. 
Which are all the answers in whole positive numbers 
that the question admits of. 

3. Given 3*=8y-16 to find the values of sandy in 
whole numbers. 

Or, by rejecting y, which is a whole number, there will 
remain ^-^— =w^.=k^. 

Therefore y=3/>+2, 

8«— 16 8(S>+2)-16 24/> 
And *=: -*_= J^i =-5—8?. 

When* if p be put = 1 , we shall have x=8 and y=5. 

s 



194 INDETERMINATE ANALYSIS. 

for their least values ; the number of answers being, as in 
the first question, indefinite. 

4. Given 21x+17y=*000, to find all the possible va- 
lues of x and y in whole numbers. 

„ 2000— \ly rt _ . 6 — 47jf , 
Here*= ^ — £=95H — —*=wh. ; 

6 — 17y 
Or, omitting the 95, — ^—- — wh. ; 

i ■_ * i- . 2ly . 6— 17y 4y+5 . . 
Consequently, by addition, jf-r — 57 — ** 21 ^ ' 

4+20y 
Or, by rejecting the whole number 1, ; «*fl. ; 

40 1 

2i*i 44-20v v — 4 
And, by subtraction, ^ _J^S_swfc.=p; 

Whence y =2 1^+4, 

21 21 r 

Where if p be put =0, we shall have the least value ot 
^=4, and the corresponding, or greatest value of a* =92. 

And the rest of the answers will be found by adding 21 
continually to the least value of y, and subtracting 17 from 
the greatest value of x ; which being done we shall obtain 
the six following results : 

&=92 75 58 41 24 7 
#=4 25 J 46 67 88 109 
These being all the solutions, in whole numbers, tha 
the question admits of. 

Note 1. When there are three or more unknown quan 
tities, and only one equation by which they can be detei 
mined, as 

ax-\-by-\-cz~d) 
it will be proper first to find the limit of the quantity (hi 
has the greatest coefficient, and then to ascertain the di 
ferent values of the former, from 1 up to that extent, i 
in the following question. 
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5. Given 3x+5y+7*=l00, to find all the different va- 
lues of 2, y, and z, in whole numbers*, 

Sere each of the least integer values of x and y are 1, 
ty the question ; whence it follows, that 

100-5—3 100—8 92 



2= 



~=T =13 ^ 



7 7 

Consequently z cannot be greater than 13, which is also 
the limit of the number of answers ; though they may be 
considerably less. 

By proceeding, therefore, as in the former rule, we shall 
have 



;=i 00-^-7 i=s33 ^_^ + l-| 



— z 



■wh. ; 



3 



And, by rejecting 33— y — 2z 9 



wh. 



3y . l-2y— z y+1 — z 
3 3 3 



Whence 



y+l~z__ 



And y=3/?+z — 1 ; 
And consequently, putting p=0, we shall have the least 
value of y—z— 1 ; where z may be any number, from 1 
up to 13, that will answer the conditions of the question. 
When, therefore, *=2 we have y=l, 



And x= 



100-19 



6 



.=27. 



*= 2 


3 


4 


5 


6 


7 


*= 1 


2 


3 


4 


5 


e 


a?=27 


23 


19 


15 


11 


7 



Hence, by taking z=2, 3, 4, 5, &c. the corresponding 
values of x and y, together with those of z, will be found 
to be as below. 

8 

7 ' 
3 

* If any indeterminate equation, of the kind above given, has one or more 
of its coefficients, as c, negative, the equation may be put under the form 

ojf-f- by e=|rf-f- C2, 
in which case it is evident that an indefinite number of values may be given 
to the second side of the equation by means of the indefinite quantity x ; and 
consequently, also, to * and y in the first. And if the coefficients a, 6, c, in 
any such equation, have a common divisor, while 4 has not, the question, as 
in tb* first case, becomes impossible. 
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Wikh m all the integral vataes of x, y, end *, that 

wt be obtained from the given erjnetton, • ' 

JVbfeS. If tb*«s be thraaiiBkaownqwuititiM, and only 



exterminate' one of theee ^wotities w the ueojd way, MB 
find the value* of the other. Jare- ftom the reauhing oqea- 
ttoa, m before. 

Then, if the values, thW found; be avjwatarj ease* 
tated, in. either of the given equatieae* «*• e^efraapoaduig 
values of the remaining quantities ■# Wifaiiiii be deter- 
mmed: thus, ■ ) ■ .r t •'* 

8. Let there be given x — 2j+i=6, and 2x+y-z^&, 
to find the values of t, y, and z. 

Here, by multiplying the firs! of these equations by 2, 
Sod subtracting from the second (he product we shall bm 

. 3*-5 U =3, or*=?±^=l+y+^=»A. ; 

. . . 2v 3y 2u v 

And consequently-^, or — — -i=--=wh. ~j>. 

■■ . '■ ■»- Whence y=3p. 

And, i.v taking p= i, a, 3, 4, &c. we shall have y =3, 
6, 9, 12, 15, &c. and *=«, 1 1, 16, 21, 2*>, &c 
Bnt from the first of the two given equations , 
*-»+%-* t ' 

whence, by substituting the above values for * and 2, li" 
remlto will give *=5. 6, 1, 8, 9, &c. 

And therefore Ibe first six values of x, «, and r, are ** 
below: 

x=B t 6 1.71 81 9 I 10 
y=S 6 I 9 12 I 16 18 
*=6| 11 | IB | 21 J 26 I 81 
Where the law by which they can be continued ia sunV 
ciently obvious. 

EXAMPLES FOR PR4CTICE. 

1. Given 2x=8y~ 16, to find the least vahiea of r ixi 
y in whole numbers. Ana. x=8,y*»5- 
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8. Given 14x=5y+7, to find the least values of x and 
in whole numbers. Ans. rr=3, y=7. 

3. Given 27**=1600— 16y» to find the least values of x 
nd y in whole numbers. Ans. *=48, 9=19. 

4s It is required to divide 100 into two such parts, that 
as of them may be divisible by 7, and the other by 1 1. 

Ans. The only parts are 56 and 44. 

5. Given 9x+13y=2000, to find the greatest value of x 
nd the least value of y in whole numbers. 

Ans. x=215, y=5, 

6. Given ll*+6y=254, to find all the possible values 
>f x and y in whole numbers. 

Ans. x=19, 14, 9, 4 ; y=9, 20, 31, 42. 

7. Given 17x+19y+21z==400, to find all the answers 
n whole. numbers which the question admits of. 

Ans. 10 different answers. 

8. Given 5x+7y+ 112=224, to find all the possible va- 
ues of Xy y y and z 9 io whole positive numbers. 

Ans. The number of answers is 59. 

9. It is required to find* in how many different ways it is 
xasible to pay 201. in half-guineas and half-crowns, with- 
out using any other sort of coin ? 

Ans. 7 different ways. 

10. I owe my friend a shilling, and have nothing about 
ne but guineas, and he has nothing but louis d'ors ; how 
oust I contrive to acquit myself of the debt, the louis being 
'alued at 17s. a piece, and the guineas at 21s. 1 

Ans. I must give him 13 guineas, and he must 

give me 16 louis. 

11. How many gallons of British spirits, at 12s., Ids., 
ind 185. a gallon, must a rectifier of compounds take to 
nake a mixture of 1000 gallons, that shall be worth 17*. a 
gallon ? 

Ans. 111£, at 12*., Ill J at 155., and777£ at I85. 

PROBLEM II. 

To find such a whole number, as being divided by other 
given numbers, shall leave given remainders. 

s2 
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MULE, 

1. Call the number that ja to.be determined x t the nun 
ben by which it is to be divided a, 6, c, fee and the give 
remainders /, g t A, fee. 

2. Subtract each of the remainders from x, and divii 
the deferences by o, © f c, fee and there will arise 

X" m ~f X ^ ST J- h 

— ^-, — r^i » &c. = whole numbers. 

x f 

3. Put the first of these fractions — -=p and subs 

lute the value of or, as found in terms of />, from this equ 
tion f in the place of x m the second fraction. 

4. Find the least value of p in this second fraction, 
the last problem, which put «r, and substitute the val 
of x, as found in terms of r, in the place of x in the thi 
fraction. 

Find, in like manner, the least value of r, in this thi 
fraction, which put =*, and substitute the value of x ) 
found in terms of s, in the fourth -fraction as before. 

Proceed in the same way with the next following fra 
don, and so on, to the last ; when the value of ar, thus d< 
termined, will give the whole number required. 

EXAMPLES. 

1 . It is required to find the least whole number, whicl 
being divided by 17, shall leave a remainder of 7, ar 
when divided by 26, shall leave a remainder of 13. 

Let x= the number required. 

X y z — 1 3 

Then •—— and -^jr- = whole numbers. 

x 7 

And putting — -=p, we shall have x=17p+7. 

Which value of x 9 being substituted in the second fra* 

17/>+7— 13 l7p-6 
tion, gives— £-~ = a r^_==^. 

But it is obvious that —2 fa also =wA. 

«o 
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And consequently -^ i&~~~lifr~ wh ' 

Where, by rejecting p, there remains — — ^wA.=r. 

26 

Therefore p=i6r- 18 ; 
Whence, if r be taken — I, we shall have p=8. 
And consequently, a?= 1 7p+7= 17X8+7= 143 ; thp 
munber sought. 

2. It is required to find the least whole number, which, 
being divided by 11, 1 9, and 29, shall leave the remain- 
ders 3, 5, and 10 respectively. 

Let x= the number required. 

• Then -jf* 1Q and = whole numbers. 

x 3 

And, putting =»/?, we shall have a?= 1 1/7+3. 

Which value of x, being substituted in the second frac- 

llp-8 . 
turn, gives — p- — —wo. 

x _ lip-? ft 22/)-4 .3p-4 . 

Or — - X2=— =p+-£— -=*7i. 

IS 19 ^ 19 

And, by rejecting p, there will remain ^ .-=a?A. 

3p-4 18p— 24 18p— 5 
Also by multiplication -^—X6= — ~ — = — rg 1 

^ . . • i , 18p-5 ' 

Or, by rejecting the 1, — ~ — =»*• 

But ~- is likewise =wA. 

Whence ^e_!9£*-£+5=*. f which put =r. 

Then we shall have 
p=19r-5, and x=ll(19r-6)+3=209r-62. 

And if this value be substituted for x in tto thssd ^» 



■"s 
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tion, there will arise 

29 '29 l 

Or, by neglecting 7r-2, we shall have the remaining 

part of the expression -55- ^i*** » 

Bat by multiplication, 
6r-4 s9 30r-20 , r-20 . 

29 29 29 

r— 20 
Or, by rejecting r, there will remain — r<r— =»&• which 

put =*. 

Then r«=29*+20 ; where by taking *«=0, we shall 
have r=20. 

And consequently 
x—t09r -52=209X20-52=4148, 

the number required. 

3. To find a number, which being divided by 6, shall 
leave the remainder 2, and when divided by 13, shall 
leave the remainder 3. Ans. 68, 

4. It is required to find a number, which being divided 
by 7, shall leave 5 for a remainder, and if divided by 9, 
the remainder shall be 2. Ans. 110. 

5. It is required to find the least whole number, which, 
being diyided by 39, shall leave the remainder 16, and 
when divided by 56, the remainder shall be 27. 

Ans. 1147. 

6. It is required to find the least whole number, which, 
being divided by 7, 8, and 9, respectively, shall leave the 
remainders 5, 7, and 8. Ans. 215. 

7. It is required to find the least whole number, which, 
being divided by each of the nine digits, 1,2,3, 4, 5, 6, 7, 
8, 9, shalLleave no remainders. Ans. 2520. 

8. A person receiving a box of oranges observed, that, 
when he told them out by fc, 3, 4, 5, and 6 at a time, he 
had none remaining ; but when he told them out by 7 at 
a time, there remained 5 ; how many oranges were there 
in the box ? Ans. 180. 
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OF THE 

DIOPHANTINE ANALYSIS. 

This branch of Algebra, which is so called from its in- 
ventor, Diophantus, a Greek mathematician of Alexandria 
in Egypt, who flourished in or about the third century after 
Christ, relates chiefly to the finding of square and cube 
numbers, or to the rendering certain compound expres- 
sions free from surds : the method of doing which is by 
miking such substitutions for the unknown quantity, as 
will reduce the resulting equation to a simple one, and 
then finding the value or that |uantity in terms of the rest. 
It is to be observed, however, that questions of this 
kind do not always admit of answers in rational numbers, 
and that, when they are resolvable in this way, no rule 
can be given that will apply in all the cases that may occur ; 
but as far as respects a pa ticular clans of these problems 
relating to squares, they may generally be determined by 
means of some of the rules derived from the following 
fo 



PROBLEM I* 

To find such values of x as will make ^/(a^+bx+c) 
rational, or cu?+bx+c= a square.* 

RULE. 

1. When the first term of the formula is wanting, or a 
*0, pat the side of the square sought =n ; then bx+c 

And* consequently, by transposing c, and dividing by 



,2 „ 



the coefficient 6, we shall have a?= — r-^ ; where n may 

o 

be any number taken at pleasure. 

* The coefficients a, 6, of the unknown quantities, as well as the Absolute 
tan c, are here supposed to be all sntogers ; for if they were fractions, 
tasy could be readily reduced to a common square denominator ; which, be- 
ing afterwards rejected, will not alter the nature of the question ; since any 
■qnare number,, when multiplied or divided br a square number, is still a 
*H»re. 
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2. When the last term is wanting, or c=0, put tin 

of the square sought =nx, or, for the sake of greater 

tux 
rality, = — ; then, in this case, we shall have a#*-f 
ti - 

•r 

And, consequently, by multiplying by n*, and <fr 

by x, there will arise an 2 x+bn 2 =im 2 x, andjx=— =- 

in*' 

where m and n, both in this and the following cases 

be any whole numbers whatever, that will give p< 

answers** . 

8. When the coefficient a, of the first term, is a t 

number, put it =<*", and assume the side of the s 

sought =rf*+-r ; then, <Px*+bx+c =dVH x 

k n n 

And, consequently, by cancelling tPx 2 , and multi 

by n a , we shall have bn 2 x+cn 2 —2dmnx+nf, anc 

m a — c» a 



fcn a — 2<fmn' 

4. When the last term c is a square number, pu 

m 
e 9 , and assume the side of the square sought =»— 

then, ax*+bx+e*= — --+ x+e?. And conse< 

rr n 

ly, by cancelling e a , and dividing by x, we shall bav 

, m 2 x , 2ew* , 6n a — 2cmn 
o=— a — f and x= — = — . 

5. When the given formula, or general expression 

cucPj-bx+c 
can be divided into two factors of the form fx+g an< 
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, which it always can whan 6 s — 4ae is a square, let there 

2 

>e taken (/x+g)X(rV«+A;j=^0+^; then, by re- 



tr 



taction, we shall have ar= f >± > .x \ - ; where it may be 

deserved, that if the square root of 6 2 — 4ac, when rational, 

be pot =S, the two factors above mentioned, will be 

. 6— £ 6+5 

ax-t- • and x4- *• 

~ 2 2a v 

And, consequently, by substituting them in the place of 
the former, we shall have 

_ am 2 (b-6) - n 2 (b+d) 

2a (n a — am 2 ) 

6. When the formula, last mentioned, can be separated 
into two parts, one of which is a square, and the other the 
product of two factors, its solution may be obtained by 
potting the sum of the square and the product so formed, 

equal to the square of the sum of its roots, and — times 

n 

one of the factors, and then finding the values of x as' in 

the former instances. 

7. These being all the cases of the general formula that 
are resolvable by any direct rule, it only remains to ob- 
serve, that, either in these, or other instances of a differ- 
ent kind, if we can find, by trials, any one simple value of 
the unknown quantity which satisfies the condition of the 
question, an expressfon may be derived from this that will 
famish as many other values of it as we please* 

Thus, let/?, in the given formula ax*+bx-\~c, be a value 
of x so found, and make ap 2 -\-bp-\-c=zq 2 . 

— - * ' ' ' nm i 

* These factors are found by putting the given formulae axa+bx^-cva 
0, and then determining its roots ; which, by the rule for quadratics, amu 

a a -g a + 2^ s/iba— 4oc), and a?-=— — ~^/(6a— 4ac) : 

Whence, if ba — Aac be a square, of which the root is 5, we shall have a, a?-|- 

.--, and *+x- + r-, for the divisors of ax2 +6*4-c. or aap+-—- r 

la 2a *2a r 2a ^2 

6-4-5 
Mid * + -~- . for its two factors, as in the above rule. 
1 2a ' 
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Then, by putting *—$+/>, we shall have aaP+hx+css 
a(y+pY+b{y+p)+cz=ay'+{2ap+b)y+ap*+bp+c i or 

ax*+bx+c= ay £ +(2ap+b)y+q 2 » 

From which latter expression the values of y 9 and con- 
sequently those of x, may be found, as in Case 4. 

Or, because c=/ — bp—apP, if this value be substkoU " 
ed for c, in the original formula aoc*+bx+c, it will becotnt 

a (* 2 -p")+ 6 ( ar -P)+9 a - or 

<j*+ (x - p) X(«ar +op+6)= a square ; 

which last expression can be resolved by Case ti. 

It may here, also, be farther observed, that by putting . 

V s *— * 

the given formula a:r-+fa:-fc=^-, and taking g = - ■ ; 

we shall have, by substituting this value for x in the former 
of these expressions, and then multiplying by 4a, and trans* 
posing the terms ay-+(6— 4ac)=P ; or, putting, for the < 
sake of greater simplicity, 6 a — 4ac=b\ this last expression 
may then be exhibited under the form atf+b'=x* f where 
it is obvious, that if oy a +(& a -4ac), or its equal ay"+6', 
can be made a square, ax 2 +bx-\-c, will also be a square. 

And as the proposed formula can always be reduced to 
one of this kind, which consists only of two terms, the 
possibility or impossibility of resolving the question, in 
this state of it, can be more easily perceived.* 

examples. 

1. It is required to find a number, such that if it be - 
multiplied by 5, and then added to 19, the result shall be 
a square. 

Let x= the required number ; then, as in Case 1, 5x+ 

* It may here be observed, (hat an infinite number of expressions, of the 

kind ay 9 -f* (6 J — ac), or ay 2 -4-6'e= sP , here mentioned, are wholly irre* 
solvable ; among which we may reckon 

2y* 3- 3, 5y a ^ 6, 7y 2 ± 5, &c. 
none of which can ever become squares, whatever number, either whole or 
fractional, be substituted for y ; although there are a variety of instances in 
which the value of y may be found, even in integers, so as to render the for* 
inula«y a -4-6es* a . 

For a further detail of which circumstance, as well as for other particular! 
relating to this part of the subject, see the second volume of Euler't Algebra, 
or the second volume of Bonnycasilfs Algebra. 
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ii*— -19 
Mftssii*, or *= ; where it is evident that n may be 

roy number whatever greater than y/ 19. 
Whence, if n be takea ~6> 6, 7, respectively, we shall 

. 35-19;" 36-19 oa 49-19 „ 

have x= — - — =*1J, or — g — -3f , or — — =6 ; 

die latter of which Is the least value of x, in whole num- 
bers, that will answer the cooditionn of the question ; and 
consequently 6*4- '9=5X6+ 1 b =30+ 19=49, a square 
number as was required. 

2. It is required to find an integral number, such that it 
shall be both a triangular number and a square. 

It is here to be observed, that ail triangular numbers are 

x 9 | x 
of the form — ^- ; and therefore the question is reduced 

to the making — ^— , or its equal — -~ — a square. 

Where, since the divisor 4 is a square number, it is the 
same as if it were required to make 2x 2 +2i a square. 

— 1 a ~— 5», agreeably to the 

method laid down in Case 2. 

Then, by dividing by x> and multiplying the result by 

» a , the equation will become 2n 2 x+2n?+m 2 x, or (m*-* 

2» a 
%n*)x=2n 2 ; and consequently x=— 5 — x-j ; where, if n 

3* ~rX 

be taken =2, and m~3, we shall have x=8, and — — 

=—31-—-—= 3 6, which is the least integral triangular 

lumber that is at the same time a. square. 

3. It is required to find the least integral number, such 
hat if 4 times its square be added to 29, the result shall 
»e a square. 

Here it is evident, that this is the same as to make 4s* 
4*29 a square. - 
And, as the first term in the expression is a square, let 

T 
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■» \ 



3. • . -»- -= • . 

Then, 1?x+£=29 t or ^=2^^^ 

qiHRttjr * s ^7~r~l where, if *«gjtJ» m* 



s^U w* shall b*vo *«^=i=7 f and *«M-i»:*4] 

&£s2£5=(.l5ft which is a square number, as i 

quired* **.* \ 

4. It is required to find such a value of * as wil 
7**— -$*+ 1 a square. 

Hera die last term 1 being * square, let there he 
according to Case 4, 

Then, by rejecting the 1 on each side of the eq 
and dividing by x, we shall have Ix — 5=-j« 

consequently x= — ^ —-5- ; where, if t#» and n. b 

2 —5 3 
taken «1, the result will give a= -=-s=£, or I 

48*~45 
ing n=3, and *n=8, we shall have *=tt — xn = 3, 

makes 7 X a 2 — 5X3+1=49=7*, as required. 

5. Jt is required to find such a value of x as wil 
SoM- 1 4* +6 e, square. 

Here, by comparing this expression with the { 
formula ax 2 +bx+c, we shall have a=8, 6=14, and 

And, as neither a nor c, in the present instanc 
squares, but 6 a -4ac=196— 19«=4 is a square, th< 
expression can be resolved, by Case 5, into the two 
ing factors 8x+6, and x+ U 
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• MM 

Let, therefore, 8x*+ I4x+6=(8x +-6)(x+ 1) s=— a (*+ 

I) 2 , agreeably to the rule there laid down. 
Then there will arise, by dividing each sidebyx-H> 

«»+6-y(«+l). . 

And, consequently, by multiplication and reduction, we 
shall have, in this case, x~~— — ' - ; where it appears. 

O'f" — m A 

that, in order to obtain a rational answer, -=- must be less 

n" . 

than 8, and greater than b*. 

Whence, by taking m=5, and n=2, we shall have i& 

26-24 1 ... , s 14 , n 4 .0 ,20^ 

3^T26 = 7' whlch raakes ig+T 4 " 6 ^ 49" = Cy) ' as re - 

quired. 

6. It is required to find -such a value of x as will make 
2x*~2 a square. 

Here, by comparing this with the general formula ax 3 
+6z+<?, as before, we shall haw a = 2, 6 -=o, and c= - 2. 

And, as neither a nor c are squares, but 6 a — 4nc— — 4ac 
= — 4(2 X —2)= H is a square the root of which is 4, 
the given expression can be resolved, by Case 5, into the 
two factors 2x— 2, and r+1, or fc 2(ar— 1), and (x+1), 
which is evident indeed, in this case, from inspection. 



m» 



Let, therefore, 2s 3 - 2= i (x l)X(.r 4-i)=-r- (*+l)», 

agreeably to the rule ; and there will arise by division 

$* — 2=s — «(*+ 1 )• And r consequently, by multiplication, 
it 

2» a +m 2 

ind reducing the result, we shall have x= -- ; ; where, 

° Znr— mr 

by taking n=l, and masl, we shad have x=3, and 2**^ 
2=*18— S=a6 = (4)*, or taking n=2, and ro=s3, the re- 
sult will give x<=5 -17. 

But as x enters the problem only in its second power, 
+17 may be taken instead of — 17 ; since either of them 
give 2r , -2*=*576 «(34) a . 
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« 

7. It is /©quired to find such a value of x as w31 make 
6* 1 +36*+7 * square. 

Here, by comparing the expression with the general 
formula, we shall have a=5, 6— .±6, and e*7. * 

And as neither a nor c are squares, but 6*— ^oc=* 1S96 
— l*fr- 116bs=(44) a 9 is a square, it can be r es o lved , as h) 
the last example, into the two factors aar+l, and x-fcl* 

Whence, putting 5a*+36x+7=(te+l)X(*+^=^ 

(s+7) 8 , there will arise, by dividing by *+7, fi*+l» 

And, consequently, by multiplication, and reducing !h< 
resulting expression, .we shelf have x=— * — — -_; where, 

Win ■■ at 

taking ia=2, and *=1, the substitution will give *■* 

Z£±L2=27, which makes 5 X (27) a +»6 X27+?a46f4 
©X 1 —4 

= (68) 2 , as required. 

8. It is required to find such a value of x as will make 
<Lr 2 +13x+lU asquare. 

Here, by comparing the given expression with "the ge- 
neral formula ax*-{-bx-±-c, we have a=6, 6=13, and esc 
10. And as neither a, t\ nor 6 a — 4*«c, are squares, the 
question, if possible, can only be resolved by the method 
pointed our in Case 6. 

In order, therefore, to try it hi this way, let the first 
simple square 4, be subtracted from it, and there will re- 
main, in thatCHse, 6x 2 4- i3£-r*K. 

-Then, since (l3/-4.6Xb)=l69~ 144=25, is now a 
square, this part of the formula can he resolved by Case 
5, into the two faetors ; 

vfr-f 1, and 2r+3. 

Whence, by assuming, according to the rule, 6x*-H&* 

+10=4+(3*+2) X(2*+3)= \ 2+™ (ar+2) \ *«4+ 



4m ._ . _. . m 



a 



— (3o?+2)+- 7 (3a?+2) a , we shall have, by cancels^ 



*J 
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Am 

the 4 on each side,. and dividing by 3x+2 ; 2x+3= — 

n 

And, consequently, by multiplying by n a , and transpos- 
ing the terms, we have 2n a x — 3m\T=4mn+2m a — Sit*, or 
_ 4mn+2m a — 3» a 

*"" 2n a — 3ro a ' 

Where putting m=3, and n=3, the result will give x= 
24+9 — 27 5 
— — rzr- == £> or ^" m ^ token =13, audn=17, we shall 

, 4X17Xl3+2X(l<) a --3X(n) a _355_ 

nave x & _^-_ __ .5. 

Which males 6 X(5) a + 13X5+ 10=226=, (15)*, as 
required. 

9. It is required to find such a value of x as will make 
\$x*-\-\bx-\-l a square* 

Here, by comparing this with the general formula, as 
before, we have a = l «, 6= 15, and c ~1. And as neither 
a, 6, nor 6 s — 4ac, are squares, the answer to the question, 
if it be resolvable, can only be obtained by Case 6. In 
order, therefore, to try it in that way, let (1 — x) a or 1 — 
2&+Z 2 be subtracted from the given expression, and there, 
will remain l2x a + 1 7x+6. 

And as ( 17j a — 4(6 X 12), which is =1, is now a square, 
this part of the formula can be resolved by Case 5, into 
the two factors 4x+3 and 3x4-2. Whence, assuming 13 

i+15ar+7=(l--x) a +(4x+3)X(3x+2)== | (1 — x) + 

J(8*+8) \ 2 =(l-a0 3 +^(l-x)X(3*+2)+^ (3* + 
2) 2 , we shall have, by cancelling (1 — #) a , and dividing by 

3i+2 ; 4x+3= — (1 — x)+- 2 (3x+2); and, consequently, 

by multiplying by n 2 , and transposing the terms, there 
'will arise 4n a ap+2m»x — 3m a x=2mn+2m a — 3n a , or ff= 
gwn+2m a — 3n 8 

4n a +2mn— 3ro a * t2 
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■ Where patting hi and n each =1, me shall hava s=s 
—g-^^i, which makes _+ y +7-^-+--^ 

=s I yV, as required. 

10. It is required to find such a value of x as wit Saab 
1&+Z a square. 

Here it i* easy to perceive that neither of the former 
rules will apply. 

But as the expression evidently becomes a square when 
x*&\ f let, therefore, x*» t +y , according to Case 7, and we 
shall have 

Or, putting 9+14y-^-7y 2 =(3+-y) a ,accprduigtotherale, 

tt 

and squaring the right hand side, 9+Uy -f- 7y*=9 + 

it b 

Hence rejecting the 9's and dividing the remaining term* 
by y, we have 7n'-'t/+ I 4n*=6mn+m 2 y ; and, consequent- 
. 6mn-~-l4n 2 . . , , 6mn — 14n* , . . 

v> y=-=T — i~» and ^=l+-^-2- — r~» where it » 

" * 7» 8 — m* 7» a — m 2 

evident that m and n may be any positive or negative num- 
bers whatever. 

If, for instance, m and n be each taken =1, we shall 

4 1 

have y=7- - and *= —-. Or, since the second power of 

x only enters the formula, we may take, as in a former in- 
stance, x =|, which value makes 7x a +2=$+2=»J+V 
=y a square. * 

Or, if m=3 and n=— 1| we shall have *=17, and 7x* 
+2=7 X ( 1 7) a +2=2025=(4 j p) 3 t a square as before. 

And by proceeding in this manner, we may obtain as 
many other- values of x as we please. - 

problem n. 
To find such values of x as will make y/(ax*+b&+* 
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x+i) rational, or asP+bof+cx+dzss * square. This 
problem is- much more limited and difficult to he-resolved, 
than the former ; as there are but a few cases of it thai 
admit of answers in rational numbers; and in these the 
rales for obtaining them are of a very confined nature ; 
being mostly such as are subject to certain limitations, or 
that admit only of a few simple answers, which, in the in* 
stances here mentioned, may be found as follows* 

KULE. 

1. When the third and fourth terms of the formula are 
wanting, or c and d are each =0, put the side of the square 
sought =nx, then {W 3 +&x a =ny . ^ 

And, consequently, by dividing each side of tb \equa- 

lion by x 8 , we shall have ax+6=» 2 , or x= , where 

n may be any integral or fractional number whatever. 

2. When the last term d is a square, put it =e 3 , and as- 

c 
sume the side pf the required square =e+--x » and the 

C 2 

reversed formula is e 2 + cx + 6x a +ax 3 =« a +cx+--^x 2 . 

4e ■ 

Whence, by expunging the terras e?+cx, which are corn- 
men, and dividing by x 2 , we shall have* 4ae 2 x-j-4&« a =»c a ; 

c 2 — 46c 2 
and, consequently, x= — — j— . 

c 46c 2 — c 2 
Or, if, in the same case, there be put e+~x+- g-^—x 8 

for the side of the required square, we shall have, by squar- 

iog, e a ^cx + 6x a + ax 3 -e a +cx+6x 2 + 8gl / * 3 + 

f46e 2 — c 2 V 

- ~-*\ And as the first three terms' (e a +cx+ 

64e 
bx 2 ) are now common, there will arise, by expunging 

them, and then multiplying by 64e 6 , 64ae 6 x 3 =8c« 2 (46e 2 — 

c a )x 3 +(46c 2 -c 2 )V. 

Whence, by dividing each side of this last equation by 

x 3 , and redvcingtbe result, wo shall have 
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ft4ae 6 - 8ce a (46c a -c a ) 

which last method gives a new value of x, different from 
that before -obtained. 

It must be observed, however, that each of these forms 
fail, when the second and third terms of the given forma* 
la are wanting, or b and c each =0.* 

3. When neither of the above rules can be applied to 
the question, the formula can i>e resolved, by first finding, 
by trial, as in the former problem, some value of the un- 
known quantity that makes the given expression a square : 
in which case other values of it may be determined from 
this, wirJfi they are possible, as follows : 

Thus, let p be a value of x so found, and make 

ap J + bf> 2 4- cp 4- '/ = q 2 ; 

Then,. by putting x=#+p, we shall have ap 3 +bp 2 +cp 
W=a(y+py+b(y+p?+c{y+ r )+d^atf+(3ap+b)tf 
+ (dp 2 +2p+c)y+ap i +bp*+cp+d i orax 3 +bx?+cx-\'d~ 
af+(3r*p+b)y*+('3p*+: P -\-c)y+q 2 . 

From which lailer form, the value of y, and consequent- 
ly that of x, may be found by cither of the methods given 
in Case 2. 

It may also be further remarked, that if the given for- 
mula, in any case of this kind, can be resolved into factors, 
such that one of them shall be a square, it will be suffi- 
cient to make the remaining factor a square, in order to 



* In the first of these methods, the assumed root, e-|--a;, is determined 

by first taking it in the form c-f-nx, and then equaling the 'Second term ot 
it, when squared, with the corresponding term of the original foi inula ; when 



Q 

it will be found, that n =»-— 



2e 

C 4 Or? 2 f»o 

In like manner the assumed root c-f--— a:-I —a: 2 , in the second me- 

2e 8c3 

thod, is determined by first taking it in the form e-\-nx -\- mx* , and theu 
equating the second and third terms of it, when squared, with the corres- 
ponding terms of the given formula; when it will be found, that n=- 

46*3 —el 

•nnu m c= — . 

8*3 
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render the whole expression so ; since a square, multipli- 
ed or. divided by a square, is still a square.* 

EXAMPLES. 

1. It is required to find s,uch a value of a; as will make 
Uj^+Sa^'a square. 

Let the given expression 11 3?+ 3**=nV: agreeably 
to Case 1. 

Then, by dividing by or 3 , we shall have 1 lx+3=n a ; 

and, consequently, acss -— — ; where n may be any num- 
ber, positive, or negative, that is greater than </3. 
Taking, therefore, n=2, 3, 4, 6, &c. respectively, we 

shall have, in this case, *— —p tt> t— , or 2, the last of 

which is the least integral answer that the question admits 
of. 

2. It is required Co find such values of x as will make 
x 3 — 2xM-2a7+l-a square. 

Here the last term I , being a square, let 1 +2x — 2x a + 
r J — (l+x) 2 ~l+2x+x 2 , agreeably to the first part of 
Case 2* 

Then, since the first two terms, on both sides of the 
equation, destroy each other, we shall have x 3 — 2x a «a?% 



* The method of determining the factor? of which any formula it compos- 
ed, when it can be done, is to- put the given expression »0, and then Odd 
the roots r, r\ &c. of the equation so formed ; each of which will give a fac- 
tor or — r, x — f f and these are generally easily discovered, as we here seek 
only the rational roots, whicH are always divisors of the absolute term, or 
of that which doe* not contain x. 

Thus, the formula a?3— a?a— jc-J- 1 is resolvable into the factors (1 — a) X 
(l«|-a;)X(l -*)i or (1— x)>X(H *); and by putting l-f-xo>ns t we 
have * =snl— 1 ; where, if n be taken equal to any number whatever, x3— 
ar9 — xJf 1 will be a square ; though, by any other mode of solution it would 
be difficult to find even two or thre* values of x. 

It may here also be observnd, there are but few questions in this problem 
that can be determined in whole numbers. Several of them, likewise, ad* 
out only of one answer, and others are totally irresolvable, either in integers 
o* fractions. Thus, if it were required to make »l -f> 1 a square, the only 
positive value of x that renders this possible, is $ ; and the making of S#i 
«-l a square, is impossible. 



O**!"* 1 ""^ 



ii't. *--SS 

^^•s»VCt*^ -"its. 

-joint ,^«'*" ' »'■ 



1 
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841 87 
uation destroy each other, we shall have rrs» 4 — tz* 3 * 

zoo 16- 

3s 3 , or 256*"" le^ 3 ' or 841ar — 1392=76 8 5 and con- 

1392+768 2160 
ciuentty, *= — -gjj === "84T' wnicn *■ another value 

x, that, being substituted in the original formula! will 
ike it a square. 

4. It is required fo find such values of x as will make 
4-3 a square. 

Here, it is evident, that the expression is a square when 
«1. Let therefore *=l+y, and we shall have 3+ x 3 

A+3y+to?+f- 

And as the first part of this is a square, make, according 

the first part of Case 2, 4+;ty+3y J +y*=(2+fy) a === 
±3y-\-^y 2 . Then, because the first two terms on each 
de of the equation destroy each other, we shall have y 3 

m 9 - 9-48 39 . , ,39 

Whence ,=--8-^— = --, and *=l-jg= 

o— • 39 <w3 i • i • j l n 

=•• 1 which is a second value of x. 

16 16' 

3 39 
Again, let 4+3y+3y*+f>=(2+-y+-tfy=4+3y+ 

117 1 52 1 

tf4 — —vM -v 4 , according to the second part of 

9 128* 4096 9 

'ase 2. ^, ' 

Then as the first three terms on each side of the equa- 

1521 117 
ion destroy each other, we shall have tt^^+tso^ 3 = !?* 

4090 l*o 

1521 , nr = 

r 4096 2/+ 128 "v. 

Whence, also, Jf= j^J. »»d s= l+^—rs.^, which is 

i third value of or. 

And by proceeding in the same way with either of these 
lew values of x as with the first, other values of vt tosJj 
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W fbCMMdj but theroeulting&wotLori will become con 
Vafgtf nun coropocetod in each operation. 



I 



To find such values of * u will make V( a *'+**H 
«**+<**+<) ntwoaJ, or <ue t +bx'+cx'+<tx+t=x ■ 
aqua™. 

The resolution of expressions of this kind, in which ika 
ipdoterminaU), or unknown quantity, - rises to the fotnft 
power,- is the utmost limit of the researches that have 
tnerto been made on formula affected by the sign of 
square root ;- and in this Problem, he well as in that .. 
given, there ere only, a few particular cases that admit . 
answers, in rational, number* ; the rest being either im- 
possible} or such as afford one or two simple solutions: 
which may generally be found at follows ;* 



bit ' 
it of 



I. When the last term >, of the given fcrtnuhvi* • aquare, 
put it =f», and make f> +dx+cx , +bsi , +a&*{f+ 

Then, by expunging the fint three terms, which ate 
common to each side of the equation, there will remain 

i* w _fie^fi* + a*i^2«v ^ mm . 

■neatly, by dividing by s 3 , and reducing the result, wa 
..., 64A/ , -8o/'(4 e /-'-J>) 

ahatl have#= — —== — s r a . >. ; 
4cf '-&)'— 64a/* ' 
which form fails when the coeffictonta c and d, or o and <*. 



• At u> udUdcb of whttin.boie uid.it ray b* obMrrad that lb* <al; 
iMWetbat raadenlbafbrairag**— Sal— SaMjaar^htienddafet- 
li '»«— M -j- 1, «D tivrcr be ■ Kpuue, eicepl whan •■ +1, or — 1 
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3. When the coefficient, a, of the first term of the for* 
Mala, is a square, put it =#*, and make gV+W+e* 1 

+<fe+«=( fir * s +^*+^^'=$V + te 3 + c*» + 

A*, d,^=A_|_^+_l_J. ; and conse- 

r mder similar circumstances with the former, 
r When the first and last terms of the formula are both 
put 0==^, and «=/ a , and mafce/ J +a f *+cx a + 

+*V. Thencx a +6^=(2/^-r^ 1 > a +^T. 

And, consequently, x= S />f bf . . * " 

Or, because g enters the given formula only in its so- 
cond power, it may be taken either negatively or positive* 

id* -P(*fg+c) 
ly ; and, consequently, we shall have ac=- — T(LfJTd\ — 

80 that this mode of solution furnishes two different an- 
swers. 
Also, if there be taken for another supposition/ 9 -!-^ 

+«*»+ 6*M-«V= (f +Lc+gx>y :=/>+&* + (2fr + 

tf bf 

— a^+foc'+g 3 * 4 * hence by cancelling, £lx+^« a== — * 
te* 8 

b* Z(bg—bf) 

KVS+jgPi and consequently, x^^^J^. 

And because/ enters the given formula only in thes*- 
;ond power, it may be taken either negatively or positively ; 

g(bg+bf) 
tnd, consequently, we shall also have x as a ^ J^mC^-cI* 

u 



I 
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- > 



■i. 



at this solution likewise furnishes two values fo* 
» each different from the former. \ 
eie forms all fail under similar circumstances witl 
those of the second Case* 

4. When neither the first nor the last terms are squares, 
the formula cannot bo resolved in any other way, than if 
first endeavouring.tO' discover by trials 9 some simple vstae 
of the unknown quantity, tfeaft wilF answer the conditio* 
of the question ; and then finding other valises of it* acedPj- 
ingto the methods pointed out in the two last process* ^ 
Thus, let p be a value of x so found, and make earn 
bp*+cp?+dp+e=ztf. . - _ • . " *• '5 
. Then by putting x=*y+p, we shall have «p**vfV"Hr 
^dp+e^aiy+py+biy+py+ciy+pyf+d^^)^^ 

MAn+b)?+{*«P*+*l>p+c)y t + {**f+&>f+2cp+dM 
ap*+bp?+cjp+dp+ei or ax A +bx*+cx*+dx+e=*c^(* 
+b)y> + (Bap** 3bp+cW+{4a?+3bf+2cp+d)y+fi 
From which last formula the value of y, and consequent)? 
that of or, may be found by Case 1. 

EXAMPLE8. 

1. It is required to find such a value of or, as will make 
1 - 2x-f Sx 3 — 4x 3 +5x 4 a square. 

Here* the first term 1, being a square, let 1 — 2x+3** 
- 4*H-6V= ( 1 - a?+x a ) a = i — 2*43x fl - 2x 3 + * 4 , agreeably 
to. the method in Case 1. 

Then we shall have 5x 4 — 4x 3 =* 4 — 2a: 3 . 

And, consequently, 5x -4=*— 2 ; whence x=£ =?£. 

And consequently, 1— 2*+3x a -4x 3 +6x 4 = 1— l +1-* 
59 

+T5 == Tc > which is a square number, as was required. 

. ID ID 

2. It is required to find such a value of or, as will make 
4x 4 — 2x* — x a + 3x — 2 a square. 

Here the first term being a square, let 4x 4 — 2X 3 - **+ 

S^2=(2^-ix - Ay* 4x 4 - 2x 3 _ x a +A x+ H," * 
cording.to the method in Case 2. 

Then, we shall have 3 *- 2 =y§*+s~< or 3x-— *-* 
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+— . Whence, 763x-80x= 512+25; and, consequently, 
256 

JSjg+ 25537 
*"~768 _80~688" 

Or, if we putx=-, the formula in that case will become 

y 

And, therefore, multiplying this by y 4 , which is a square, 
it will be 4-2y—y a +3y 3 -2y 4 . Where the first term 
being now a square, if the expression, so transformed, be 

resolved by Case I, we shall have y=*o~ 5 **mI x=-= 

537 

tt-, as before. 

688 s 

8. It is required to find sueh values of x, as will make 

1+3X+7X 2 — 2x 3 +4 x 4 a square. 

Here, both the first and last terms being squares, let I + 

3x+7x a -2x 3 +4* 4 =( 1 +|r +2x 2 ) 2 =l+3x+^V + 6x 8 

+4X 4 , according to the method in Case 3. 

25 
Then, we shall have 6a?+--x 2 = 7x 2 — 2x* ; or 6x + 2 

4 

x=7— — ; and, by reduction, x=qo« 
4 3& 

And, if we put the same formula, 1 +3X+7* 2 — 2x*+ 

4x 4 =( 1 +§x— **^«= I +3x— Jx 2 - Ba^+ix 4 , we shall have, 

by cancelling, 7X 2 — 2x 3 = -$x a — 6x 3 ; whence 6* — 2x= 

„ * 35 35 

_j-7=- T ?orx=--. 

. And, in a similar manner, other values of x may be found; 
by employing the method of substitution pointed -out in the 
latter part of Case 3. 

4. It is required to find such values of x as will make 
2x 4 — 1 a square. 

Here, 1 being an obvious value of a?, let, according to 
Case 4, *=l+y. 
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Tben2*<- l=2(!+y) 4 — l=2(I+4y+6^+4y»+y)- 
l=l+8j+l2y*+e$M-2/. And since the first term of 
this last expression is now a square, we shall have bj 
Case \,l+by+12f+8f+2tf=(\+4y—2 t f)>=*l+By+ 

ltw- iey +4jf. 

Whence, as the three first terms of the two numbers of 
this equation destroy each other, there will remain 4t/*— 
16y 3 =2y 4 +8y 3 ; or f/ = 12; and, consequently, »«!+} 
= 13 ; which value being substituted for x, makes 2s 4 — 1 
=5f 121= (239/, as required. And if 13 be now taken, 
as the known value of x, and the operation be repeated as 
before, we shall obtain, for another value of x, the com- 

r . j r .. 106074H9769 

pl.cated fraction ^-j^^. 

PROBLEM IV. 

To find such values of x as will make 3 /(ax 3 +&x a +«r 
+</) rational, or <ix 3 +&x a +cx+'*= a cube. This formula, 
like the two latter of those relating to squares, cannot bo 
resolved by any direct method, except in the cases where 
the first or last terms of the expression are cubes ; it be* 
ing necessary, in all the rest, that some simple number 
answering the conditions of the question, should be first 
found by trial, before we can hope to obtain others ; but 
when this can be done, the problem, in each of the cases 
here mentioned, may be resolved as follows. 

RULE. 

1. When the last term d of the given formula is a cube, 

c 

put it =e 3 , and make e 3 +cx + bx* + ox 3 =(« + gTa*) 3 — 

Then, by expunging the two first terms on each side of 
the equation, which are common, there will remain ax*+ 

fcjr 2 =^—r -x :, +— -_x s ; whence, by division and reduction, 

27* 6 3e 3 

we shall have 27ac 6 x+276e 8 =c 3 x+9c 2 e 3 , and consequent- 
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ty g=* ,* _ ■ , - ; which form fails when the coeffi- 
<r— *7ae° 

$bnts & and c, or a and c, are each equal 0. 

2. When the coefficient a of the first term is a cube,, 

ftf it =/ 3 , and makef*x t +bx'+cx+d=(fx+~)* » 



3f 3 ' 27/°' 
Then, by expunging the two first terms on each side of 

the equation, as before, there will remain cx+d=^rx-f- 

6 3 
Wf« ; wn9nce > DV multiplying by 27/ 6 , we shall have 27 

/ c cx+27<V a =96y 3 a+6 3 , and consequently x= 

6 3 — .27rf/" a 
Q/-3/Q rs 15n 5 which form likewise fails, when b and c, 

V (dc/ — b ) 

tr 6 and d, are each =0. 

^ 3. When the first and last terms are both cubes, put a= 

f" 3 and d=e 3 , and make e 3 +c*+6x 3 -f/ 3 x ,3 =(«+/x)* = 

« 3 +3/e fl x+3/ a «x a 4/V, 

Then, cx+6x a =3/e a x+3/ a «x«; 

Whence, we shall have bx — 3/ 2 ex=3/e a — c ; and, conse- 

3/c 2 — c 
euontly, x= 1 J —- 7r ; which formula may also be resolved 
6—3/ c 

by either of the two first cases. 

4. When neither the first nor the last terms are cubes, 
let/> be a value of x, found by inspection, or by trials, and 
make ap 3 +bp a -\-cp+d=zq 3 . 

Then, by putting x=y+p, we shall have ap 9 +bpPJrCD 
+d=a{y+py + b(y+ P y+c{y+ P )+d=ay' + (3ap+6) 
0*+ (3ap*+2bp+c)y+ap*+bp*+cp + d, or ax*+6x* 
+cx+d=aif+(3ap+b)y 2 +(3ap i +2bp+c)y+f. 

From which latter form, the value of t/, and conse- 
quently that of x, may be found, as in Case 1. 



*2 
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EXAMPLES. 



1. It is required to find such a value of of as will make i 
a^+aH-l cube. \ 

Here, the last term being a cube, let the root of tin 
cube sought = 1 +$#> according to Case 1 . 
Then, by cubing, we shall* have l+x+x , =l+*+i' 

And, since the two first terms on each side of this equa- 
tion destroy each other, there will remain x a =J2*+j4 r x 3 . 

Whence, dividing by x 8 , we shall have ^x-f-^1, or 
x-f-9=27; and consequently *= 27 — 9=*= 1 8 ; which num- 
ber, by substitution, makes l+x+x a =\ + 18+324 =343 
ss*7 3 a cube number, as was required. 

And if we now take this value of x, and proceed accord- 
ing to the method employed in Case 4, we shall obtain x=— 

■ 37826 i 

Kf% __ ; which last number will also lead, in like manner, 1 
50653 | 

to other new values. 

2. It is required to find such a value of x as will mak§ 
x *+ 3x 2 -f i 33 a cube. I 

Here, the first term being a cube, let its root = 1 +ar, ] 
according to Case 2. 

Then, by cubing, we shall have 133-t-3a a -f-x 3 =(l+*) 3 

And since the two last terms of this equation destroy 
each other, there will remain l+3x= 133, or 3x=l33~ 

1 = 132; whence x=-^=44, and x 3 +3x a + 133=91126 

«j 

^=(45) 3 , a cube number, as was required. 

And if 45 be now taken as a known value of x, other 

values of it may be found, as in the last example. 

3. It is required to find such a value of x, as will make 
6+28x-+89x a - 126x 3 a cube. 

Here, let the root sought =2 — 5x according to Case 3. 
Then, by cubing, we shall have 8+28x+89x a -l25x g 
=*(2-5x) 3 =8-602 + 150* a ~ I25x 3 . 
And ; since the first and last terms of this equation de- 
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atoyeacb other, theft will remain 28x+89* , «-*0x+ 
160br*. 

Whence, 1^ dividing by x, and transposing the terms, we 
4aflhave 160x— 89*=28+6Q, or 61x=S8; andeonse* 

And as this forroala can also be resolved either by the 
first or second case, other values of x may be obtained} 
that will equally answer the conditions of the question. 

4. It is required to find such a value of x, as will make 
2s 3 — 3x+7 a cube. 

Here, — 1 being a value of x that is readily found, by 
inspection, let x=y — I , agreeably to Case 4. 

Then, by substitution, we shall have 3x 3 — 3k+7*»2(y 
- l) 3 -3(y— l)+7=2y a -6/+3y+«. 

And as the last term of this expression is a cube, let 8 

+ty- 6f+2y*=(2+pY=S+Sy+^y*±^', accord. 

iog to Case 1. Then, by expunging the equal terms on 

3 1 

each side, there will remain 2y l —6y a =-yH y 1 . 

8 64 

Whence, dividing by jr, and reducing the terms, we 

shall have I2;y— 384=y -h 24, or I27y=408; and, conse- 

408 , 408 2a I 

quentlyy^^andx^— -l= l2T 

Which number, by substitution, makes 2x 3 — 3x+7« 
2X(*81) 3 281 , „ 45II801H /35«V a .J 

7H7)3" 3X T27 + 7=r 1045*88 "VW' M '"^ 
ed. And, by taking this last as a new value of x, others 
may be determined by the same method. 

problem v. 

Of the resolution of double and triple equalities. 

When a single formula containing one or more unknown 
quantities, is to be transformed into a perfect power, 
such as a square or a cube, this is called, in the Diopaa*. 
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tine Analysis, a simple equality ; and when two formula?, 
containing the same unknown quantity, or quantities, art 
to be each transformed to some perfect power, it is then 
called a double equality, and so on ; the methods of re- 
solving which, in such cases as admit of any direct nds, 
are as follows : 

RULE. 

1 . In the case where the unknown quantity does not 
exceed the first degree, as in the double quantity, 

ax+bsz Q, and cx+rf=*D» 
let the first of these formulas 0^+6=^ and the second 

Then, by equating the two values of x, as found from 
these equations, we shall have cz*+ad — bc=aw* 9 or acz* 
-\~a(ad — 6c) =a*o> a . 

And since the quantity on the right hand side of this equa- 
tion is now a square, it only remains to find such a value of 
z as will make, when the question is resolvable, acz*+a(aA 
— bc)~Q ; which being done, according to the method 

z a — 6 

pointed out in Problem 1, wo shall have x=*= . 

* a 

2. When tho unknown quantity does not exceed tht 
second degree, and is found in each of the terms of (he 
two formulae ; as in the double equality 

ax 2 +kr=Dj and cx a +«/x=Q. 
Let x=£- then, by substitution, and multiplying each of 
the resulting expressions by y* 9 we shall have 

a-f-6i/=n, and c+<fy+D, 
from which last formula?, the value of y, when the question 
is possible, and consequently that of x, may be determined 
as in Case 1. 

But if it were required to make the two general expres- 
sions N 

ox 9 +6x+c= n , and dx a +fx+/=D, 
the solution could only be obtained in a few particular 
cases, as the resulting equality would rise to the fourth 
nower. 
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In the case of a triple equality, where it is required to 
nake 

«-H»™Df «P+^y=D» and ear+/y=D 
let the first of them cix+6y=t** f the second cx+dg=ziP t 
lod the third «x+/y=» a » 

Then, by first eliminating or fo each of these equations, 
tad afterwards y, in the two resulting equations, we shall 
swe(a^--e«)« a --(c/--ils)w , s(aW be V» 
or, putting v=ur, and reducing the terms, the result will 

. . .. of -he cf — He w , 

give the simple equality —r—r-^**--^ — --».-; where 
r ^ J ad -6c ad -be u* 

the right hand member being a square, it only remains to 

find a value of z that will make the left hand member a 

square ; which, when possible, may be done -by Problem 1. 

Hence, having z, we have as above, *=-«*; and the 

ft ** *• ii • rf-o*? , . az* — c 

first two equations will give r = •- — r - tr, aud v= - — 7—** • 

^* * . a>i —be " ad— 6c 

there v may be any whole or fractional number whatever* 
But if the three formutae, here proposed; contained only 
toe variable quantity, the simple equality, to which it 
rould-be necessary to reduce them, would rise, as in the 
1st case, to the fourth power ; and be equally limited 
rith respect to its solution. 

4. In other cases of ttiis kind, all that ran be done is to 
nd successively by the former rules, several answers, 
men one is known. ; and, if neither this nor any of the 
bove mentioned modes of solution are found to succeed, 
le Problem under consideration can only be determined 
y adopting some artifice or substitution that will fulfil one 
r more of the required conditions, and then resolving the 
ifnaiuing formula^ when they are possible, by the me- 
lods already delivered for that purpose ; but as no gene* 
il precepts can be given, for obtaining the solution in this 
^ay, the proper mode of proceeding, in such cases, must 
hiefly depend upon the skill and sagacity of the learner. 

fcXAMPLRB. 

1. It is required to find a number s, such that x+ l2S 
ind X-H92 SD *U De D0 t° squares. 
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. Here, according to Case 1, let *+128=**r\ and *+l$2 

Then, by eliminating or, and equating the result, we 
shall have or*- 128=** 192, or w a +64— *». 

And, as the quantity on the right hand side of the equa- 
tion is now a square, it only remains to make w a +64 a 
square. 

For which purpose, put its root =t»+n ; then t^+W 
=w a +2nw+» a , or 2nn>+n a =64 ; and consequently w= 

— Z— ; where taking n, which is arbitrary, =2, we shall 

have t»= — - — =--=15; and consequently «=«^— 181 
4 4 

= 15 a - 128=225 - 128=97, the answer. 

2. It is required to find a number x, such that «*+* 
and X s — * shall be both squares. 

Here, according to case 2, of the last Problem, let x~ ' 

- ; then we shall have to make -H — , and——- squares; 

i * i 

or, by reduction, - T (l+y)=D, and -^-(1 -y)=D- 

Or, since a square number, when divided by a square 
number, is still a square, it is the same as to make 

1+2/^Dj and 1— y=Q ; 

For this purpose, therefore, let l-r-jr— * a , or y==* a — 1; 
then 1— y=2— z 3 ; which is also to be made a square. 

But as neither the first nor the last terms of this formula 
are squares, we must, in order to succeed, find some sim- 
ple number, that will answer the condition required; 
which, it is evident from inspection, will be the case when 
z=l. 

Let, therefore, 2=1 —w 9 agreeably to Problem 1, Cafe 
7, and we shall have i-y=2~2 fl =J}— (1— tt>) 2 =l+2* 
— w 9 ; ory=w a — 2w; 

Or, putting 1 — nw for the root of the former of these ex- 
pressions, there will arise, by squaring, l+2a?— w*=l- 
%nw+n 2 w 2 . 

Whence, expunging the 1 on each side, and dividing b) 
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w, we shall have 2— 1»=— 2n+n a w ; and consequently 

2n+2 , 1 1 (» 3 +l) a 

»»4-l y twJ-2a> 4»-4n 3> 

where, in order to render the. value of x positive, n may 

be taken equal to any proper fraction whatever. 

Or, if, for the sake of greater generality, — be sub- 
stituted for », we shall have 

(m 2 +n 2 ) 2 

x == — — , 

4mn( n* - m*) 

where m and n may now be taken equal to any integral 

lumbers whatever, provided n be made greater than m. 

If, for instance, n=2 and m= ], we shall have x=--- : 

24 ' 

169 
and if n=3 and m== 2 L a;=-— r 5 ano< ao on > f° r anv other 

number. 

3. It is required to find three whole numbers in arith- 
metical progression, such, that the sum of every two of 
them should be a square. 

Let x, x+y, and x+2y, be the three numbers sought ; 
and put 2a:4-y=w a , 2x+2y=i> a , and 2x-\-3y=w 2 , agreea- 
bly to Case 3. 

Then, by eliminating x and y from each of these equa- 
tions, we shall have v 2 — u 3 =w* — -u 3 , or 2^— vP^w*. 

And, if we now put v=uz, there will arise 2t* a 2r a — u a = 

w 3 ; or, by dividing by w a , 2* 2 — 1 =-3 ; where, the right 

hand member being a square, it only remains to make %zr 
— la square, which it evidently is when z~ I. 

But as this value would be found not to auswer the con- 
ditions of the question, let z~\ — p ; then 2z 3 — 1 =2( 1 — 

p) a -l=l-4/>+*/> a . 

And, consequently, if this last expression be put =(1 — 

np)\ we shall have, by squaring, 1— 4p+2p a =l — 2np-\- 

ny*, or ^4+2p= — 2»+n 2 /> ; whence 

2n-4 , , 2n— 4 n 2 — 2n+2 
p= . V and*=l 5 — —= = — = — 

r n a — 2 n 3 — 2 n 2 — 2 
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Or, if, for the take of greater generality, — be inbititatod 

n 

for n in this last expression, we shall have 

2 m 2 — 2n~* 

And since, by the two first equations, y=t>*— V»tr¥ 
^tt^z 2 -!)^, and x=4(u J — y)=H*—a?)i* 9 iL is en- 
dent that * must be some number greater than 1, and less 

than -v/2. 

If, therefore, m=9 and n=5 we shall have 

81— y0-h50. 4 1 241 ii* - 720., . 

»= * — = — % x= X — and t/=Tr — -"Xu • 

81-641 81* 3I» -2 * 31» 

Or, taking «=2X 3 1, x=4b*2, and y=2880, we have 

2=482, x+i/=3362, and x+ 2y=6242, which are the 

numbers required. 

4. It is required to divide a given square number into 
two such parts, that each of them shall be a square,* 

Let a 2 = given square number, and s 2 and a 2 — r 2 its 
two parts. Then since x 2 is a square, it only remains to 
make a 2 — x 2 a square. 

For which purpose let its root =nx—a f and we shall 
have a 2 — x 2 = nV— 2a«x + « a > or — x 2 = nV — 2anx ; 

whence, by reduction, x=^ , . the root of the first part. 

» 2 -r*l r 

2an 2 an 2 — a 

«nd nx— a=— -r- — a= - the root of the second. 

n 2 -f-l n 2 -r-4 

Therefore I ' J 2 and f — — - j 2 are the parts re- 
quired ; where a and n may be any numbers taken at 
pleasure, provided n be greater than 1. 

5. It is required to divide a given number, consisting of 

• To this we may add the following useful property : 

If 3 and r be any two unequal numbers, of which s is the greater, it can 
then be readily shown, from the nature of the problem, that 

9rs % *a — ri , and *a 4- ra 
will be the perpendicular, base, and hypothenuse of a right-angled triangle. 

From which expressions, two square numbers may be found, whose sooi 
or difference shall be square numbers; for(2r$)a -f-(*a— r2)s— (#j_.ra) 
f, and (*a+ra)a— (8r5)a «s(*a— ra)i, or (*a .|.rt)a-~<ji— r»)s *> 
^jtoj* ; where 5 and r may be any xuuD\KT%NvYn\«<t*t* 
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wo known square numbers, into two other square num- 



IrileP+b 2 be the given numbers, and xVy 2 , the two 
oqoired numbers, whose sum, xM-y 3 is to be equal to a- 

Then it is evident, that if x- be either greater or less 
ban a, y will be accordingly less or greater than 6. Let 
herefore x=*a+tnz 9 and y~b — iw, and we shall have a 9 
f 2am*+my+b 2 - 26/i2-fnV=a a +6 3 . 

Or, by transposition and rejecting the terms which are 
lommori to each side of the equation, rrv i z 2 +n 2 z 9 =^2bnz 
—tamz, or m 2 z+n a z=*bn — 2am ; whence 
_ Jzbn-2am _g6mn -ha(n a -m 2 ) _ 2amn +b( m* - n *) 

? ~~S?+» a ,X S?T? ,y """ S+i? 

where m and n may be any numbers, taken at pleasure, 
provided their assumed values be such as will render the 
ralues of x, y, and z, in the above expressions, all posi- 
tive. 

6. It is required to find two square numbers, such that 
their difference shall be equal to a given number. 

Let d— the given difference ; which resolve into two 
factors a, b ; making a the greater and b the less. 

Then, putting x= the side of the less square, and x+ 
6= side of the greater, we shall have (z+6) a — x , =x q + 
2bx+b*-x*=d(ab) or 2bx+b a =d(ab). 

Whence, dividing each side of this equation by b, we 

shall have x=— — = the side of the less square sought, 

and *+&=— ^ — r-^=— s- — the side of the greater. 

If, for instance, d=60, take aX6=30X2, and we shall 
havox=^Z±=l4,andx+2=?5±f=16, or 16 a -14 a 

=256 - 196=60 the given difference. 

7. As an instance of the great use of resolving formulae 
•f this kind into -factors, let it. be proposed, in addition to 
what has been before said, to find two numbers % and y, 

x 
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such that the difference of their square*, «*— yYAaKb 
ao integral square. 
- Here the factors of x 1 — ^, being x+y and x— y, we L 
shall have (x+yjXfff-y)^* 8 — y*. And since this pf* E 
duct is to be a square, it will evidently become so, bj ^ 
making each of its factors a square, or the same multiple * 
of a square. f 

Let there be taken, therefore, for this purpose, " 

x+y=»nr s , a?— y—m* 2 . 

Then, by the question, we shall have (*+y)X(*-y) 
or its equal x 3 — y*=:m a rV ; which is evidently a square, 
whatever may be the values of m, r, 5. * 

But, by addition and subtraction, the above equations *s 
give, when properly reduced, l 

_«i( ri + if ) ro(r»— *») f 

. * i — >* J— » v £ 

where, as above said, m, r, and s, may be assumed at pie* i 
sure. Thus, if we take m=2, we shall have x=r*+tf L 
and ysrr 2 — j 3 , which expressions will obviously give in- 
tegral values of x and y, if r and 5 be faken 3= any integral 
numbers. 

8. It is required to find two numbers, such that, if ei- 
ther of them be added (o the square of the other, the 
sums shall be squares. 

Let x and y be the numbers sought ; and consequently 
aE a +y and y 2 -\-x the expressions that are to be transformed 
into squares. Then, if r — x be assumed fur the side of the 
first square, we shall have x 2 -\-y — r 2 — 2rx-\-x 2 y or y=? 

r 2 — y 
—2rx ; and consequently ar =— — . 

And if s-{-y be taken for the side of the second square. 

we shall have ^H — — - =s 3 +2*y -f- ly 3 ; or, by reducing 

the equation, r 3 — y==4r*y+2rs 3 , and consequently, by re- 

r*~ c Zrs* 2r 2 s-f-s a 

daction, v="— — tt-> and x—z — ; — ;■ where r and * 

may be any numbers, faken at pleasure, provided r be 
greater than 25 s . 



c 
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**• It -id required to find two numbers, such that their 

D.«na difference shall be both squares. 

Let 9 and x* — x be the two numbers sought ; then, 

ce their #um U' evidently a square, it only remains to 

Jce their difference, x 2 — 2x, a square. 

For this purpose, therefore, put its root =x — rand we 

ill have x 2 — 2r=jc*— trx+r* ; 

Or, by transposition, and cancelling x 2 on each side of 

) equation, 2/\r— Zx^r 3 : whence 

r 3 / r* \ r* 

*=r , and a^-Sxs:! I l a ; 

2r— *' 4 \r— 1/ r-|' 

iere r may be any number, taken at pleasure, provided 

be greater than 2. 

10. It is required to find three numbers, such that not 

ly the sum of all three of them, but also the sum of 

ery two shall be a square number. 

Let 4x,x 2 —4x, and 2x+ 1, be the three numbers sought ; 

an 4*+(x a -4x) = r l , (x*— 4x)H-(2r+l)*=x 2 -2x+l, 

d 4X-K* 3 — 4c) -f-(2a?+l ; = r 3 +2x-r- 1, being all squares, 

only remains to make 4x-r-(2x+ 1), or its equal, tix+1, 

square. For which purpose, let 6x+l — n 2 , and we shall 

tve, by transposition and division, a?= — - — , whence, 

-g — , --3— g — , and — hi, or their equals 

i a — 2 n 4 —*6n 2 +S5 , n 2 +2 

_-^-, — , and i ■, are the numbers re- 

3 3d o 

aired. 

Where n may be any nnmber, taken at pleasure, pro- 

ided it be greater than 5. 

QUE8TIONS FOR PRACTICE. 

1. It is required to find a number x, such that x-f-I and 
—1 shall be both squares. Ans. x={. 

2. It is required to find a number a?, such that x+4 and 
4-7 shall be both squares. Ans. f J. 

3. It is required to find a number* x, such that 10+x 
nd 10— jc shall be both squares. Ans. ac=*6* 
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4. It is required to find a number ?, such that $M-1 
and *+ 1 «hull be both squares. Ana* y. 

5. It ih required to find three integral square number^ 
such that the sum of every two of them shall fcfe squares. 

Ana. 628, 6796, and 63*5. 

6. It is required to find two numbers x and y, such that 
x 2 -\-y and tf+x shall be both squares. 

Ans. a?=s^, and y=iV 

7. It is required to find three integral square number^ 
that shall be in harmonica! proportion* 

Ans. 26, 49, and 1226. 

8. It is required to find three integral cube numbers, 
x 3 , y 3 , and 2 s , whose sum may be equal to a cube. 

An*. 3, 4, and 6. 

9. His required to divide a given square number (100) 
into two such parts that each of them may be a square 
number. An*. 64, and 36. 

10. it is required to find two nomber*, such that their 
difference may be equal to the difference of their squares, 
and that the sum of their squares shall be a square outn* 
ber. Ans. •} and f. 

11. To find two number*, such that if each of them be 
added to their product, the sums shall be both squares. 

Ans. | and {« 

12. To find three square numbers in arithmetical pro- 
gression. Ans. 1, 25, and 49. 

1 3. To find three numbers in arithmetical progression 
such that the sum of every two of them shall be a square 
number. Ans. 120£, 840i, and 1560f 

14. To find three numbers such, that if to the square of 
each the sum of the other two be added, the three sums 
shall be all squares. Ans. 1 , f , and y . 

16. To find i wo numbers in proportion as 8 is to 15, 
and such that the sum of their squares shall be a square 
number. Ans. 676 and 1080. 

16. To find two numbers' such, that if the square of 
each be added to their product, the sums shall be both 
squares. Ans. 9 and 16. 

17* To find two whole numbers such, that the sum or 
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difference of their squares, when diminished by unity shall 
be a square. Ans. 8 and 9. 

18. ft is required to resolve 4225, which is the square 
of 65, into two other integral squares. 

Ans. 2704 and 1521. 

19. To find three numbers in geometrical proportion, 
nich that each of them, when increased by a given num- 
ber (19), shall be square numbers. Ans. 81, f , and yffr. 

20. To find two numbers such, that if their product be 
added to the sum of their squares, the result shall be a 
square number. Ans. 5 and 3, 8 and 7, lti and 5, &c. 

21. To find three whole numbers such, that if to the 
square of each the product of the other two be added, the 
three sums shall be all squares. Ans. 9, 73, and 328. 

22. To find three square numbers such, that their sum, 
when added to each of their three sides, shall be all square 
numbers. 

Ans. Mft'iitii' and UHi froota required. 

23. To find three numbers in geometrical progression 
such, that if the mean be added to each of the extremes, 
the sums, in both cases, shall be squares. 

Ans. 5, 20, and 80. 

24. To find two numbers such, that not only each of 
[hem, but also their sum and their difference, when in* 
creased by unity, shall be all square numbers. 

Ans. 3024 and 5024. 

25. To find three numbers such, that whether their 
sum be added to, or subtracted from, the square of each of 
hem, the numbers thence arising shall be all squares. 

Ans. WtW'UdW- 
20: To find three square numbers such, that the stun 
>f their squares shall also be a square number. 

Ans. 9, 16, and ! ¥ V- 
. 27. To find three square numbers such, that the differ* 
3 nee of every two of them shall be a square number. 

Ans. 485809, 342*5, and 23409. 

29. To divide any given cube number (8), into three 

other cube numbers. Ans. 1, |4 f and *ff* 
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^0» *£o find three square numbers sueJi, tW 
ence fewe*** eVerr two of them and the lipid ataa]l hit 
square number. . Amu J***, %4V 9 .in#Wf* 

38. To find three cube numbers such, that if iron each 
of them a given number (1) be stjbtractebV tho mm of the 
remainders shall ^e a square number. •"-..*. ■ 



■ ' ■ .. V oy THE . 
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$eMMATION AND INTERPOLATION OF 

INFUTITE SERIES. 

... • . • . , ^ .. 

The' doctrine of Infinite Series fa a subject which has 
engaged the attention of the greatest metrfemaUtians, heft 
of ancient and modern tiroes; and when taken |n»> 
whole extent, is, perhaps, one of the Boost abstruse as! 
difficult branches of abstract mathematics. • ' 

To find the sura of a series;' the number of the terms of 
which is inexhaustible, or infinite, has been regarded bj 
some as a- paradox, or a thing impossible to be done ; bat 
this difficulty will be easily removed, by considering that 
every finite magnitude whatever is divisible in infinitum, 
or consists of an indefinite number of parts, the aggregate, 
or sum of which, is equal 16 the quantity first proposed. 

A number actually infinite, is, indeed, a plain contradic- 
tion to all our ideas ; for any number that we can possibly 
conceive, or of which we have any notion, must alwajv 
be determinate and finite ; so that a greater . may still U 
assigned, and a greater after this ; and so on, without • 
possibility of ever coming to an eud of the increase or ad- 
dition. . ' 

This inexhaustibility, therefore, in the. nature of nunif 
bers, is alt that we can distinctly comprehend by their in- 
finity: for though we can easily conceive that a finite 
"quantity may become greater and .greater without end, yet 
we are not, by that means, enabled to form any notion or 
the ultimatum, or last magnitude, which is hjcapabfr U 
ftrther augmentation, 
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Heooe, we cannot apply to an infinite series the common 
notion of a sura, or of a collection of several particu* 
hr numbers, which are joined and added together, one af» 
ter another ; as this supposes that each of the numbers 
composing that sum, is known and determined. But as 
every series generally observes some regular law, and con* 
tioually approaches towards a term, or limit, we can ea* 
fiily conceive it to be a whole of it* own kind, and that it 
must have a certain real value whether that value be de« 
terminable or not. 

Thus in many series, a number is assignable, beyond 
which no number of its terms can ever reach, or indeed* 
be ever perfectly equal to it ; hut yet may approach to* 
wards it in such a manner, as to differ from it by less than 
any quantity that can be named. So that we may justly 
call this the value or sum of the series ; not as being a 
number found by the common method of addition, but such 
a limitation of the value of the aeries, taken in all its infi* 
nite capacity, that, if it were possible to add all the terms 
together, one after another, the sum would be equal to 
that number. 

In other series, on the contrary, the aggregate, or value 
of the several terms, taken collectively, has no limitation ; 
which state of it may be expressed by saying, that the euin 
of the aeries is infinitely great ; or, that it has no deter- 
minate or assignable value, but may be carried on to suc(i 
a length, that its sum shall exceed any given number what- 
ever. 

Thus, as an illustration of the first of these cases, it 
may be observed, that if r be the ratio, g the greatest 
term, and / the least, of any decreasing geometric series, 
the sum, according to the common rule, will be (rg—l) + 
(r — 1) : and if we suppose the less extreme /, to be dimi- 
nished till it becomes =0, the sum of the whole series wOfl 
fce rg~(r — l) : for it is demonstrable that the sum of nj> 
assignable number of terms of the series can ever be equaj 
to that quotient ; and yet no number less than it will ever 
tie equal to the value of the series. 

Whatever consequences, there/ore, ftjlew from the stfp- 



position of rg -j-(r — 1) being the Irue Bnd adequate value 
of the series taken in all its infinite capacity, as if all the 
parts were actually determined, and added together, no as- 
signable error can possibly arise from them, ill any ope- 
ration, or demonstration where tliesum is osed in that -enst; 
because, if it should bo said that the series exceeds that 
value, it can be proved, that this excess must be less than 
any assignable difference ; which is, in effect no differ- 
ence stall; whence .the suppo-ed error cannot exist, and 
consequently Tg-i-(r — 1) may be lonlted upon as express- 
ing the true value of the series, continued lo infinity. 

We are, also, farther satisfied of Ihe reasonableness i,: 
this doctrine, by finding, in fact, that n finite quantity is 
frequently convertible inio an infinite -enes, as npp nrs 
in the case of circulating decimal?. Thus two thirds ex- 
pressed decimally is | =»fii<t,6o, &c, = / ff + T jj B + rtI1 
+ T ^- -f &d. continued ad infinitum. But this is n 
[j i urn i: trie series, the first term of which is T " B , and tho 
ratio T ' s ; and therefore the sum of all its terms, conti- 
nued to infinity, will evidently bo equal to |, or the num- 
ber from which it was originally derived. And the aaro* 
may be shown of many other series, and of all circulating 
decimals in general. - 

With respect to the processes by which the summation 
of various kinds of Infinite, series are usually, obtained, 
one of the principal is by the method of differences point 
ed out and illustrated in Prob. iv. next following. 

Another method is that first employed by James and 
John Bernoulli, which consists in resolving the given ie- 
'riea into several others of which Ihe summation is known ; 
or by subtracting from an assumed series, when put =b, 
ihe same series, deprived of some of its first terms ; ip 
which case a new series will arise, the sum of which wUJ 
be known. 

A third method, which is (hat of Demoiyre, consists is 
pulling the sum of the series =s, and multiplying each 
side of the equation by some binomial or trinomial expres- 
sion, which involves the powers of the unknown tjUAntfy 
.^ and certain fcnown cosfirieati; then taking 7, afftr 
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tbe process is performed, of such a value that the assum- 
ed binomial, &c. shall become =0, and transposing some 
of the first terms, a series will arise, the sum of which wifl 
be known as before. 

Each of which' methods, modified so as to render it 
more commodious in practice, together with several other 
artifices for the same purpose, will be found sufficiently 
elucidated in the miscellaneous questions succeeding the 
following problems. 

PROBLEM I. 

Any series being given to find its several orders of dif- 
ferences. 

RULE. 

1* Take the first term from the second, the second from 
the third, the third from the fourth, &c and the remainders 
will form a new series, called the fxrtt orter of difference*. 

2. Take the firat term of this last aeries from the se« 
cond, the second from the third, the third from the fourth, 
&c. and the remainder* will form another new series, call- 
ed the $econd order of.differen.ee,. 

3. Proceed, in the same manner, for the third, fourth, 
fifth, &c. order of differences ; and so on till they termi- 
nate, or are carried as tar as may be thought necessary** 

EXAMPLES. 

► 

1. Required the several orders of differences of the se- 
ries 1, 2>, 3 a ,4*, o*,6 3 , &c 

1,4,9, 16, 25, 3d, &r. 

3,5, 7, 9, 11, &c. lstdiff. 

2, 2,' '*, 2. &c. H diff. 

0, 0, 0, &c. «5d diff. 

2. Required the different orders of differences of the se- 
ries I, 2 s , 3 3 , 4 3 , fr 1 , 6\ &c. 



• When the several terms of the series continually increase, the differences 
wHl all be fugitive ; bat when they decrease, the differences wUl be negative, 
snd positive alternately. 
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1, 8, 27, 64, 1*5, 216, &c. 

7, 19, 37, 61, 91. &c. 1st diff. 
12, 18, 24, 50, &c. 2d diff. 
6, 6, 6, <&c. 3d diff. 
0, 6, &c. 4th diff. 

3. Required the several orders of differences of the se- 
ries 1,3,6, 10, 15, 21, &c. 

Ans. 1st, 2, 3, 4, 5, &c. ; *d, 1, 1,1, &c 

4. Required the several orders of differences of the se« 
ries 1, 6, 20, 50, 105, 11)6, fa. 

Ans. 1st, 5, 14, 30, 55, 91, &c. ; 2d, 9, 16, 25, 
3 , &c. ; id, 7, 9, 11, &c. ; 4th, 2 f *, && 

5. Required the several orders of differences of the 

. Ill ! 1 fc 

Mne8 2'4'8'T6'^ &C - 

Ans. ist^-g,--,-^ ; Sd, g , jy ^ fa. 

8d, -i-i' &c - ;4th 'l3'4 &c 

PH OB L KM II. 

Any series a. 6, c, c/, «?, &c. being given, to find the first 
term of the nth order of differences. 

RULE. 

Let S stand for the first term of the nth differences. 

rru *n l i » — 1 n-ln-2, . n — 1 

Then will a — nb + n.— pr— c— n. . <2+ n.— — 

2 2 2 2 

t* — 2 n - 3 « , , . 

.— — . — - — «, oic. to n+1 terms =o, when n is an eveo 

3 4 

number. 

A , , , n — 1 , n — In— 2. n-ln-2 

And — a+n6— n.— -~c+n.— -— . — — tf— n. .— — , 

2 2 3 te 3 

n — 3 

•'-5— c, &c. to n+ 1 terms =<$, when n is an odd number/ 



1 

\ 



* When the term* of the several orders of differences happen to be vers 
great, it will be more convenient to take the logarithms of the quantities con- 
cerned whose differences will be smaller. : and when the operation is finish^ 
$& guantitv answering to the last logarithm may be easiljr found. 
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EXAMPLES. 

1. Required the first term of the third order of differ* 
Slices of the series, 1, 5, 15, 35, 70 5 &c. 

Here a, b 9 c, d 9 e, &c.= l, 5, 16, £5, 70, &c.andn~3. 

Whence— o+»6 — n.~—c+«» — 5— • » rf 33 — <*+ 

36— 8c+rf=s— 1 + 16— 45+35=^4^= the first term requir- 
ed. 

2. Required tho first term of the fourth order of differ- 
ences of the series 1, 8, 27, 64, 126, &c. 

Here a, b 9 c, d, e, &c. =1,8, 27, 64, 125, &c. andn=4. 

Whencea— n6+n.--r— c-*n. ■■ . d+n. 

2 2 3 2 

^1? . !^-e=(t-46+6c-4d+e= 1 -32+ 1 62 - 256+1 25 
3 4 

=0 ; so that the first term of the fourth order is 0. 

3. Required -the first term of the eighth order of differ- 
ences of the series, 1, 3, 9, 29, 81, &c* Ans. 266. 

4. Required the first term of the fifth order of differ- 

ences of the series, 1, -, -, ~, — , — , — , &c. 

PROBLEM III. 

To find the nth term of the series, a, b t c, d } e, &c. 
when the differences of any order become at last equal to 
each other. 

RULE. 

JLet d' 9 d", d"', d iv , &c. be the first of the several orders 
of differences, found as in the last problem. 

Then will <H — pcr+-y-.— d +— —.-j-.-~ 

^"-1 — . — __ — s~-~ r~> rfir &c - =cntn tcrm required. 
12 3 4 * 

• The labour in questions of this kind may be often abridged, by potting 
ciphers for some of the terms at the beginning of the series ; by which means 
several of the differences will be eqnal to 0/and4heatn*%T vnta^Wra&feV, 
obtained in fewer terms. 



sr' 
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1. It it required to find the 'twelfth term of th* series 

%* % \%wfr*;**;: ■•." ::■; '' .'.TV"- '.V. 
*, V'12,; so; to, fcc. 

■ : - !X| ' ; '^ 4j • '6, 8,' lO v J tai. n 

0, 0, &c. 
Hani 4 wad 2 are the first terms of their diflfaraMiK 
Let, therefore, 4=^,2=^, *ndii=l2. , 

- tfhena4^^ 

44+1 10= I56=16th term, or the answer required, 

2* Required the twentieth term of the series, 1, 8, 6, 
10, 15, 21, &c. 

J, 3, 6, 10, 15, 21, fee. 

2, B, 4, 6, 6, fee. 

l f 1, 1, 1, fee. 

. 0, 0, 0, fee. 

Here 2 and 1 are the first terms of the differences. 

Let, therefore, 2=<f, I =d% and n=20. . 

Then «+^cT+^2.1^d w ==l+19ii'+l71(r«l+ 

1 12 

38+ 1 7 1 =2 1 0=20th term required. 

3. Required the fifteenth term of the series, 1,4, 9, 1$ * 
25, 36, &c. . Ans. 225. 

4. Required the twentieth term of the series, 1 , 8, 27, 
64, 125, $c. ' . Ans. 8000. 

5. Required the thirtieth term of the series, l»7»g> 

111. . 1 

— — • — « — • etc. Ans. — . i 

10* 15' 21' 465 

PROBLEM IV.* 

To find the sum of n. terms of the series, a, 5, c, cf, e. , 

* When the differences in this or the former rale are finally bb 0, any term, 
or the sum of any number of the terms, may be accurately determined; but 
if the differences do not vanish^the result is only an approximation; whkk, 
. however, may be often very usefully applied in resolving various qnatoaos 
that may occur in this branch of the subject, and which will become caaH- 
inialty nearer the truth as the differences diminish. 
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&c. when the differences of any order become at last 
equal to each other. 

RULE. 

Lett/, <T,<r, <T lY , dec. be the first of the several or- 
ders of differences. ' 

Then will na+n. d'+n.— — . cf -f-w* 

T ___ <r+B .__.__._ _<,,, &c . = to th. 

sum of n terms of the series. 

EXAMPLES. 

• 

1. Required the sum of n terms of the series, 1, 2, 3, 
4, 5, 6, &c. 

Here 1, 2, 3, 4, 5, 6, &c. 
1, I, 1, 1, 1, &c. 
0, 0, 0, 0, &c. 
Where 1 and are the first terms of the differences. 
Let, therefore, a=l, cf»l, and d"=0. 

Then will na+n. — — a=n-\ — = — — = sura of ft 

terms, as required. 

2. Required the sum of n terms of the series, l a , 2 s , 
3 a , 4 a , 5 a , &c, or 1, 4, 9, 16, 25, &c. 

Here 1, 4, 9, 16, 25, <&c. 

3, 6, 7, 9, <&c. 

2, 2, 2, <&c. 

0, 0, &c. 

Where 3 and 2 are the first terms of the differences. 

Let therefore, a=l, & =3, and cf=2. 

™, •.. . M — I ./ i » — 1 »— 2-, ,_ 

Then .will na-\-n . — — d '+n.-— . — — <f = * +3«. 

»— 1 . n-ln—2 3n a — 3n , n 3 -3n a +2n 
+ 2n. - _-.—-= — -f 



2 ' 2 3 2 3 

»X(n+l)X(2»+l) r . . , 

— i — ' — ^.-4 — • — '= sum of n terms as required. 
6 
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8. Required the sum of n terms of the series I 3 , 2 s , 
3 s , 4 3 , 6 3 , &c. or 1, 8, 2t, 64, 125, &c. 

Here 1, 8„ 27, 64, 125, $c. 

7, 19, 37, 61, *c. , 

*12, 18, 24, 4rc. \ 

6, 6, 4*c. 
0, *c 
Whew the first terms of the differences are 7, 12, ant* 
6. 

Let, therefore, a=l, d'=7, d"=12, and cT=6. 

Then will na+n.——ef +*?.--— .—- <T+ii.— — 

n— 2 w-3,,, . _ n— 1. _ tt « — 1 n — 2 . 

__. , „(f"sH-|-7ii.— — f- 12n.~-— . — 7t— + 6n - 

3 4 2 3d 

_ _._-.=n+ h 2n» — 6n> + 4» + 

n 4 -6n 3 +lln 2 -6n_4n 14n a -l4n 8n 3 -24« a +16H 
4 1+ — ' + 4 * 

n 4-6n 3 +liH a -6n rt 4 +2n 3 +n a - 

— . = = sum of n terms a» 

4 4 

required. 

4. Required the sum of n terms of the series, 2, 6, 12, 

5. Required the sum of n terms of the series, 1, 3, 6, 

, ft i, . A nn+l n+2 

10, 15, <yc. Ans; v"~^~*"^T' 

6. Required the sum of n terms of the series, 1, 4, 10, 

on ok «. a n»+ln+2n+3 

20, 35, ifrc. Ans. -.— ^— . .— r— 

^ 12 3 4 

7. Required the sum of n terms of the series l\ 2*, 
3 4 , 4 4 , #c. , or 1 , 1 6, 8 1 , 256, $c. 

. n* n* . n* » 

Ans. — H + -;■ 

6 2 3 30 

.6. Required the sum of n terms of the series l 5 , 2 5 , S 
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PROBLEM V. 



The series a> b t c, </, e, &c. being given, whose terms 
are an unit's distance from each other, to find any inter* 
mediate term by interpolation. - 

RULE. 

Let x be the distance of any terra y> that is to be inter- 
polated, from the first term, and d, d\ d", &c. the first 
tertna of the differences. 

Then will a+xd+x.~<T+x. X ^.^r+x.^ 

x—2 x—:i ,. . 

— -.-j-d^, <&c. =y. 

EXAMPLES. 

1. Given the logarithmic sines of 1° 0', 1° 1', 1° 2', and 
1° 3', to find the log. sine of 1° 1' 40". 

Here 1° 0' 1° 1' 1° 2' 1° 3' 

Sines S.2418553 8.24903 <2 8.2560943 8.2630424 

71779 70611 69481 

_lf68 —1130 

38 
Whence the first terms of (he differences are 71779,— 
1168, and 38. 

Let, therefore, x = 1° V 4<>"-l« '=1' 40"=1| « dis- 
tance of v, the term to be interpolated ; and <f=71779, d' 
=— 1 inlander =38. 

Then will y=a+xd!+jr.^d"+x?^. ( ^d , '=a+ 

-d'+^d' t -^d , "—8.2A\$b5'6 + .0119631+0000694 — 
3 9 81 

.0000002 =8. 2538876 =sine of 1* V 40", as was required. 

2. Given the series =x*zT*tz>xZtZ7> & c « t0 fi°d * e term 

DO 51 02 Do 54 
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1 , 
which stands in the middle between the two terms ~ and 

1 J_ 

HP ' 105* 

,3. Given the natural tangent* of 89° 64', 88* t»iW 

56,, 88° 5T, 88° 58T, 88° 59', to find the tangeot of 88* 

58 11". Am. 66.711144. 



p&oble* tr. 






Hiring given a series of equidistant terms, c, 6, t, <J, f« 
* Staifirst differences are small ; to find apy interne 
by interpolation. - 



RULE. 



Find the salines o/ the unknown quantity in the eqoation 
which stands against the given number of terms, in the M- 
lowing table, and it will give the term required.* 

1. a—6X40 ^ j 

2. a— i6+c=0 

3. a — 3&-h3c — Ws=o 

4. a — 4&-f-6c - 4d+*=0 
6. (i— -66+l ( »c— 10rf-f5e-— /=0 
6. a — «&-f-15c-20</-r-]5e 6/+#=0, 

, , n-r-l n — 1 * — 2 . , . 

Or 2 * 3 T 

n — 1 it— £ n — 8 . 
"'"l 3 T* &c - =0 - 



EXAM?LE8. 

1. Given the logarithms of 101, 102, 104,and 105, to 
find the logarithm of 103. 



a 



■ • <. 



* Hit more terras are given, in, any series of this kind, the more tec* 
rately will the equation that is to be used approximate towards the few rt - 
salt, or answer required. 
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Flore the number of terms is 4. 

And against 4, in. the table, we have a— 46+6c— «4tJ+e 

4X(6W)^(fl+ej 
=0 ; or c=s — — J -~ value of the unknown 

b 
quantity, or term to be found. 

a =2.00432 14 

Where, taking the logs, of /, =2.0086002 

101, 102, 104, and 105 •/ =2.0 170333 

c = 2.021 1893 
And consequently 
4X(6+^)=lr».i«»25340 
a+e == 4.0255107 



6)1^.0770^33 

2.0128372=log. of 103, as 
required. ( 

2. Given the cube roots of 45, 46, 47, 48, and 49, to 
and the cube root of 50. Ans. 3.684031 . 

3. Given the logarithms of 50, 51, 52, 54, 55, and 56, 
to find the logarithm of 53. Ans. 1.7-242758695. 

PROMISCUOUS EXAMPLES RELATING TO SCRIES. 

1. To find the sum (s) of n terms of the series, 1,2, 3> 
4, 5, &c. 

First, 1+2+3+4+5 &c. . . . n=*s. 
And n+(n— l)+(n-2)+(»— 3)+(n-4) <fcc. 

. . +l=s; 

Therefore, by addition, 

(n+l)+(n+l)+(*+l)+(/i+l)+(»+l)&c 

_ .+(»+!)- 2s. 

And consequently n(n+ l)=2s ; or a== — - — = sum 

required. 

2. To find the sum (s) of n terms of the series, 1, 3, 5, 
7, 9,11, &c. 

First, 1+3+&+7+9&C. . * . . (2n— 1)=«. 
And (2n— l)+(2/*-3)+(2«-5)+ , . . ^1=^ 

y2 
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Therefore by addition, 

fn+2n+2n4 fct+2*+ dco. .- 2»ssst> 

And consequently 2ftX ft ~ 3s ; 

Or s=-Tr-=fifc= sum required . 

5. Required the aunt (a) of n terms of the aeries, «+ 
(a+d)+(a+2d)+(a+3rf)+(*+4d) fcc - ' 
First, a + (a+rf)+(a+2d)+(a+3rf) dee + 

And a+ (m*-d) + « + (*<*-2<*)+fl+(n<*— 3d)+a+ 
(»d— 4rf) die. .... . 4»=s. 

/Therefore, by addition, ;a+(nef-</)+?a+(nd— d)+ 
Sto+(nd— d) &c. .... +fcE+(ftrf-d)=zs. 

And consequently (2a+wrf— d) X*=2s ; 

n 

Or s=(2o+*kJ— d) X-= sum required. 

z 

Or the same may be done in a different manner, as fol- 
lows : - 

a+(a+rf)+(a+2d)+(a+3d)+(a+4d)dec. 
— (+1 + 1 + 1 + 1 + 1 &c)Xo I 
'"" (+0+1+2+5+4 &c.)Xd I """*• 
But n terms of 1 + 1+1 + 1 + 1 dec. ==n. 

And n terms of 0+1+2+3+4 &c. =^53i). 

Whence s=fia+~ ^"~ ' = J2a + d (n — I ) (X* 

which is the same answer as before. 

4* To find the sum (s) of n terms of the series 1, x, r. 

First, l+x+x'+x^+x 4 , dec o?» l =s. 

And x+x^x'+x^+x 5 , dec x n =sx. 

Whence, by subtraction, x n -r l=sz— s. 
# n — 1 
Or s= --= sum required. 

x ^™ x 

And, when x is a proper fraction, the turn of the se 
ries, continued <xd infinitum, may be found in . the same 
manner. 

Thus, putting l+*+x»+ar4*«+**, &c. =*. 
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We -shall have x+x?+x?+x 4 +x? , dec. =«p, 
And consequently — 1 =»bx — s ; or s — ax =s I , 

Whence s= -= sum of ah infinite number of terms. 

1— X; 

as was to be found. 

5. Required the sum (s) of the circulating decimal 
.999999 dec. continued ad infinitum. 

9 9 9 9 

First* .999999 dec = — -4 "I 1 dec, = 

riroi, . WW av. 1 0^ 100 ^1000 ^10000 

9(-i-4-— 4 — - — t- - hd6C.)«s. 

40^100 1000 "10000^^ ; 

Or, 111— L+-i-+— — +&c.«~. 
' lOMoO 1000 lOOiKT 9 

Therefore, i + _+_+_+&c =_. 

10s s 9s 
And consequently l=-« o^lT^ 8 ' 

Whence s=l== sum of the series. 

6. Required the sura (s) of the series a a +(a+(i) a + 
{a+2<£) a +(a+3rf) a +(a+4c/) a ,dsc. continued to n terms. 

Here 
First, a*=a 2 

a+df =a 2 +2Xla/i+l<i 2 
a+2</) a =a 2 +2 X 2ae*+4d 2 
(a+3rf) a =a 3 +2 X3ad+9d 2 
(a+4</) 2 =a 2 +2 X \ad+ 16cP 
&c. &c. 

Whence 
Sum of » terms of (l + l+l+l+&c.)a 2 
s= + . . . ditto of (0+l+2+3+4+&c.)2« 

+ . . . ditto of (0+l+4+9+16+&c.)d 
But n terms of l+l+l + l+&c.=n. 

And of 0+1+2+3+4 &c.=^^ii. 
Also of 0+1+4+9+&C. =: W(n " 1) - ( *!" 1 - ) 



I 
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{: 



S= 



Therafora ■»na'+n(«- lW+ l >( '^" >) i ft ^ ^ i* = 

the- whole turn of the series to s> terms. 

7. Required the sum<(s) of the series a 3 +(a+i) 3 +(* 
+2'i/ , +(a+3<i) 3 +(a+4rf) 3 <frc. continued to a terms. 

First, ir^a* 

(o+<0 3 =* 3 + J M- I«M+3 X »«*+ Id 1 
0i+#0 3 ^« a + : *X2a 1 J+3X4ad»+8<* 3 
(•+8d) s »ef4.3X <a^+3X9a«f , +27cP 
(o+4d) 3 =3d?+3 X4a»d+8 X 16afP+64<J 3 
[a +5<0»=»*»+3 XStM+S X25a«f*+ l25if 

Whence 
I Sum of n term* of (1 + 1 + 1 + 1 &c.)a 3 
1 + . . . ditto of (0+1+2+3+4 &c)3aM 
+ . ; . . ditto of (0+1+4+9+16 fcaJSad 1 
+ . * , ditto of (0+i +8+27+64 &*)<? 
Butn terms of 1 + 1+1+1+1 &c. =*».' 

Ditto . . . of 0+1+2+3+4 &c.=^il-i} 

1 . -4 

Ditto . . . of 0+1+4+9+16 &c.=?li— y* -1 ) 

1 . 2 « 3 

Ditto . . . of 0+1+8+27+64 <&c.=- — ?-J±l. 
Therefore, ,^rf+<!L^g^ + <!L" l)ff ■ J jfcg + 

2 6 

(» 4 — 2ll 3 +»*)cP „ . . . 

It — -— -^sum ofn terms, as was to be found. 

8. Required the sum (s) ofn terms of the series 1+3 
+7+15+31, dec. 

The terms of this series are evidently equal to 1,(1+ 
2),(l+2+4), (1+2+4+8), dec. or to the successive 
sums of the geometrical, series, 1, 2, 4, 8, 16, dec. 

Let, therefore, a=l and r=f, and we shall have 

a+ar+af*+ar>+ar* dw* 1+2+4+ 3+ 16, dVc. 

But the successive sums of 1, 2>AA &c* terms of this 
series are, 
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. ar — a a 



-=(r-l)X - 



Therefore s= 



&c. &C. 

n terms of r+r^+r^+r 4 &c. 
— fi terms ofl + 1 + l + t &c. 



r— I 

But l+1+l+i + l+l + l &c =n 

And r+r a +r 3 +r l + &c.=(r rt — 1)X-^— 

uri r(m— I) a a 

"hence 8= --X nX r=2(* w — l)-n ~ 

r — 1 r— I r-rl v 

whole sum required. 

9. It is required to find the sum of n terms of the series 

Here the terms of this series are the successive sums of 
the geometrical progression 7+5+7+^ — }. & c » 
Let. therefore, a=l and r=2 ; then will 
-+ — — — &c. =cH — + --I l~ — &c. 

But the successive sums of 1, 2, 3, 4, &c. terms of this 

series are, . (r-l')Xfl * a 

7 1. J < =fr-!)X 

(r-l)Xl ' r-1 



(r -l)Xr v r' r— 1 



(r-l)Xr 2 v r 87 r-1 
. (r*-l)Xa , l a 

fcc, . 6c. 
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*y Therefore 
n terms of r+r+Y+r+r &c. 



8 



*■ . 1 • 1 * * *. 
— n terms or -•+• — r-i-v-r& c * 
1 r t* i* 

These being the two series derived from the above ex- 
pressions; 

But r+r+r+r+r+r &c.=*r. 



r 3 (i 

Whence 



ljr- 1 



r— 1 v ( r — hr** 1 2*- 1 



ed. 



requir- 



10. Required the sum (a) of the infinite series of the 
reciprocals of the (riangular number T+5+«+7X+|g 

&c. 

1111 

- Let y+^4*7-| — 7i &c. ad imfimtum =s. 



Or 



1 



1 



1.1 1.55 2.3 2.5 

&c 



ThenA+ L-f-JL-4 ! 



1.2 2.3 *.4 4.5 



2 



1 1.1.1 1,1 1 D J 

1^2 3 4 T 5^6^7 _J 



2 3~4~5 6 7 

s 



s 
2 



Whence -— - ; or 8=2= sum required. 
• 1 
11. And if it be required to find the sum of n terms of 

*u 1.1,1, 1 _. 1 - 

the same series, -+_+.-+— +_ &c. 

T . l 1 l I l • T . ! sl' * 1 
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A *• l , 1 1,1, 1.1 a. , 1 

And z — T -i — - — ==-+-+_ -f-_&c. to 



1 n+i 2^3 ^4 5 ' »+!' 
Therefore -— =---f---| [--- &e. to — 



1 n+\ 2 6 1* ' 20 n n+\* 

w , «n 1,1,1,1-, 2 

Whence — -—=-+--4 — I--- &c. to -; — :— . 

n+1 1 3 T 6 10 n(n+l) 

A 1 . 1 , "1 , * . 1 o 2 2» 

1 3 6 10 15 n(n-{-\) n+1 
terms of the series, as was required. 

12. Required the sum of the infinite series + 

A — - — I — — &c. 
^3.4.5^4.5.6 

Let z:= 7+rt+«+T+^ &c. ad infinitum. 

Then z — -=-+-+- +- &c. by transposition. 
And l=± + ±+-l +1 L &c. by subtraction. 

0r ^i^+O+i+sS &c - by tran8 P° sition - 

Whence 1=^4- JL+g-1.. &c. by subtraction. 

12 2 2 2 

0r-=— — | — — + — — I — — &c. 
2 1.2.3^2.3.4^ 3.4.5^4.5.6 

And i— 2=— — I — —4-- h&c. 

2 " 1.2.3^2.3.4^3.4.5^ 

But ^-r23=- ; therefore —_+— — -f— — -f 



2' 4' 1.2.3 l 2.3.4 ' 3.4.5 ' 4.5.6 

«cf infinitum, =-, which is the sum required. 



m 



13« And if it were iftgpirod to find the sum of » terms 
• of U» nme M ite. ^^LL^^-*- ftc. 

Then '-^O+O+sl ** to SoSTi) ' 

. . 1. 1 , __• 1 . 1 ■ 1 , 1.1, 

A 2 + (n+])(n+2) 8.»^8.4 + 4,5" t *5.«" r «.7 1 ' 

■-— &c. continued to -. — - -^ — j—^ terms. 
7.8 (n+l)(n+2) 

Therefore — n . ~ ■ + ^— — I fcc< 

2 (n+l)(»+X) 1. 8.3^8,9^^8.4.6 

to K terms, by tubtraetaon. 

n terms, by division. 
And consequently rrr-x+^-^-r+s-r-s fcc. continued tt 

l.z.o 2s*3»4 0.4*5 

n terms =1 - ,.(«+ iV+ iT »»» required. 

14. Required the sum (s) of the series r— r+r — rr 
.it:— &c. continued ad infinitum. 

Letx»sWd s= 



1+*' 

Then -^-^(l— x+x*—x*+x A <fcc.) 

And *=fl+s)X(a:-V4^ 3 -.x 4 +tf 5 fcc.) 
Whence, by multiplication, 
or— aM-x 3 — x 4 +x* &c. 

«— T a +X 3 — X 4 +« 5 &Co 



se sum is =»+0+0-VO-V-o &c 
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x 
z=*x. and x — x*+a?— x*+x* &c. =— — 

\+x 

~h + k &c ' = 7Tf : 4 == 8um required " 

12 3 4 ' 

ired the sum of the scries -+-+-4— +&C- 

2 4 8 16 

f infinitum, 

Letx=-- and s= 



"2 a (1— xf 

— 1— =x+2x 3 +3x 3 +4x 4 +5x 5 &c. 

1 ""~-X J 

l—x) 2 X(x+2r , +3x 3 +4i 4 +5x 5 &c.) 
Whence, by multiplication, 
x+2s 2 +3x 3 +4x 4 &c. 
1— Sx+r 2 

x+2x 2 +3x 3 +4x 4 &c. 

*~2x 2 -4x 3 — 6x 4 &c. 

+x 3 +2x 4 &c. 

mmmmmmb^m^ sw^^m^^^^^m* mv^i^hii^^w* 

i is =x+0+0+0+0 &c. 
Therefore z=x, 

+2x 2 +5x 3 +4x 4 +5x 5 bc—j-^-—. 

?+i.+-i+-i&c. =,^---=2= sum of the 
8 16^32^64 0-i) a 

ies required. 

i required to find the sum (s) of the series g+ 



3 . 25 



-+ — - &c. continued ad infinitum. 
1 243 ' 

Let x= 4 and U^ST* 

i _-L--.=x+4x a +9x 3 +16x 4 +25x 5 &C. 

(I— x) 3 

l-x) 3 X(x+4* 9 +9x 3 +16x 4 &c.)=*+* 9 > 
will be found by actual multiplication. 

z 
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Therefore x+x'—z, 
And «+4x a +9* 3 +l6* 4 &c. +77^75- 

Or, 
i+t+l+ll &c. =iii±i)=|=l is =sum required. 

a a-{-rf 
17. Required the sum (s) of the series — | + 

_Z! — -I — &c. continued ad infinitum, 

mr 2 ^ mr* J 

Letx=-, and s= 



m mr 



r' m(l— x) 2 

Then _^=« +fi±f + d^ + i±^%. 
m(l— a?) m mr mr 1 mr 

0r ' (T^j ==a +-T- + -^+-^ *c. 

That is,- 



'(■-*)■ 

a+(a + c/)a:4-(«+2 fl ?)^+((i+3t/)2 3 4-(fl+4rf)a; 4 &c. 
And 2=(l-x/X|a+(o+(/)i+(o + 2«/)x 3 +(a+3eJ(;r' 

&c. |=(l~r)a+^a:, 
as will appear by actually multiplying by ( 1 — a:) 3 

Therefore z = ( 1 - z)a + c/,r ; and consequently — + 

— H 5 r- &c. =- J -A- fT- > = sum of the infi- 

mr mr 4 m f (r— I) 2 > 

nite series required. 

EXAMPLES. 

1. Required the sum of 100 terms of the series 2, 5, 8. 
11, 14, &c. Ans. 16050. 

2. Required the sum of 50 terms of the series l+2 a 
+3 3 +4 2 +6 a &c. Ans. 4292b. 

3. It is required to find the sum of the series 1+3*+ 



SUMMATION OF INFINITE SERIES. 256 

a: 3 +10x 3 +l Sap 4 , continued ad infinitum, &c. when x is 
testhanl. 

Ans. 7- - r 

4. It is required to find the sum of the series 1-Mx 
-10x 2 -{-20x i -t-d5x* i &c. continued a<4 infinitum, when x 
1 less than 1. 

An8 ' ( T^- 

5. It is required to find the sum of the infinite series 

3" +S6 +ST7 + t79- &c - Am - To' or 2' 

6. Required the sum of 40 .terms of the series (1 X2) 
r(3X4)+(5Xh)-r-(7X ) &c. Ans. 868»4. 

7. Kequired the sum of » terms of the series — — 

,2* -3 ,2i-5 2x— 7 _ A /fcr-n\ 

2x 2x 2a: \ 2x ) 

8. Required the sum of the infinite series 7-T-7, -7+ 

1.2*o.4 

* . l l a. - » 1 

- m ,4 - 1 : &C. AnS. -~r. 

.3.4.5^3.4.5.0^4.5.0.7 18 

9. Required the sum of the series 7+7+^+5^+051 

cc. continued ad infinitum. Ans. — , or 1— . 

lOr It is required to find the sum of the n terms of aeries 
+8a+27x 2 +64x 3 +l29a: 4 , &c. continued ad infinitum. 

1+4H-* 9 

.12 

11. Required the sum of n terms of the series — h-j-+ 

1,4,5,0 I i ifir+r-W 

i-+-4+p+ ? *C Ans. (7Zrfr? r^ -j^-jyr J • 
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12. Required the sum of the series s-^r+-r^-+STn 

A.o 4.o o.U' 

1 i 



J 



8.12 *• ' • • ^2^1+2n) # 

_ 3 _ 5»+3n a 

1 t I ' 

13. Required the sum of the series h-q +^To-+-q-T7 

. l «, J ; 

^-T^oTT &C. . • . 



12.20 ^ • • • 3«(4+4n)* 

Ads. £=ts, 8=: 



12' 12+ 12» 

14. Required the sum of the series irs'+^o +T0T* 

, &%1 7.1* 1a.1i 

6 6 

^rnsr • • * 4 '(5»^3j.(6»+2)"' 

Ans. 2=-, s-=^-7-r- • 
5 2+5" 

15. Required the sum of the series .T-£--:rs"+7r7n "" 

+ &c. . . . i 



I2H"2^ ^ v# " ' • -3*(4+2»)' 



Ans. 2=—-, s= 



24* 2(3+6n) 4(6+6n) . 
2 3 4 

16. Required the sum of the series — r~T"»rH"Vo" 

3.5 5.7 «.y 

■f- &c. . . . ± 



9.1* T ' ' * (l+2n).(3+2n)' 

Ans. 2=-—, s= 



11' 12 4(3+4n) 



* The symbol 2, made use of in these, and some of the following Mfkf 
denotes the 6am of an infinite number of terras, and S the sum of n terms- 
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17. Required the sum of the series 7-—+^—-;+ 

4-TT^ *•• • • • +■ 



1.2.3 ' 9.3.4 



3.4.5 ' 4.5.6 n( I +n).(2+n) # 

A *, 3 S 2 , 1 A 

Ans.^s=--_4_*. 

Of LOGARITHMS. 

Logarithms are a set of numbers that have been com- 
puted and formed into tables, for the purpose of facilitat- 
ing many difficult arithmetical calculations ; being so 
contrived, that the addition and iiubtraction of them answers 
to the multiplication and division of natural numbers with 
which they are made to correspond t. 



* The series bore treated of are such as are usually called algebraical 
which, of course, embrace only a small part of the whole doctrine. Thosnj 
therefore, who may wish for farther information on this abvtraqe bat bjrar/ 
curious subject, are referred to the Misctllanem Analytica of Demoivre,8ler« 
ling's Method Differ., James Bernoulli, de Seri. A/!*., Simpson's Math. 
Dutert. Waring's Mtdzi. AnalyL, Clark's translation ofLorgmtt Strife, the 
various works of Euler, and Lacro-x Traite du Calc%d Diff. et JW., w hen 
they will find nearly all the materials that have been hitherto collected in- 
specting thi* branch of analysis. 

f This mode of computation, which is one of toe happiest and most use- 
ful discoveries of modern times, is due to Lord Napier, Baron of Merchiston, 
in Scotland, who first published a table of these numbers, in the year 1614, 
under the title of Canon Jttirificum Logarithmorum ; which performance 
was eagerly received by the learned throughout Europe, whose efforts were 
immediately directed to the improvement and extensions of the new calculus, 
(hat had so unexpectedly presented itself. 

Mr. Henry Bngg*« in particular, who was, at that time, professor of geo- 
metry in Gresnam College, greatly contributed to the advancement of this 
doctrine, not only by the very advantageous alteration which he first introduc- 
ed into the system of these numbers, by making 1 the logarithm of 10, Instead 
of 2.3035853, as had been done by Napier ; but also by the publication, in 
1024 and 1633, of his two great works, the Arithmetica Logarithmica and 
the Trigonometria Britanica, both of which were formed upon the principle 
above mentioned ; as are, likewise, all our common logarithmic fables at 
prevent in use. 

Z? 
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Or, when taken in a similar but more general sense, 
logarithms may be considered as the exponents of the 
powers to which a given or invariable number roost be 
raised, in order to produce all the common, or natural 
numbers. Thus, if 

a*=y, a*-y\a<=y m t &c. 
then will the indices ?, r , x", &c. of the several powers 
of a, be the logarithms of the numbers?/, y\ y\ &c. in the 
scale, or system, of which a is the base. 

So that from either of these formula? it appears, that 
the logarithm of any number, taken separately, is the in- 
dex of that power of some other number, which, when in- 
volved in the usual way, ia equal to the given number. 

And since the base a, in the above expressions, can be 
assumed of any value, greater or less than ), it in plain that 
there may be an endless variety of systems of logarithms, 
answering to the same natural number. 

It is, likewise, farther evident, from the first of these 
equations, that when y— 1, a: will be =-0, whatever may 
be the value of a ; a:>d consequently the logarithm of 1 rs 
always 0, in every system of logarithms. 

And if x= 1 , it is manifest from the same equation, that 
the base a will be =y; which base is therefore the num- 
ber whose proper logarithm, in the system to which it be- 
longs, is 1 . 

Also, because a x =y, and a a '=y', it follows from the 
multiplication of powers, that a x Xa x \ or a x i x '=yy ; and 
consequently, by the definition of logarithms, given above, 
x+x'=log. yy\ or 

log. yy = log. y + log. y\ 
And, for a like reason, if any number of the equations 
a*=y, a x '=y', a x "=y", &c. be multiplied together, we shall 
havea't^t*" & c .=y y y', & c . ; and consequently x+x+x", 
&c. =log. yy'y, &c. ; or 

lo g- MY &c. ; =log. y+ log. y'+ log. y" <fec. 

Sec, for farther details on this part of the subject, the Introduction to m 
Treatise of Plane and Spherical Trigonometry, Bvo. 2d. Edit 1813 : and for 
the construction and use of the tables consult those of Sherwin, Hutton. Tw- 
lor, Callet, and Borda, where ever necessar/ information of this Idod M»j 
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From which it is evident, that the logarithm of the pro- 
uct of any number of factors is equal to the sum of the 
>garithms of those faotors. 

Hence, if all the factors of a given number, in any case 
>f this kind, be supposed equal to each other, and the sum 
»f them be denoted by m 9 the preceding property will 
hen become 

log. y m =m log. y. 

From which it appears, that the logarithm of the mth 
Miwer of any number is equal to m times the logarithm of 
hat number. 

In like manner, if the equation a x =y be divided by a*' 
=y', we shall have, from the nature of powers, as before, 

— ;, or a*- r '=-, ; arid by the definition of logarithms, laid 
down in the first part of this article, x — af'=log.=7, or 

iog.?r=Iog.y — log.y'. 

Hence the logarithm of a fraction, or of the quotient 
arising from dividing one number by another, is equal tp 
the logarithm of the numerator minus the logarithm of the 
denominator. 

And if each member of the common equation a*=y be 

raised to the fractional power denoted by -, we shall have, 

m m 

in that case, a H =y n ; 
'And, consequently, by taking the logarithms, as bt!i:re, 

m m 

hi . — . — m _ 
~a=»log. y n 9 or log. y n =— log. y. 

Where it appears, that the logarithm of a mixed root, 
or power, of any number, is found by multiplying the lo- 
garithm of the given number by the numerator of the in- 
dex of that power, and dividing the result by the denomi- 
nator. 

• And if the numerator m, of the fractional index, he in 
this case, taken **«ial to l, the Above formulA vrill thai 
become 
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log ' F == » og ' y# 

From which it follows, that the logarithm of the *& 
root of any number is equal to the ath part of the top. 
rithm of that number. 

Hence, besides the use of logarithms, in abridging the 
operations of multiplication and division, they are equally 
applicable to the raising of powers and extracting of roots ; 
which are performed by simply multiplying the given lo- 
garithm by the index of the power, or "dividing it by the 
number denoting the root 

But although the properties here mentioned are com- 
mon to every system of logarithms, it was necessary, for 
practical purposes, to select some one of them from the 
rest, and to adapt the logarithms of all the natural numbers 
to that particular scale. 

And, as 10 is the base of our present system of arithme- 
tic, the same number has ac. ordingly been chosen for the 
base of the logarithmic system, now generally used. 

So that, according to this scale, which is that of the 
common logarithmic tables, the numbers 
. . . 10- 4 , I0- 3 , 10- 2 , 10-\ 10", 10 1 , 10 2 , 10 3 , 10\ &c. 

Or 

• • • i»io5o'T5oTo' l > 10 > ,( ?°> ,000 ' 10 °oo,&c. 

have for their logarithms 
.... -—4,-3, —2, —1, 0, 1, 2, 3, 4, &c. 

Which are evidently a set of numbers in arithmetical 
progression, answering to another set in geometrical pro* 
grcssion ; as is the case in every system of logarithms. 

And therefore, since the common or tabular logarithm 
of any number (n) is the index of that power of 10, which, 
when involved, is equal to the given number, it is plain, 
from the following equation, 

10 x =«, or 10-*=-, 

n 

that the logarithms of all the intermediate numbers, in the 

above series, may be assigned by approximation, and made 

to occupy their proper places in the general scale. 
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it is also evident, that tho logarithms of 1, 10, 100, 
1000, dec. being 0, 1, 2, 3, dec. respectively, the logarithm 
of any nu.nber, falling between and I, will be and 
some decimal parts ; tiiatof a number between 10 and 100, 
1 and 60in« decimal parts ; of a number between 100 and 
2000, 2 and some decimal parts ; and so on, for other num- 
bers of this kind. 

And, for a similar reason, the logarithms of — , -^, 

— — , &c. or of their equals .1, .01, .001, &c. in the de- 
scending part of the scale, being — i, — 2, — 3, dec. the 
logarithm of any number, falling between and I, will be 
—1, and some positive decimal parts ; that of a number 
between . I and .0 1 , — 2, and some positive decimal parts ; 
of a number between .01 and Oul, — .3, and some positive 
decimal parts ; dec. 

Hence, likewise, as the multiplying or dividing of any 
number by 10, 100, lOOo, dec, is performed by barely in- 
creasing or diminishing the integral part of its logarithm 
by 1> 2, 3, dee. it is obvious that all numbers, which con- 
sist of the sa.tie figures, whether they be integral, frac- 
tional, or mixed, will have, for the decimal part of their 
logarithms, the same positive quantity. 

So that* in this system, the integral part of any logarithm, 
which is usually called its index, or characteristic, is al- 
ways less by I than tne number of integers which the natu- 
ral Dumber consists of ; and for decimal*, it is the number 
which denotes the distance of the first significant figure 
from the place of units. 

Thus, according to the logarithmic tables in common 
use, we have 



Numbers. 
1.36820 
20.0500 
335.260 


Logarithmn. 
0.1361496 
1.3021144 
2.5253817 


.46521 


1.6676490 


.Ob 154 

&c. 


2.7891575 
dec. 
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Where the sign — is put over the index, instead of be- 
fore it, when that part of the logarithm is negative, in or- 
der to distinguish it from the decimal part, which is always 
to be considered as +, or affirmative. 

Also, agreeably to what has been before observed, the 
logarithm of 33540 being 4.58591.17, the logarithms of 
any other numbers, connisting of the same figures, will be 
as follows : 

Nupibers. Logarithms. 

.1854 .*.585fc> 1 17 

3«5. • 2.o85 . 17 

38.54 1.5*59117 

3.^54 0.585i>»l7 

.3854 T.5»59 17 
.03; 54 1 V.58591 (7 

.0<>3H54 I 3.5859117 

Which logarithms, in this* case, as well as id all others 
of a similar kind, whether the number contains ciphers or 
not, differ only in their indices, the decimal, or positive 
part, being the same in them all.* 

And, as the indices, or integral parts, of the logarithms \ 
of any numbers whatever, in this system, can always be I 
.thus readily found from the simple consideration of the 
rule above mentioned, they are generally omitted in the 
tables, being left to be supplied by the operator, as occa- 
sion requires. 



1 

4 



* The great advantages attending: th? common, or Briggean system of lo* 
garithms, above all others, aribe chiefly from the readiness with which we 
can always find the characteristic <>r integral part of any logarithm from the 
bare inspection of the natural number to which it belongs, and the circus- 
stance, that multiplying or dividing any number by li, 100, 1000, &c. only 
influences the characteristic ot its logarithm, without affecting the decimal 
part. Thus, for instance, if t be made to denote the index or integral part of 
the logarithm of any number N, and d its decimal part, we shall hare log. X 

=i4-</; log. I0 7 '*x w = (t4-m)-f d\ log. ~- «= (t— m)+ d ; whera R » 

plain that the decimal part of the logarithm, in each of these cases, rwntfe 
the game. 
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It may here, also, be a farther added, that when the loga- 
im of a given number in any particular system, is known, 
will be easy to find the logarithm of the same number in 
j other system, by means of the following equations, 

a x =»i, and e*~n, or log. n=x, and /. n=x'. 
Where log. denotes the logarithm oCn, in the system of 
lich a is the base, and /. its logarithm in the system of 
lich e is the base. 

For, since a ar =e*', or a*'=e, and e*=a 9 we shall have. 

* 

r the base a, -7= log. e, or x=x log. e 5 

x' " 

and for the base «, -=/. a, or x'=x La. 

x 

Whence, by substitution, from the former equations, 

"1 
log. n=/. nXlog. e; or log. n=L nXj—, 

1 
Where the multiplier log. e, or its equal — , expresses 

• ltd 

le constant relation which the logarithms of n have to . 

ich other in the systems to which they belong. 

But the only system of these numbers, deserving of no- 
se, except that above described, is the one that furnishes 
hat have been usually called hyperbolic or Neperian lo- 
arilhms, the base e of which-is 2.718281828459 . . .' 

Hence, in comparing these with the common or tabular 
igarithms, we shall have, by putting a in the latter of the* 
bove formula) •= 10, the expression, 

log. n=/. nXp--, or /. n = log. nX/. 10. 

Where log. in this case, denotes the common tabular 
igarithm of the number n, and /. its hyperbolic, loga- 

ithm; the constant factor, or multiplier, —-, which is 

(• iu 

'„ s^-^rr^r, or its equal .4342944819, 

V, .... 8.3025850929' M 



• % 






A ". • ■■ . 
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being what is usually called the modulus of the common 
system of logarithms.* 

PROBLEM I. 

To compute the logarithm of any of the natural num- 
bers, 1, 2, 3, 4, 5, &c. 

RULE I. 

1. Take the geometrical series, 1, 10, 100, 1000, 1OO00, 
&c, and apply to it the arithmetical series, 0, 1,2,^3,4, 
&c. as logarithms. 

2. Find, a geometric mean between 1 and 10, 10 and 
100, or any other two adjacent terms" of the series, be- 
twixt which the number proposed lies. 

3. Also, between the mean, thus found, and the near- 
est extreme, find another geometrical mean, in the same 
manner ; and so on, till you are arrived within the pro- 
posed limit of the number whose logarithm is sought. 

4. Find, likewise, as many arithmetical means between 
the corresponding terms of the other series, 0, 1,2, 3, 4, 
<kc. in the same order as you found the geometrical ones, 
and the last of these will be the logarithm answering to the 
number required. 

EXAMPLES. 

Let it be required to find the logarithm of 9. 



* It may here be remarked, that although the common logarithms have 
superseded the use of hyperbolic or Neperian logarithms, in all the ordinary 
operations to which these numbers are generally applied, yefthc latter are 
not without some advantages peculiar to themselves •, being of frequent oc- 
currence in the application of the Fluxionary Calculus, to man) analytical 
and physical problem?, where they are required for the6nding of certain flo- 
rnts, which could not be so readily determined without their assistance ; on 
which account great pains have been taken to calculate tables of hypcibolic 
logarithms, to a considerable extent, chiefly fc.r this purpose. Mr. Barlow, 
in a Collection of Mathematical Tables lately published, has given them for 
the first 10000 numbers. 
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which may be taken for the logarithm of 9, as it differs 
from it so little, that it may be considered as sufficiently 
exact for all practical purpose*. 

And in this manner Were the logarithms of all the prime 
numbers at first computed. 

RULE II. 

When the logarithm of any number (n) is known, the 
logarithm of the next greater number may be readily 
found from the following series, by calculating a sufficient 
number of its terms, and then aoding the given logarithm 
to their sum. 

Lc*(»+l)=log.n+M'j^^ | 

i . l 4. 1 1 _i & c I 

^7(2n+l) 7 9(2«+t) 9 ^ll(2a+l) 11 S 

Or, i 

Log. (n+l)-log. n + J -_ + _ n _ yi+ _- ? + 

7(2n+l) a+ 9(2ii+l) 3+ ll(2i»+iy > 1 

Where a, b, c, &c. represent the terms immediately ' 

preceding those in which they are first used, and m' s * 

twice the modulus =.8685889638 .... * 

EXAMPLES. 

1. Let it be required to find the common logarithm ot 
the number 2. 

Here, because n+ 1 =2, and consequently n=l and 2n 
+ 1=3, we shall have 



* It may here be remarked, that the difference between the logaritbmi of 
any two consecutive numbers, is so much the less as the numbers are great- 
er ; and consequently the series which comprises the latter part of the aborc 
expression will in that case converge so much the fuster. Thus toff, n and 

log. (n+1), or its equal log. n-f log (1 4 . -), will, obviously, differ hut lit- 

tie from each other when n is a large number. 
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M^ = 86888H»638 = 2s9529664 (a) 
2n-f. I 3 v ' 

.2895 W =.010723321(8) 



3(2«+l)» 3.3* 

^_=£^if^ = .000714833 (c) 

__-__-= = .0lK)056737 (o) 

7(2»+l) 2 7.3 ' 

7d 7X.0<X»o56727 rt ,w^ ft „ / \ 
= = .000004903 (e) 

9(2n+l)« 9.3* v 

Pe 9X.0' 0004903 ^, w , rt ^. , % 

il0C+T5r ! 1773* =* • o000004 * b (F) 

,lF 11X0.WM0446,, >0000{(0042 (G) 



I3(2»+I)* l <.3 2 

i3o lax-oti-HKioo^ 00u000004 (H) 



15(2n+l) a 15 2 a 



■ Sum of 8 terms . . .3imi -29*^5 
Add log. of 1 . . .oOOOOOQOO 

Log. of 2 ... .301029995 

Which logarithm i* tru* to the la^t figure inclusively. 

2. Let it be required to compute the logarithm of the 
number 3. 

Here, since n+l=3, and consequently n=2, and 2n 
+ 1=5, we shall have 

-' •*»«»?« . . . =.1737177»3 (a) 



2n+l 5 

a .173717793 _ 00231 ,; 2 37 (b) 



S(2»+l)» 3..^ 

3B _ 3 X 0023 1 6237_ nftnnsSB90 () 

5(*»+l)» 5.ft a 

_Jf_ = .£2i: 000 »^ 690 =.000001588 (d) 
7(ft»+l)» 7.5* 
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7d 7 X .000001 688 ^^^^ , \ 
— -- = =.000000050 (eV 

9(2n+l)» 9.b 2 . ^T^ i; 

9e 9 X -000000050 A „^ Mtxnnk , v 

-.=.000000002 (p) 



H- 



ll(2»i+l) a 11.6 a 



Sum of 6 terms 176091260 

Log. of 2 801029H95 

Log. of 3 477121255 

Which logarithm is also correct to the nearest unit w. 
tHe last figure. 

And in the same way we may proceed to find the loga- 
rithm of any prime number. 

Also, because the sum of the logarithms of any two num- ' 
bers gives the logarithm of their product, and the difference 
of the logarithms the logarithm of their quotient, &c. ; we 
may readily compute, from the above two logarithms,. and 
the logarithm of 10, which is 1, a great number of other 
logarithms, as in the following examples : 

3. Because 2X2=4, the; .fore i >301029995 
• log- 2 S 

Mult, by 2 2 



gives log. 4 .60*0599^0 

4. Because 2X3=t>, therefore > . 30 l0 2i».-«6 

to log. 2 ) 

add log. 3 .477121255 

gives log. 6 .778151^50 

5. Because 2 3 =8, therefore log. 2 .301029995 

mult, by 3 3 

gives log. 8 .903089985 
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6. Because 3 3 =9, therefore log. 3 .477121265 

mult, by 2 2 

gives log. 9 .954242510 

7. Because y =5, therefore from > 1#ooooo0000 

log. 10 $ 
take log. 2 .3010*9995 

gives log. 5 .698970005 

8. Because 3X4=12, therefore > 477121266 

to log. 3 j ' . 
add log. 4 .602059991 

i • 

gives log. 12 1.079181246 

And, thus, by computing, according to the general for* 
nula, the logarithms of the next succeeding prime num- 
bers 7, 11, 13, 17, 19, 23, &c. we can find, by means of 
the simple rules, before laid down for multiplication, divi- 
sion, and the raising of powers, as many other logarithms 
is we please, or may speedily examine any logarithm in 
he table. 



MULTIPLICATION 

BY LOGARITHMS. 

Take out the logarithms of the factors from the table, 
id add them together ; then the natural number, answer- 
g to the sum, will be the product required. 

Observing, in the addition, that what is to be carried 
>m th* decimal part of the logarithms is always affirma- 
re, and must, therefore, be added to the indices, or Inte- 
al parts, after the manner of positive and negative o^ian- 
ies in algebra. 

Aa2 
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Which method will be found much, more convenii 
to those who possess a slight knowledge of this scier 
than that of using the arithmetical complements*. 

EXAMPLES. 

1. Multiply 37.153 by 4.086, by logarithms. 

Not* Loqs. 

37.153 1.5699939 

4.086 0.6112984 

?rod. 151.8071 . . 2.1812923 

2. Multiply 112.346 by 13,958, by logarithms 

Aot. Logs* 

112.246 .... 2.0491709 
18.958 1.1448232 

Prod. 1563. 128 , . 3.1939941 

3. Multiply 46.7512 by .3275, by logarithms. 

Nos* Logs, 

46.7512 .... 1.6697928 

.3275 7.5162115 

Prbd. 15.31102 . . 1.1850041 

Here, the + ' > that is to be carried from the deciro 
cancels the — 1 , and consequently there remains 1 in 
upper line to be set down. 

4. Multiply .37816 by .04782, by logarithms. 

jVos. Logs. 

.37816 .'.... 1.5776756 
.04782 2.6796096 

Prod. .0180836 . . 2.2572852 

Here the + 1 that is to be carried from the deciir 
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destroys the — 1, in the upper line, as before, and there 
remains the - 2 to be set down. 

5. Multiply 3.768, 2.053, and .007693, together. 

Not. Log*. 

7.768 ... . 0.5761109 
- 9.053 .... 0.3i238S9 

.097693 . . . -3.8860997 

Prod, .059511 ,2.7745995 

Here the +1, that is to be carried from the decimals, 
when added to —3, makes —2 to be set down. 

6. Multiply 3586, 2. 1046, .8372, and .0294, together. 

Abt. Log** 

3.586 .... 0.554610 
2.1046 . . . . 0.323170 

.8372 .... 1_.922829 

.0294 .... 2.468347 

Prod. ,1857618 . . T.268956 



Here the +2, that is to be carried, cancels the —2, 
and there remains the — I to be set down. 
7. Multiply 23.14 by 5.062 by logarithms. 

Ans. 117.1347. 
C. Multiply 4.0763 by 9.8432, by logarithms. 

Ans. 40.12383. 

9. Multiply 498.256 by 41.2467, by logarithms. 

Ans. 20551.41. 

10. Multiply 4.026747, by logarithms. 

Ans. .0497102. 

11. Multiply 8.12567, .02868, and .12379, together, by 
logarithms. Ans. .09109705. 

12. Multiply 2876.9, .10674, .098762, and .0031598, 
by logarithms. Ans. .0058299, 
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DIVISION BY LOGARITHMS. 

From^he logarithm of the dividend, as found in the ta- 
bles, subtract the logarithm of the divisor, and the natural 
number answering to the remainder, will be the quotient 
required. 

Observing, if the subtraction cannot be made in the 
usual way, to add, as iu the former rule, the 1 that is to be 
carried from the decimal part, when it occurs, to the in- 
dex of the logarithm of trie divisor, and then this result, 
with its sign changed, to the remaining index, for the index 
of the logarithm of the quotient. 

EXAMPLES. 

1. Divide 4768.2 by 36.954, by logarithms. 
jVb$. Logs, 

4768.2 .... 3.6783545 
36.954 .... 1.5676615 

Quot. 129.032 . . 2.1106930 

2. Divide 21.754 by 2.4678, by logarithms. 

Nos. Logs. 

21.754 .... 1.3*75391 
2.467S .... 0.^923100 

Quot. 8.1518 . . 0.9452291 

3. Divide 4.1-257 by .17608, by logarithms. 

JVo$. Logs. 

4,(5267 .... 0.6651725 

.17608 .... 1.2457100 
Quot. 26.2741 . . 1.4194625 
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Here — 1, in the lower index, is changed into +1, 
which is then taken for the index of the result. 
4. Divide .27684 by 5.1576, by. logarithms. 
Nos. Logs. 

.27684 . . . , . 1.4422288 
5.1676 0.7124477 



Quot. .053^761 . . 2.72*78 il 



Here the 1 that is to be carried from the decimals, is 
taken as — 1, and then added to — 1, in the upper index, 
which gives —2 for the index of the result. 

5. Divide 6.9875 by .075789, by logarithms. 

JVbf. • Logs. 

6.9875 0.8443 '18 

.075789 .... 2.87^062 



Quot. 92.1967 . . 1.9b 715H 



Here the 1 , that is to he carried from the decimals* is- 
added to — 2, which makes — 1, and this put down, with 
its sign changed, is 4- 1.. 

6. Divide . 19876 by .0012345, by logarithms. 
Nos. Logs. 

.19876 F.2983290 

.0012345 .... 3.09- 4-^11 



Quot. 161.0051 . . 2 2069379 



Here —3, in the lower index, is changed into +3, and 
this added to -r- l y the other index, gives +&— 1 or 2. 

7. Divide 125 by 1 72<i, by logarithms. 

Am* 0723379. 

8. Divide 1728.95 by 1.10678, by logarithms. 

Ans. 1562.144. 

9. Divide 10.28674 by 4.96523, by logarithms. 

Ans. 2.061685c 
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10. Divide • 9956.7 by .0482*5, by logarithms. 

Am..41S739, 

11. Divide .067859 by 1234.59, by logarithms. 

Ans. .0000549648. 



THE RULE OF THREE, 



OR PROPORTION, BY LOGARITHMS. 

For any single proportion, add the logarithms of the se- 
cond and third terms together, and ^ihtract the logarithm 
of the firs i from their sum* according to the foregoing 
rules ; then the natural number answering to the result 
will be the fourth term required. 

But if the proportion be compound, add together the 
logarithms of all the terms that are to be multiplied, and 
from the result take the sum ol" the logarithms of the 
other terms, and the remainder will he the logarithm of 
the term sought. 

Or, the same may be performed iin-re conveniently thus, 

Find the complement ol the logarithm of the first term 
of the proportion, or uha? it want> <>t 0, by beginning at 
the left hand, and taking each of its ii«rures from 9, except 
the last significant figure on the right, which must be taken 
from 10; then add this result and the logarithms of the 
other two terms togetln r, and the sum, abating 10 in the 
index, will be the logan Inn of the fourth term, as before. 

And, if two or more logarithms are to be subtracted, as 
in the latter part of t fin a hove rule, add their complements 
and the logarithms of 'the fenns to be multiplied together, 
and the result, abating as many lO's in the index as there 
are logarithms to be subtracted, nil be the logarithm of 
the term required ; observing when the index of the lo- 
garithm, whose complement is to be taken, is negative, to 
add it, as if it were affirmative, o 9 ; and then take the 
rest of the figures from 9, as before. 



■1 
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EXAMPLES. 

Find a fourth proportional to 37.125, 14.7^8, and 
279, by logarithms. 

Log. of 37.125 .... 1.569*665 

Complement 8.-43e3a35 

Log. of 14.768 .... 1.I693J17 
Log. of 135.279 . . . 2. 13 1 304 

Ans. 53.81099 . . . 1.730,856 

Find a fourth proportional to .06764, .7186, and 
21, by logarithms. 

Log. of .05764 .... 2.7607240 

Complement ..... n.2 J92760 
Log. of .71«6 . . . . 1.8564872 
Log. of .34721 .... 7.5405922 

t 

Ans. 4.328681 . . . 0.r>363554 

Find a third proportional to 12.796 and 3.24718, by 
rithms. 

Log. of 12.796 .... 1.1070742 

Complement 8. 8929258 

Log. of 3.24718 . , . 0.5115064 
Log. of 3.247 18 . . . 0.5 1 1 5064 



>»• 



Ans. .8240216 . . 1.9159386 

Find the interest of 279/. 5s. for 274 days, at 4{ 
cent, per annum, by logarithms. 



-- >=* 
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Comp. log. of 100 
Gomp. log. of 366 
Log. of 279.26 . 
Log. of 274 . . 
Log. of 4.6 • • 

Am. 9.483296 . 



8.0000QOO 
7.4577071 
2.4469932 
2.4877606 
0.6632126^ 

0.9746634 



6. Find a fourth proportional i* 12.678, 14.066, and 
i 00.979, by logarithms, "' Am, 112.0263. 

6. Find a fourth" proportional to 1.9864, .4678, and 
50.4667, by logarithms. An*. 1 1.88262. 

*L Find a fourth proportional to .09668, .24968, and 
.008967, by logarithm* Ana, .02311234. 

8. Find a 'mean proportional between 49662! and 
3.'.)687, and a third proportional to 12.796 and 8.24718 
by logarithms. Ana. J 7.65628 and .8240216. 

INVOLUTION, 

OR THE RAISING OF POWERS BY LOGARITHMS. 

Take out the logarithm of the given number from th« 
tables, and multiply it by the index of the proposed pow- 
er ; then the natural number answering to' the result, will 
be the power required. 

Observing, if the index of the logarithm be negative, 
that this part of the product will be negative ; but as what 
is to be carried from the decimal part will be affirmative, 
the index of the result must be taken accordingly. 

EXAMPLES. 

1-. Find the square of 2.7668, by logarithms. 
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Log. of 2.7568 . . 0.4402477 

Square 7.59994$ . . . 0.8804454 



Frad the cube of 7.0951, by logarithms. 
Log. of 7.0851 . . . 0.85u3399 

3 



Cube 355.6475 . . . 2.5510197 

Find the fifth power of .87451, by logarithms. 

Log. of .87451 ... T.94 17648 

5 



Fifth power .5114695 . 1.7088240 



here 5 times the negative index — t, being — 5, and 
to carry, the index of the power is 1. 
Find the 365th power of 1.0045, by logarithms. , 
Log. 1.0045* .... 0.0019499 

365 

97405 
116994 
58497 

Power 5. 148888 * . . 0.7117135 



Required the square of 6.05987, by logarithms. 

Ans. 36.72203. 
Required the cube of .17ti546, by logarithms. 

Ans. .005502674. 

"his answer 5.148888, though found Mrictly according to the general 
ia not correct in the last four figures 8888 ; nor can the answers to each 
cms relating to very high powers be generally found true to 6 places of 
s by the tables of Log. commonly used ; if any power above the nun- 
thousandth were required, not one figure of the answer here given 
be depended xxi. The Log. of 1.0045 is 00194994108 true te eleven 
b, which multiplied by 365 gives .7117285 true to 7 places, and the cor- 
nding* number true to 7 places is 5.149067. See Doctor Adrain's edi- 
f Hut. Math. Vol.1, p. 169. 

Bb 



2w agmBffi* W locwjmi** 

7. Required, the 4lh power of .0765*9* by logarithm 

^ : % , Am. .0000343*59. 

8. ReqSHT&» W» l^wer of 2.9764a, by fcfarithms. 

Ana. 233.6031, 

9. Required Jthe.6th power ef 21.0570, by logenthms. 

Ana. 87187840. 

10. Rewind (he 7th power of 1.09684, by logarithms. 

Ana. 1.909864* 

i 

^VOLUTION, 



OR THE^XTRACTION OF ROOTS, BT LOGARITHMS. 



Take out the logarithm of the given number from the 
table, and divide it by 2, for the square root, 8 for tire 
cube root, dec. and the natural number answering to the 
result will be the root required. 

But if it be a compound root, or one that consists both 
of a root and a power* multiply the logarithm of the given 
number by the numerator of the index, and divide the pro- 
duct by the denominator, for the logarithm of the root 
sought. 

Observing, in either case, when the index of the loga- 
rithm is negative, and cannot be divided without a remain- 
der to increase it by such a number as will render it ex- 
actly divisible ; and then carry the units borrowed, as so 
many tens, to the first figure of the decimal part, and di- 
vide the whole accordingly. 

EXAMPLES. 

1. Find the square root of 27.465, by logarithms. 
Log. of 27.465 . . „ 2) 1.4887796 

Root 5.2407 . . . . . .7193898 
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2. Find the cube root of 35.(5415, by logarithms. 
Log. of 35. «4 15 . . . 3)i.5 >19560 

Root3.29u33 5173186 



3. Find the 5th root of 7.0825, by logarithms. 

Log. of 7.0825 . . . 5)0.8601866 

Root 1.479235 1700373 

4. Find the 365th root of 1.045, by logarithms. 

Log. of 1.045 . . . 3bo)i.*.H0.9499 

Root 1.000121 .... O.«>0<>0>34 



5. Find the value of (.00123 1)$ by logarithms. 
Log. of .001234 . . . 3.09 3152 

i 



3)^.1826^04 



Ans. .00115047 .... 2.0608768. - 

Here, the divisor 3 being contained exactly twice in the 

negative index — 6, the index of the quotient, to be put 

down, wilt be — 2. 

a. 
Find the. value of (.024554) 2 by logarithms. 

Log. of .024554 . . . 2.3901223 

2)5.1703669 

Ans. .00384*754 .... 3.5851834. 
Here 2 not being contained exactly in — 5, 1 is added to 
it, which gives —3 for the quotient ; and the 1 that Is bor- 
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rowed being carried to the next figure makes 11, which- 
divided by 2, gives .58, &c. 

7. Required, the square root of 365.5674, by logarithms. 

Ans. 19.11981- 

8. Required the cube root of 2.987635, hy logarithms. 

Ana. 1.440265. 

9. Required the 4 th root of .967845, by logarithms. 

Aas. .9918624. 

10. Required the 7th root of .098674, by logarithms. 

Ans. .7183146. 

(21 \# 
— «/ » by logarithms. 

Ans. .146895. 

(J 1 2 v * 
— -j- 1 T , by logarithms. 

Ans. .1937115. 

MISCELLANEOUS EXAMPLES 119 LOGARITHMS. 

2 
i. Required the square root of -—--, by logarithms. 

Ans. .1275153. 

2. Required the cube root ©f -—_--— - , by logarithms; 

Ans. .6827842. 

3. Required the .07 power of .00563, by logarithms, 

Ans. .6968821. 

4. Required the value of ^ — y^-> by logarithms. 

Ans. .04279825 

15 7 

5. Required the value of -yZ-X.Ol?^/—, by loga 

rithras. Ans. .001165713 

6. Required the value of ^^L£|| by loga 
rithms. Ans. .300915863$ 
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logarithms. ■ Ans. 49.38712. 

MISCELLANEOUS QUESTIONS. 



1 . A person being asked what o'clock it was, replied 
that it was between eight and nine, and that the hour and 
minute hands were exactly together; what was the time? 

Ans. 8h. 43 min. 38 / T sec. 

2. A certain number, consisting of two places of figures, 
is equal to the difference of the squares of its digits, and, 
if 36 be added to it the digits will be inverted ; what is tba 
number 1 Ans. 48* 

3. What two numbers are those, whose difference, sum, 
and product, are to each other as the numbers 2, 3, and 5, 
respectively ? Ans. 2 and 10- 

4. A person, in a party at cards, betted three shillings 
to two upon every deal, and after twenty deals found he 
had gained five shillings ; how many deals did he win ? 

Ans. 13. 

5. A person wish i tig to enclose a piece #f ground with 
palisades, found, if he set them a foot asunder, that he 
should have too few by 150, but if he set them a yard 
asunder he should have too many by 70 ; how many had 
lie ? Ans. 180. 

6. A cistern will be rilled by two cocks, a and b, run- 
ning together, in twelve hours, and by the cock a alone in 
twenty hours ; in what time will it be filled by the cock B 
alone ? Ans. 30 hours. 

7. If three agents, a, b, c, can produce the effects a, b, 
c, in the times «,/, g, respectively ; in what tine would 
they jointly produce the effect d, 

(a d c\ 
• 7 *a 

Hb2 



i. 
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8. What number is that, which being severally added 
to 3, 19, aud 51, shall make the results in geometrical pro- 
gression? Ada. IS. 

9. It is required to find two geometrical mean propor- 
tionals between three and 24, and four geometrical means 
between 3 and 96. 

Ans. 6 and 12 ; and 6. 12, 24, and 48. 

10. It is required to find six numbers in geometrical 
progression such, that their sum shall be 315, and the sum 
of the two extremes 165. 

Ans. 5, 10, 20, 40, 80, and 160. 

11. The sum of two numbers is a, and the sum of their 
reciprocals is 6, required the numbers. 

12. After a certain number of n;en had been employed 
on a piece of work for 24 days, and had half finished if f 

16 men more were set on, by which the remaining halt 
was completed in 16 days; how many men were employ- 
ed at first; and what was the whole expense, at \s. 6rf. a 
day per man? Ans. 32 the- number 'of men ; and the 

whole expense 115/. 4?. 

13. It is required to find two numbers such, that if the 
squares of the first be added to the second, the sum shall 
be b*2, and if the square of the second be added to the 
first, it shall bo 176. Ans. 7 and 13. 

14. The fore wheel of a carriage makes six revolutions 
more than the hind wheel, in going 12u yards ; but if the 
circumference of each wheel was increased by three feet, 
it would make only four revolutions more than the hind 
wheel in the same space ; what is the circumference oi' 
each wheel? Ans. 12 and 15 feet. 

15. It is required to divide a given number a into two 
such parts, ar and y, that the sum of mx and ny shall be 
equal to some other given number b. 

. ba — n am—b 

Ans. x= and y= . ..-. 

m — n " m — n 

16. Out of a pipe of wine, containing 84 gallons, 10. 

£a/i<yis were dnwu off> aw4 W* n«w\ \tt\MMml with, 
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10 gallons of water ; after which, 10 gallons of the mix- 
ture were again drawn off, and then 10 gallons more of wa- 
ter poured in ; and so on for a third and fourth time ; 
which being clone, it is required to find how much pure 
wine remained in the vessel, supposing the two-fluids to 
have been- thoroughly mixed each time ? Ans. 4H£ gallons. 

17. A sura of money is to be divided equally among a 
certain number of persons ; now if there had been 3 clai- 
"rnant* less, each would have had 1 50/. more, and if. there 

had been 6 more, each would have had 150/. less*; requir- 
ed the number of persons, and the sum divided. 

Ans. 9 persons ; sum 2700/. 

18. From each of 16 pieces of gold, a person filed the 
worth of half a crown, and then offered them in payment 
for their original value, but the fraud being detected, and 
the pieces weighed, they were found to be worth, in the 
whole, no more than eight . guineas ; what was the original 
value of each piece? Ans. 13$. 

• 1-9. A composition of tin and copper, containing 100 
cubic inches, was . found to weigh 505 ounces ; how many 
ounces of each did it contain, supposing the weight of a 
cubic inch of copper to be 5{ ounces, and that of a cubic 
inch of tin 4£ ounces. 

Ans. 420 oz. of copper, and 85 oz. of tin. 

20. A privateer, running at the rate of 10 miles ah hour, 
discovers a vessel 18 miles ahead of her, making way at 
the rate of 8 mites an hour ; how many miles will the lat- 
ter run before she is overtaken. Ans. 72 miles* 

21. In how many different ways is it possible to pay 
100/. with seven shilling pieces, and dollars of 45. 6c/. 
each ? Ans. 31 different ways. 

22. Given the sum of 2 numbers =2, and the sum of 
their ninth, powers =32, to find the numbers by a quad- 
ratic equation. Ans. lit £^(6^34 — 38). 

23. Given y 3 -cry=666, and x 3 +xy— 406; to find % 
and y. Ans. x=7, and 9=9. 

24. The arithmetical mean of two numbers exceeds the 
geometrical mean by 13, and the geometrical mean exr 
ceexte the harmonical mean by 12 ; what are the numbers f - 
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. 26. Given x 3 y+y , »=3, and xy+y**** 7 * to find the 
vakie» of x and y. 

Ans. ar=i(-v/5+l), y«KV6-l)- 

26. Given *+yf*=*3, ary4 sz-f-yr^lOT, and xy*s= 
385» to find x, y, and jr. Ans. x=»6, jf=7, a*«lt. 

27. To find four numbers, ar, y, ay and ay having the 
product of every three of them given ; viz. xy*=^31, 
xyw=420, yzw=1640, and x.zra>=6tf0. 

Ans. .t=3, y*=7, jt=l 1 , and w»20. 

28. Given x +yz =384, y+xz =237, and *+xy=192, 
to find the values of x 9 y, and 2. 

Ans. x= 10, y=17, and *=22, 

29. Given x a +*y=a08, y a +y*=69, and x a +w=580, 
to find the values of x, y. and z. 

Ans. ar=9, y=3, and *»20. 

30. Given *M-a;y+y a =:5, and x 4 +*y+y*= II, to find 

the values of x and y by a quadratic. 

¥ 1 2 1 

Ans. 0:=-^ 10+- y 7 5, y=g \' 10— ytf . 

31. Given the equation z 4 — -6x 3 + 1 ta 3 — 12a; =5, to find 

3 1 

the value of ar by a quadratic. Ans. —±-^13. 

32. It is required to find by what part of the population 
a people must increase annually, so that they may be dou- 
ble at the end of every century. 

Ans. By 144th part nearly. 

33. Required the least number of weights, and the 
weight of each, that will weigh any number of pounds 
from one pound to a hundred weight. 

Ans. 1,3, 9, 27, 81. 

34. It is required to find four whole numbers such, tbat 
the square of the greatest may be equal to the sum of the 
squares of the other three. Ans. 3, 4, 12, and 13. 

35. It is required to find the least number, which being 
divided by 6, 5, 4, 3, and 2, shall leave the remainders 6, 
4, 3, 2, and 1, respectively. Ans. 59, 

36. Given the cycle of the sum 18, the golden number 
8, and the Roman indiction 10, to find the year. 

Aut. 1717, 
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37. Given 266x — 87y=l, to find the least possible values 
ofx and y in whole numbers. wis. x=52. and #=153. 

38. It is required to find two different isosceles trian- 
gles such, that their perimeter.-* and areas shall be both 
expressed by the Maine numbers. 

Ana. Sideanf the one -'9, 29, 40 ; and of the other 37, 37,24. 

39. It is required to find the m U - of three right angled 
triangles, in whole numbers, mucii, that their areas snail 
be all equal to each other. 

Ans. 58, 4t», 42 ; 74, 24, 70 ; 113, 15, 112. 

40. Given x r = 1.2655, to find a near approximate va- 
lue of a;. An*. .5.82013. 

41. Gtten uy=5o00, andy*=300", to find the values 
of x and y. . Ans. x= 4.6 i »45, and y= : >.5u)l32. 

42. Given x*+y* =285, and y ' — j-y= 14, to find the va- 
lues of ar and y. Ans. x=4.«»lt>ri 8. and y-2.«257 16. 

43. To find two whole numbers such, that if unity be 
added to each of them, and also t<» their halves, the sums, 
in both, cases, shall be squares. Ans. 48 and 1680. 

44. Required the two least nonquadrate numbers x and 
y such, that tf+tf aud x^-Ly* shall be both squares. 

Ans. x—364 and y=273. 

45. It is required to find two whole numbers Much, that 
their sum shall be a cube, and their product and quotient 
squares. Ans. 25 and 10<J, or 100 and 900, &c. 

46. It is required to find three biquadrate numbers such, 
that their sum shall be a square. Ans. l2\ 1 > 4 , and 20*. 

47. It is required to find three numbers in continued 
geometrical progression such, that their three differences 
shall be all squares. Ans. 567, 1008, and 1792. 

48. It is required to find three whole numbers such, that, 
the sum or difference of any two of them shall be square 
numbers. Ans. 434657, 420968, and 150568. 

49. It is required to find two whole numbers such, that 
their sum shall be a square, and the sum of their squares 
a biquadrate. A ns . 456 > 4 86027 7 6 1 and 1 06 1 652293520. 

50. It is required to find four whole numbers such, that 
the difference of every two of them shall be a square num- 
her, Ans. 1873432, 2288168, 2399057, and 6560657. 
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51. It is required to find the sum of the series -+r 

3 4 - 3 

+S£+*rr+&c. continued to infinity. Ans.-. 

52. It is required to Gnd the sum of the infinite series 
3 .9., 27 61 243 _ .3 

4-l6 + 64"256 + U)24 &C ' ' **? 

63. Required the sum of the series 5+6+7+8+9+ 

&c. continued to » terms. Ans. -(n+9). I 

54. It is required to find how many figures it would take 
to express the *5th term of the series 2*+ 2 2 +2 4 +2 , + 
2 16 &c. An*. 50. 044« figures. 

55. It is required to find the sum of 100 terras of the 
series (1X2)+(>X4)+(6X6)+(7X8)+(9X10) &c. 

Ans. 1343300. 

56. Required the sum of i»+8s+.V+4 t +n i &c. . . . 
.^+50 which gives the number of shot in a square pile, 

the side of which i« 60. Ans. 42925. 

57. Required the sum of 2'» terms of the series 35+36 
X2+37X*+38X4+.WX5 &c which gives the number 
of shot in a complete oblong pile, consisting of 25 tiers, 
the number of shot in the uppermost row being 35. 

Ans. 16575. 
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APPENDIX. 



OF THE APPLICATION OF ALGEBRA TO 

GEOMETRY. 

J.N the preceding part of the present performance, I have 
considered Algebra as an independent science, and confin- 
ed myself chiefly to the treating on such of its roost useful 
rules and operations as could be brought within a moderate 
compass ; but as the numerous applications, .of which it is 
susceptible, ought not to be wholly overlooked, I shall here 
show,- in compliance with the wishes of many respectable 
teachers, its use in the resolution of geometrical prob- 
lems ; referring the reader to my larger work on this Sub- 
ject, for what relates more immediately to the general 
doctrine of curves.* 

For this purpose it may be observed, that when any 
proposition of the kind here mentioned is required to be 
resolved algebraically, it will be necessary, in the first 
place, to draw a figure that shall represent the several 
parts, or conditions, of the problem under consideration, 
and to regard it as the true one. 

Then, having properly considered the nature of the 



* The learner, before he can obtain a competeql knowledge of the method 
of application above mentioned, must first make himself master of the prin- 
cipal propositions of Euclid, or of those contained in my Elements of Geo- 
metry ; in which work he will find all the essential principles of the science 
comprised within a moch shorter compass than in the former. 

And in such cases where it may be requisite to extend this mode of appli- 
cation to trigonometry, mechanics, or any other branch of mathematics, a pre- 
vious knowledge ofthe nature and principles of these subjects will be equal- 
ly necessary. 
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question, the figure so formed, must, if necessary, be still 
farther prep a re d for solution, by producing; or driving) 
such Knee in it as may appear, by their connexion or rela- 
tions to each other, to be most conducive to the end pro- 
posed. 

This being 4pne, let the unknown line, or lines, which 
it is judged will be the easiest to find, together with those 
that are known, be denoted by the common algebraical 
symbols, or letters; then, by means of the proper geome- 
trical theorems* make out as many independent equations 
as there are unknown quantities -employed ; and the reso- 
lution of these, in the usual manner, will- giro the' solution 
of the problem. • . 

But' as no general rules can be laid dots! for drawing 
the lines here mentioned, and selecting the pronerest quan- 
tities to substitute for, so as touring «iit Ike' JMftt simple 
conclusions, the bast means . of obuiia t^g^ e/rJieooe in 
these matters wi&be to try the soluue*4aHptsM».piob- 
lem in different ways ; and then to apply Sat which suc- 
ceeds the best to other cases of the same kind, when they 
afterwards occur. 

The following directions, however, which are extracted, 
with some alterations, from Newton's Universal Arithmetic, 
and Simpson's Algebra and Select* Exercises, will often be 
found of considerable use to the learner, by showing him 
how to proceed in many cases of this kind, where he 
would otherwise be Jeft to his own judgment. 

1st. In preparing the figure in the manner above men* 
tioned, by producing or drawing certain lines, let them be 
either parallel or perpendicular to some other lines in it, 
or be so drawn as to form similar triangles ; and, if an an- 
gle be given, let the perpendicular be drawn opposite to 
it, and so as to fall, if possible, from one end of a given 
line. 

2d. In selecting the proper quantities to substitute for, 
let those be chosen, whether required or not, that arc 
nearest to the known or given parts of the figure, and by 
means of which the next adjacent parts may be obtained 
by addition or subtraction only, without using surds. 
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3d. Wh$n in any problem, there are two lines, or quan- 
tities) alike related to other parts of the figure, or problem, 
the best way is not to make use of either of them sepa- 
rately, but to substitute for their sum, difference, or rect- 
angle, or the sum of their alternate quotients ; or for some 
other line or lines m the figure, to which ihey have both 
the same relation. 

4th. When the area, or the perimeter, of a figure is 
given, or such parts of it as have only a remote relation to 
the parts that are to be found, it will somen mes be of use 
io assume another figure similar to the proposed one, that 
shall have one of its si<Jes equal to unity, or to seme other 
fenown quantity ; as the other parts of the figure, in such 
cases, may then be determined by the known proportions 
of their like sides, or parts, and thence the resulting equa- 
tion required* 

These being the most general observations that hare 
hitherto been collected upon this subject, I shall now pro- 
ceed to elucidate them by proper examples ; leaving such 
farther remarks as may arise out of the mode of proceed- 
ing here used, to be applied by the learner, as occasion 
requires, to the solnnons of the miscellaneous problems 
given at the end of the present article. 

PROBLEM I. 

The base, and the sum of the hypothenuse and perpen- 
dicular of a right angled triangle being given, it is requir- 
ed to determine the triangle. 




Let abc, right angled at c, be the proposed triangle ; and 
pat bc=&, and ac=#. 

c c 



*» 
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, ii the sum of ad and ac be represented by i,tlic 
lb will be Pitpresaed by t-~ x. 
t, by the well known properly of right angled Irian- 
fbi (Euc. i. 47.) 

a C '+bc 3 =ad', or 

x>+fr=s-—2sx+x'. 

Whence, omining i 3 , which id common to both sides u! 

the oqaatioo, and trans p< w mg the other terms, we shall 

,,hw« 2si=j J -o a , or 



which k the value of ilie perpendicular ac ; where i ant 
"b amy' be any numbers whatever, provided j be grcate 
.'tbm*. 

In like manner, if the base and the difference betwecr 
the bypothenuse and perpendicular be given, WO shirt 
have, by potting x for the perpendicular and d+x for tlit 
Sypotfwrji; 

x 1 +2dx+d"=V+x\ or 
b'-d? 

When the base (b) and the given difference (<i) m: 
be any numbers as before, provided b be greater than d. 

The difference between the diagonal of a square am! 
one of its sides being given, to determine the square. 




• Thaediuonof Euclid, referred to in ll 
illhalof Dr. Simian, London, 1801 ; whi< 
■tticel conMiurlion of Ihcie problems, thou 
cIbb biilBlentB upon this elegant, but tnon 
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Let ag be the proposed square, and put the side bo, or 
«*>, =ar. - 

Then, if the difference of bd and bc be put.=cf, the 
hypothenuse bd will be —x+d. 

But since, as in the former problem, bc 2 +cd 2 , or 2bc 2 
=bd 2 , we shall have 

2r i =x 2 +2dx+d 2 , or . 
a?-2dx=d? 
Which equation being resolved according to the rule 
laid down for quadratics, in the preceding part of the 
work, gives 

x=d+ V2. 
Which is the^ value of the side bc, as was required. 

problem in. 

The diagonal of a rectangle. abcd, and the perimeter, 
or sum of all its four sides, being given, to find the sides. 




Let the diagonal Afc=d, half the perimeter ab+bc»(x, 
and the base bc=x ; then will the altitude AB=a — x. 

And since, as in the former problem, ab 2 +bc 2 =ac 2 , 

we shall have 

a 2 — 2ax-\-x 2 -\-x 2 =<P, or 

rP-a*- 
s 2 — ar= ■ > 

Which last equation, being resolved, as in the former 
instance, gives, 

a:=ia±i v /(2^-a 2 ). 
Where a must be taken greater than d and less than d</2. 
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PROBLEM IT* 



The base and perpendicular of any plane triangle AW 
being given, to find the aide of its inscribed square. 




Let ^-flMfrhe irfecrihed square* and pat sc=6, ad=JV 
and4he sraeoFthe square eh or EF~ar. 

Then, because the triangles abc, aeh, ate similar^EoC' 
vi, 4,) we shall have 

ad . bc ;; ai \ eh* or 

1 F : ^ • • (p ~~ ?) • *• 
Whence, taking the products of the means and ex- 
tremes, there will arise 

px~bp — bx. 
Which by transposition and division, gives 

bp 

x l=z • 

f+p 

Where b and p may be any numbers whatever, either 
whale or fractional. 

PROBLEM T. 

Having the lengths of three perpendiculars, ef, eg, kh, 
drawn from a certain point k, within an equilateral triangle 
abc, to its three sides, to determine the sides. 




vt 
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Draw the perpendicular ad, and baling joined ea, eb, 
and eg, put EF,=;a, eg=6, eh=c, and bo (which is^Bc) 

Then, since ab, bc, or ca, are each =2ar, we shall have, 
by Euc. 1, 47, 

AD= v /CAB 2 -BD 2 )= v /(4r a -.x 2 )= v ^3x a =xV f 3. 
And because the area of any plane triangle is equal to 
half the rectangle of its base and * perpendicular, it fol- 
lows, that 
• AABC=£BcXAD=xXa?; v /'3=ar , v /3, 

ABEc=^BcXEF=xXa =ax, 
Aaec=£acXeg*=:cX& wmbXf 
Aaeb=|abXeh=xXc =cx. ' 
But the last three triangles bec, aec, aeb, are, together, 
equal to the whole triangle abc ; whence 

^^/S^ax+bx+cx, 
And consequently, if each side of this equation be di- 
vided by x } we shall have 

x^/3=a+6+c, or 

*— •sr* 

Which is, therefore, half the length of either of the 
three equal sides of the triangle. 

Cor. Since, from what is above shown, ad is =*^/3, 
it follows, that the sum of all the perpendiculars, drawn 
from any point in an equilateral triangle to each of its sides, 
is equal to the whole perpendicular of the triangle. 

problem vi. 
Through a given point p, in a given circle acbp, te draw 
a chord cd, of a given length. 




oc2 



■* - •* 






■* • - % 



Dqht fro dtoseter if* ; and put cbsqEtrssl, ro-f f , 
asdttMej Jhen witt **=<»-*. * - . ' 1 

But, by the property of the* circle (Euc<viu, 30?) cf X 
reaAfXAK wfepoce -«\. ij 

x(«-4c)>s6c t or i 

X s — a«i=— te» * 

Wliioh eo/ialiOTf being resolved in the usual way, gives 

... lfc=4a:fc v / {ia*—bc) $ >\. 
Where x has two values* both of which <re positive. 

PROBLEM VII, * 

Through a given point p, without a given circle abdc, to 
draw a right line so that the ptorf. en, intercepted by the 
circumference, shall be of a grvenHtoogtb. 




Draw pab through the centre o ; and put cD=a, pa— &> 
pb*=C| and pc=x ; then will PD=je+fl- 

But, by the property of the circle, (Euc. in, 36, cor.,*) 
fcXfd=*paXpb; whence 

x(x+a)=»6ci or 
x*+ox=6c. 
Which equation being resolved, as in the former prob- 
lem, gives 

x=— Jo:fc y(£a 2 +6c) ; 
Where one value of x is positive and the other nega- 
tive.* 



* The two last problems, with a few slight alterations, may be readily era 
ployed for finding the roots of quadratic equatfona by construction ; bnt this, 
as well as the methods frequently given for constructing cuWc and some o! 
the nigher order of equations, is a matter of tittle importance in the present 
state of mathematical science; analysts, in these cases, being genertlN 
thtmgfct a more cominodioos instrument than geometry. 



I 
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PROBLEM Till. 



Thebase Be, of any plane triangle abc, the sum of the 
side* ab, ac, end the line aih drawn from the vertex to the 
middle of the bate, being given, to determine the triangles 

A 




B T> C 

Put bd or DC= a a,AD=6, ab+ac=5, and ab=x ; then 

will ac^s—x. 

But, by my Geometry, B. 11., Prop. 19, AB a +AC 2 =2Bif a 

+2ad ; whence 

aJ-f (,_ X )»:== W+2&, or 

Which last equation, being resolved as in the former 
instances, gives 

x =i,± v /(a a +6 2 — J^), 
for the values of the two sides ab and ac of the triangle ; 
taking the sign + for one of them, and — for the other, 
and observing that a*+b 2 must be greater than is 2 . 



PROBLEM IX. 



The two sides ab, ac, and the line ad, bisecting the ver- 
tical angle of any plane triangle, abc, being given, to 
find the base bc. 
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Put AB=a, ac=&, ad=c, and bc=x ; then, by Euc. vi, 
3, we shall bay© 

Agfa) : Ac(b) :: bd : dc. 
And, consequently, fegr the composition of ratios (Etft ?, 
18,) 

ax 



a+b : a :: x : bd= 

and 
o+o : s :: * : dc 



bx 
a+b 



r But, by Euc. vi, 18, bdXdc+ad s =abXac ; where- 
fore, alto, 

abx* . 

—-+c*=ab, or 

'• _ a6« i =»To+6) a X(a6r-c>). 

From which last equation we have 

Which is the yalue of the base bc, as required. 

problem x. 

Having given the lengths of two lines ad, be, drawn 
from the acute angles of a right angled triangle abc, to the 
middle of the opposite sides, it is required to determine 
the triangle. 




B ' D ' C 

Put AD=a, be=6, cd or £cb=£, and cEor£cA=y; 
then, since (Euc. i, 47) CD a +cA f =AD a , and ceH-cb*= 
be 2 , we shall have 

x a+4 3 r , =* a , 

3/«+4x a »b 2 , 
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Whence, taking the second of these equations from four 
times the first, there will arise 

1 >y ==4a a — b 2 % or 
4a 2 — b 2 

And, iq like manner, Jaking the first of the same equa- 
tions from four times the second, there will arise 

l5, a =4& 2 -a a or 



*=• 



46 a -a 3 

— IS""' 



Which values of x and y are half the lengths of the base, 
and perpendicular of the triangle ; observing that k must 
be less than 2a, and greater than \a. 



PROBLEM XI. 



Having given the ratio of the two sides of a plane tri- 
angle abc, and the segments of the base, made by a per- 
pendicular falling from the vertical angle, to determine the 
triangle. 




B DC 

Put BD=a, dc=6, ab=:e, AC=y, and the ratio of the 
sides as m to n, m 

Then, since by the question, ab : ac :; m : w, and by 
B. li, Prop, i*5 f of my Elements of Geometry, ab 2 — ac 8 = 
bd 2 — dc 2 , we shall have 

x : y : ; in : n, and * 

But, by the first of these expressions, nx—my, or y— 

nx 

— ; whence, if this be substituted for y in the second, 

there will arise 
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a?— —j»sa a -&, or 

And, consequently, by division and extracting ttic square 
root, wo shall have 



"^ 



,, and 



which are the values of the two sides as, ac, of the Irian 
glo, aa was required. 



Given the bypolnenuse of a right angled triangle abc, 
' * t of it* inscribed •quart! M> to find the other 




Put AB=fc, dk, or dp=«, ac— i, and ce=y ; then, by 
similar triangles, we shall have 

Ac{x)icB(y) :; AFfi-«): n>(i). 
Arid, consequently, by multiplying the means and ex- 
tremes, . 

■ xy *y=«, or - 
■y-sftH-A .... (1) 
But since, by Euc. i, 47, »c ,i +cb , =ab j , we shall like- 
wise have ' " * 

x »+y»=* a - • ■ ■ ■ • (2) 

Whence, if twice equation (1) be added to equation (8). 
there will arise 

x t +2x S +y > =A.+2i(i+ i rl, or 
(«+»)'-Ii(*+.)-tf. 
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Which question, being resolved after the manner of a 
quadratic, gives 

Hence, if this value be substituted for y in equation (1), 
there will arise 

*{$-*+ i/{V+i*)i=9U± y/(h 2 +s*)} 9 or 
x a - \s ± v /(A a +« 3 )|a?^ -5{*±: % A* a +* a )}. 
An4, consequently, by resolving this last equation, we 
shall have 

o:=i{,± v /(A'+»»)}± v /{iA a -^3:i v /(fc a +« 1, )| ; 

and 

Which are the values of the perpendicular ac aoj) base 
bc, as was required! 



problem xin. 



Having given the perimeter of a right angled triangle 
abc, and the perpendicular cd, falling from the right angle 
on the hypothenuse, to determine the triangle. 




Put/>= perimeter, cD~a, ac=o?, and nc=y ; then ab— 

But, by right angled triangles (Euc. 1, 47) ac 9 +bc 3 = 
A-B * whence 

a*+tf=p*—2p(x+y)+x*+2xy+f. 
Or, by transposing the terms and dividing by 2, 



.1 



-> 



Site • AWLICATfONOF 

Amhriiice, 1>y similar triangles, ab : bc :: ac : cd, we 

shall also have, by multiplying the means and extremes, 

abXcd??bcXaq, or 

«/>— a(x-fy)=xy. .... (j2j. .'_. 

Whence, by- comparing equation (I) with equation (2). 
there will arise 

Where 
*+y = c ^— .- — , or 

y — - — r x. 

And, if these values be now substituted for o?+y and yin 
equaha»{2), the result, when simplified and* reduced, will 
give * 

From which last equation and the value of y, above 
found, we shall have 

and 

And, if the sum of these two sides be taken from p, the 
result will give 



_ P 



2 



AB=/>-(a:+y) = - 7 



*(«+p) ' 
Which expressions are, therefore, respectively equal 

to the values of the three sides of the triangle. 



PROBLEM xiv. 



Given the perpendicular, base, and sum of the sides of 
an obtuse angled plane triangle abc, to determine the two 
-sides of the triangle. 
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C D 

Let the perpendicular ad =p, the base bc = b, the sum 
•f ab and ac=*, and their difference =ar. 

Then, since half the difference of any two quantities 
added to half their sum, gives the greater, and, wheA sub- 
tracted, the less, we shall have 

ab=£(s+x), and ac=^(«—x). 

But, by Euc. 1, 47, cd 2 — ac 2 — ad 2 , or 00=^ \ $(* — 

xY-p* I ; and, by B. 11, 12, ab 2 =bc j, +ac 2 +2bcXci> 5 
whence 
K«+*)*=^+*(*--*) a +2V I i(s-xy-? ^ , or 

9x^b t =^2b x / \ $(«— *) a -p I . 

And if each of the sides of this last equation be squared, 
there will arise, by transposition and simplifying the re- 
sult, 

(s^t*)^^* 3 -^)-- *&y, or 

Whence, by addition and subtraction, we shall have 
AB=g+^(l -pf^a)» and 

Which are the sides of the triangle, as was required. 

PROBLEM xv. 

It is required to draw a right line bpe from one of the 
Angles b of a given square bd, so that the part fe, inter- 
cepted by ox and dc, shall be of a given length. 

o d 



30* 
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fe in «, and put ab or bc=«, fg ^jpsjecfc, tad 
bo=x ; then will be=jtH-6 and bfsss— "6. 

Bat since, by right angled triangles, AE t =BK , -AB , f we 
shall have 

ak=v/) (*+*)*-<»*}. 
And. because the triangles bcf, eab, are similar, 

bf : uc ;: be : ak, or 



' o(*+6) =(* -6)^ f * +*)■— a* { . 

f Jf|hence, by squaring each side of this equation, and 
arranging the terms in order, there will arise 

x 4 - 2(« a + 6 2 )r 3 =fc 3 (2« 9 - IP). 
Which equation, being resolved after Ifee manner of a 
quadratic, will give 

a=v^ \a'+b'± a^tf+ib*) \. 
And, consequently, by adding 6 to, or subtracting it from 
this last expression, we shall have 

BE=v'^+^ + a v'(« f +4D" f )}+* 1 or 
BF= v /{a , +6 3 ±a v /(a a +46 2 ) } -b. 
Which values, by determining the point e, or F, will 
satisfy the problem. 

Where it may be observed, that the point o ^ies in the 
circumference of a circle, described from the centre d, 
with the radius fg, or half the given line. , 



PROBLEM xvi. 



The perimeter of a right angled triangle abc, and the 
radius of its inscribed circle being given, to determine the 
triangle. 
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Let the perimeter of the trjangle =p, the radius od, or 

oe, of the inscribed circle = /, ak =x, and Bi>=y. 

Then, since in the right angled triangles ai-o, afo, oe is 

equal to of, and oa is common, af will also be equal ae, 

or x. 

And, in like manner, it may be shown, .that bf is equal 

to bjj, or y. 

But, by the question, and Euc. i, 47, we have 

(*+r)-r-(.y+r)+- s+y) ^p, and 

-; ('+r) , +(^r)-=(x+y) 3 < 

Or, by adding the terms of the first, and squaring those 

of the seeoodi — — ■— 

x-r-^=|J» — *\ nnd 

r ( r4 ~.ty) x y — rJ * 
Hence, since, in the first of the^e equations, y=(-£p — r) 

— x, if this valif^be substituted for y ia the second, there 

will arise 

-Whteh equation, being resolved in, the usual manner, 
gives 

and 
y^K*^— r) Tx / ; m„ ~ r y—r(ip—r)\. 
And, consequently, if r be added to each of these last 
expressions, we shall have 

*c=M/» + r)aVj|(to»-r)»-r(ip_r)}, 

and 

"™=MP+*)*<S\iUn—rY—rQp-r)l f 
for the values of the perpendicular and base of the trian- 
gle, as was required. 



804 



appuoatHjn w ■* 



FftOBLBM XVU. 



From one of the extremities a, of the diameter of fiugh" 
en semicircle adb, to dre# a right line ab, no that the 
part ns, intercepted by the circumference and a perpen- 
dicular drayn from the other extremity, shall he of agifes 
length. 





Let the diameter ab=-4 oem*, and a*«=*; aSe* join bd. 
Then, because the aqajl* adb is a right angle, (Eoc in, 
31 t V*e triangles abb, asdI^*^* 

And, consequently, by poninark^ their ttfr sides, ws 
shah have . v .^\ 

ab : ab ;; as : ad, Of " 
ar : tf : : o^r^-a. 
Whence multiplying the means and eaftremes of these 
proportionals, there will arise 

•* "- " > ^y 

Which equation, being resolved after thSMisual manner, 
gives 

«Hr"+*/(K+*)* \. 

PROBLEM XVU1. 

To describe a circle through two given points a, b, that 
shall touch a right line cd given in posit^ 

a. 




CF G-H 
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Join ab-; and through o, the assumed centre of the re* 
quired circle, draw fe perpendicular to ab ; which will 
bisect it in k ( Cue. lit, 3). 

Also, join ob ; and draw eh, oo, perpendicular to cd^ 
Ihe latter of which will fall on the point of contact o (Euc. 
m, 18). 

Hence, since a, r, b, h, f, are given points, put EB=a, 
ep=6, kh~c, and eo=x ; which will give of=6 — *. 

Then, because the triangle oeb is right angled at i, we 
shall have 

ob*s=eo 8 +rb 2 , or 

0B=- V /(x 2 +O 3 ). 

Bui, by similar triangles, fe : eh:: fo : of or ob : or 

i : c : : 6— x : ob ; whence, also, 

c 
ob=^(6— x). 

And, consequently, if these two values of ob be put 
equal to each other, there will arise, 

•(*■+«■)=£(*-•)• 

Or, by squaring each side* of this equation, and simpli- 
fying the result, 

(b 2 - c a )^+2^a-=i 2 (c a - « a ). 
Which last equation, when resolved in the usual man- 
ner, gives 

_ 6c 2 i c* , c*-a* l 

for the distance of the centre o from the chord ab ; where 
b must, evidently, be greater than c, and c greater than a. 

PROBLEM XIX. 

The three lines ao, bo, co, drawn from the angular 
points of a plane triangle abc, to the centre of its inscribed 
circle, being given, to find the radius of the circle, end the 
sides of the -triangle. 

Dd2 
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% be the centre of the circle, aiH^OQ *t) jsdfaheed' 
let fall the perpendiculars cd ; and dre* 6sg4i£tet to *• 
points of contact b, f, o. 

Then, because the three angles of the triangle abc are, 
together, equal to ;two right angles (Sue. i, 82.) the som 
ortheir halve* oac+oca+obb wUl be equal .to one right 
angle. 

But the sum of the two former of these, oac+oca,b 
equal to the external angle doc ; whence the sum of doc 
+osb, as also of doo+ocd, is eqnaUae right angle : and, 
consequently, obb==ocd. 

Let, therefore, ao=o, bo=6, co=c, and the radius oe, 
of, or oo=x. 

Then, since the triangles bos, con, are similar, bo : 
OB : : co : oo, or 6 : x t : c : od ; which gives 

CX C^flJ c A 

CD=y, and cd= yf (c 2 — — ) or £*/(**-**> 

Also, because the triangle aoc is obtuse angled at o, we 
shall have (Euc. u, 12.) 

AC a =Ac a +co a +2AoXOD ; or 

" AC =V(a«+cM.!^) or ^£±£$±2). 

But the triangles acd, aof, being likewise similar, 

ac : cd : : ao : of, or 

Whence, multiplying the means and extremes, and squar- 
ing the result, there will arise 

fcr»{ b{a*+c»)+2acx } =oV(o*- **)• 

Or, by collecting the terms together, and dividing by 
the coefficient of the highest power of » 
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From which last equation x may be determined, and 
thence the side of the triangle.* 

PROBLEM xx. 

Given the three sides ab, bc, cd, of a trapezium abcd, 
inscribed in a semicircle, to find the diameter, or remain- 
ing side ad. 




Let AB=a r BC=&, cd=c, and ad— a: ; then, by Euc. vi, 

D, ACXBD=ADXB- 4- AB^<CD=6a?+0C 

But abo, aci>, being right angles, (Euc. m, 31,) we 
shall have 

ac= v /(ad 2 ~dc 2 ), or <S(x 2 - c 8 ), and 
BD=v^(ad 2 - ab 2 ), or \/{x 2 — a 2 ). 
Whence, by substituting these two values in the former 
expression, there will arise 

^/(x 1 — c»)X ,/(*■- d^ssftx+ac. 
Or, by squaring each side, and reducing the result, 

x 3__ a 2 -f-6 a +c a )r=2(/6c. 
From which last equation the value of a may be found, 
as in the last problem.! 



* This, and the following problem, cannot be constructed geometrically, 
or by means only of right lines and a circle, being what the ancients usually 
denominated solid problems, from the circumstance of their involving an 
equation of more than two dimensions ; in which rases they generally era* 
ployed the conic sections, or some of the higher orders of curves. 

f Nowton, in his Universal Arithmetic, English edition, 1728, has resolved 
this problem in a variety of different ways, in order to show that some me- 
thods of proceeding, in cases of this kind, frequently lead to more elegant so- 
lutions than others ; and that a ready knowledge of these can only be obtain- 
ed by practice. 
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MISCELLANEOUS PROBLEMS. 



PROBLEM U. / 



To find the side of a s^uai^ iiweribed in * given semi, 
^circle, whose diameter is <£ -■ 



YROBLEM U. 



Having giren the bypothenose (l3).of a right angles' 
triangle, and the difference between the other two site 
(7), to find these sides*. Ana. 5 and 1ST 



PROBLEM in. 

To find the side of an equilateral triangle, inscribed in 
a circle whose diameter is d ; and that of another circum- 
scribed about the same circle. 

Ans. £<*v/3> a ° a ( V 3 - 

PROBLEM IV. 

To find the side -of a regular pentagon, inscribed in a 
circle, whose diameter is d. Ans. Jd\/(10— 1^/5). 

TROBLETH V.. 

To find the sides of a rectangle, the perimeter of which 
shall be equal to that of a square, whose side is a, and its 
area half that of a square. Ans. a+^a^/2 and a— ja-^/2. 

PROBLEM VI. 

Having given the side (10) of an equilateral triangle, 
to find the radii of its inscribed and circumscribing circles. 

Ans. 2.8*568 and 5.7736. 



* Such of these questions as are proposed in numbers, should first be re- 
solved generally, by means of the usual symbols, and then reduced to the an- 
swers above Riven, by substituting the numeral values of the letters in the 
^results thus obtained. 
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PROBLEM VII. 



Having given the perimeter (12) of a rhombus, and the 
sum (8) of its two diagonals, to find the diagonals. 

Ans. 4+ </% and 4-^/2- 



PROBLEM VIII* 



Required the area of a right angled triangle, whose hy- 
pothenuse is a 3 *, and the base and perpendicular *** and 
x*. Ans. 1. 0*9086. 

PROBLEM IX. 

Having given two contiguous sides (a, b) of a paral- 
lelogram, and one of its diagonals (cf), tojind the- other 
diagonal. Ans. ^/(»aP+*V— <*")• 

PROBLEM X. 

Having given the perpendicular (300) of a plane trian- 
gle, the sum of the two sides ^1150), and the difference 
of the segments of the base (495), to find the basajUMfJhe 
sides. Ans. 945, 375, and 180. 

PIIOBLKM XI. 

The lengths of three lines drawn from the three angles 
of a plane triangle to the middle of the opposite sides, be- 
ing 18, 24, and 30, respectively : it is required to find the 
sides, Ans. 20, 28.844, and 34.176. 



PROBLEM XU. 



In a plane triangle, there is given the base (50), the 
area (796), and the difference of the sides (10), to find 
the sides and the perpendicular. Ans. 36, 46, and 33.261. ' 



problem xm. 



Given the base (194) of a plane triangle, the line that 
bisects the vertical Angle (66), and the diameter (200) of 
the circumscribing circle, to find the other two sides. 

Ans. 81.36587 and 157.43865. 
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PROBLEM XtV. 

The lengths of two lined that bis. ct the acute angles ef 
a right angled plane triangle, being 40 and 50 respectively, 
it is required to determine the three sides of the triangle. 

Ana. 35.80737, 47.;i)728, and 59.41143. 

PKOBLEM XV. 

Given the altitude (4). the base 8), and the sum of the 

(12), of a plane triangle, to find the sides. 

4 , ^ 4 /c 

An*. 6+ y5 and 6-0^5- 

PROBl EM XVI. 

Having givea the base of a plane triangle (15), its area 
(45). and the ratio of its other two sides- as 2 to 3, it is re- 
quired to determine the lengths of these sides. 

Ans. 7.7915 and 11.6872. 

PROBLf-M XV11. 

Given the perpendicular (24). the like bisecting the 
base (40), and the line bisecting the vertical angle (*5), to 
determine the triangle. 

350 * 
Ans. The base -y V 7 

From which the other two sides may be readily found. 

PKOBLEM xviii. 

Given the hypothenuse (10) of a right angled triangle, 
and the difference of two lines diawn from its extremities 
to the centre of the inscribed circle (2), to determine the 
base and perpendicular. 

Ans 8.0SU04 and 5.87447. 

PROBLKM XIX. 

Having given the lengths (a, b,) of two chords, cutting 
ch other at right angles, in a circle, and the distance {c} 
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•f their point of intersection from the centre, to determine 
the diameter of a circle. 

Ans. ^{S{a 2 +V)+2^\. 

PROBLEM XX. 

Two trees, standing on a horizontal plane, are 120 feet 
asunder ; the height of the highest of which is 100 feet, 
and that of the shortest Mi»; whereabouts in the plane 
must a person place himself, so that his distance from the 
top of each tree, and the distance of the tops themselves, 
shall be all equal to each other ? 

Ans. 20^/2 1 feet from the bottom of the shortest, 
and 40^/3 feet from the bottom of the other. 

PROBLEM xxi. 

Having given the sides of a trapezium, inscribed in a 
circle, equal to 6, 4, 5, and 3, respectively, to determine 
the diameter of the circle. 

Ans. J|v(130X153) or 7.051595. 

PROBLEM XXU. 

Supposing the town a to be 30 miles from b, b 25 miles 
from c, and c 20 miles from a ; whereabouts must a hquse 
be erected that it shall be at an equal distance from each 
of them ? Ans. 15. 1 18556 miles from each. 

PROBLEM XX111. 

Given tho area (100) of an equilateral triangle abc, 
whose base bc falls on the diameter, and vertex a in the 
middle of the arc of a semicircle ; required the diameter 
of the semicircle. Ans. 20^/3. 

PROBLEM XXIV. 

In a plane triangle, having given the perpendicular (p), 
and the radii (r, r) of its inscribed and circumscribing cir- 
cles, to determine the triangle. 

Ans. The base *&!=£*=* 
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THE END. 



